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PREFACE 


The need for a textbook covering the fundamentals of con¬ 
duction in gases and suitable for undergraduate students in electri¬ 
cal engineering and applied physics has been felt for some time, 
inasmuch as gaseous conduction processes are playing an increas¬ 
ingly important part in the operation of devices and apparatus 
employed in engineering work today. It is the feeling of the 
authors that the average student graduating in electrical engineer¬ 
ing or applied physics should not only be familiar with the 
fundamental theory of operation of high vacuum electronic 
equipment but should also have some knowledge of the theory 
of gaseous conduction. The importance of this is emphasized 
by a consideration of the wide diversity of specialized fields into 
which the students will go after graduation. These range all 
the way from work in radio and communications through indus¬ 
trial work involving the operation or design of apparatus and 
control equipment to work in the field of high-voltage engineer¬ 
ing, power transmission, and central stations. Yet in all these 
the students will find applications of the theory of gaseous 
conduction. To satisfy this need, the book discusses not only 
high-vacuum conduction as found in radio tubes, cathode-ray 
tubes, and phototubes, but also the theory and application of 
corona, sparking, glows, and arcs. 

Because it was felt that a broad fundamental course of this 
type was desirable as a background and preparation for the 
specialized studies of the senior year, a one-semester course 
covering most of the material of this book has been required 
since 1935 of all junior students in electrical engineering at the 
University of Wisconsin. Mimeographed notes were written 
for this course, which after additions and revisions have evolved 
into this book. 

In writing this we have tried to keep in mind that a state¬ 
ment of the scientific principles involved in electronic and 
gaseous conduction is much more valuable than a detailed 
description of specific apparatus and applications, especially 
since the students have such diverse interests and will have an 
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opportunity in future studies to pursue these special interests 
with greater facility, having had a fundamental course of this 
nature. 

We have, accordingly, endeavored to cover the essential 
principles underlying the phenomena of gaseous conduction and 
electronics rather than to provide an exhaustive treatment of the 
subject. As far as possible we have made the treatment quanti¬ 
tative rather than purely descriptive. Examples of the applica¬ 
tion of gaseous conduction drawn from engineering practice are 
included, but no detailed treatment of devices and circuit 
applications is attempted. We feel that by placing the emphasis 
on the theory of operation of gaseous conduction devices, their 
inherent characteristics, useful features, and limitations will 
be better understood. 

Where questions of a controversial nature have been encoun¬ 
tered, some attempt has been made to indicate the rival theories, 
but sometimes it has been necessary to give without elaboration 
what seems to the authors to be the best interpretation. The 
references provided will indicate avenues for further study and 
sources of more complete bibliographies. 

The primary purpose of the book is thus to interpret in a 
systematic way the underlying phenomena upon which the 
properties of all types of gaseous conduction devices depend. 
This implies a rather limited study of specific devices and their 
applications, but a more extensive knowledge of the character¬ 
istics and applications of specific devices can readily be obtained 
by further study after the fundamental principles governing 
the operation of these devices have been mastered. 

We wish to acknowledge our indebtedness to the authors of 
all the books and technical papers that have been used as source 
material and references for this book. In addition we wish to 
thank the Allis-Chalmers Mfg. Co., General Electric Co., Ohio 
Brass Co., RCA Mfg. Co., and the Westinghouse Electric and 
Mfg. Co. for furnishing the material for a number of the figures 
used in this book. 

We are particularly indebted to Prof. Edward Bennett for 
encouraging us, to undertake this task and t® . carry it to com- 
pleti:$®, and to Dr. Arthur E. Ruark for his constant encourage-, 
ment and his many he^fui suggestions for the revision of. the 
manuscript. 
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The authors wish to extend their , thanks to all the student 
NYA workers and other§ who aided in the preparation of the 
manuscript and illustrations. 

The manuscript was prepared while both authors were asso¬ 
ciated with the Electrical Engineering Department of the 
University of Wisconsin, but one was called for service in the 
Naval Ordnance Laboratory before the proof was received. 
The authors wish to express their indebtedness to the University 
of Wisconsin and to its Electrical Engineering Department for the 
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THEORY OF 

OASEOUS CONDUCTION AND 
ELECTRONICS 

CHAPTER I 
INTRODUCTION 

1-1. Scope of Gaseous Conduction and Electronics. —All 

gases ordinarily are good insulators. Under normal circum¬ 
stances, then, we should not expect appreciable conduction to 
take place between two scpia-rated conductors in a gas. The fact 
that there are conditions under which a gas conducts electricity 
readily implies that charge carriers appear in the gas and con¬ 
stitute the medium of conduction. These charge carriers will 
be designated as tons, and any process by which these charge 
carriers are made to appear will be called an ionizing process. 
It must be remembered that an ion, as we have defined it, is not 
one kind of charged particle, but any charged particle regardless 
of its mass or the sign of its electric charge. An ion may have 
a mass essentially the same as that of the gas molecules, or it 
may have a mass lai’ge enough to suggest that it is made up of 
several gas molecules.^ On the other hand, it may have a mass 
as small as 1/1,840 times the mass of the hydrogen atom. These 
small ions are generally called electrons or positrons, depending 
upon the charge carried by the ion. Electrons are negatively 
charged particles, and positrons are positively charged particles. 
In general, the only ions with which we shall be concerned in 
this work will be electrons^ positive molecular ionSy and negative 
molecular ions. Positrons will not be discussed since they are 

1 Whether p.n ion consists of a single molecule or a group of molecules 
depends principally upon the gas pressure, the size of the ion increasing with 
the pressure. At atmospheric pressure, most of the molecular ions -still 
ooDshrt; of a single molecule. 
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infrequently encountered in the study of gaseous conduction, 
and ions compounded out of a group of molecules will be men¬ 
tioned in only a few instances. 

When the conduction of electricity between two separated 
conductors is due primarily to the motion of electrons, the process 
can be called electronic conduction. This is the type of conduction 
that is encountered in the ordinary radio tube and in the high- 
voltage kenotron rectifier. When more than one kind of charge 
carrier is present, however, the more general term gaseous con¬ 
duction is usually applied. Thus, when a switch is opened in a 
d.c. circuit in air at atmospheric pressure or when two carbon 
electrodes, connected to the terminals of a generator, are sepa¬ 
rated, the intense electric discharge that results is due to the 
motion of positive and negative molecular ions as well as to 
electrons that are formed in the gks between the electrodes. 
Gaseous conduction is important, even at low pressures. For 
example, in the mercury-arc rectifier the arc chamber is pumped 
to a relatively high vacuum; yet it is possible to maintain an arc 
between the mercury pool and another electrode some distance 
away. The process involved is again gaseous conduction, but', 
here the gas is principally mercury vapor evaporated from the^^ 
mercury surface by the heat generated in the arc itself. 

Since, as we shall see later, the conduction processes are so 
similar and since a general term is often necessary, we shall 
frequently speak of gaseous conduction and include in this designa¬ 
tion all classes of discharges at all pressures, even those which 
obviously depend simply upon electronic conduction. However,.* 
we shall feserve the term electronic conduction for those dis-^ 
charges in which electrons are the only charge carriers. This 
classification of discharges will perhaps not seem quite so arbi¬ 
trary when we consider that even with the higjiest vacuums 
attainable today there are still more than 10,000 million gas 
molecules present in every cubic inch of the gas space and positive 
and negative molecular ions still contribute a slight amount to 
the total current. 

1-2. Mechanism of Conduction. —Current density in a gas can 
be defined as a vector quantity having the same direction as the 
direction of motion of the charged particles in the gas and, .a 
magnitude egj^I to the rate of transfer of positive charge through, 
the gas per unit area perpendicular to the direction of motion * 
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of the charged particles. We can then say that if we have ions 
of only one kind present 

} = N^ ( 1 - 1 ) 

Here N repYesents the number of ions present in a unit volume^ 
of the gas or the concentration of ions, q is the positive charge 
carried by each ion, and V is the average velocity with which 
the ions travel. Thi^, Nq gives the quantity of charge in a 
unit volume, and NqN gives the rate of transfer of charge per 
unit area in the direction of V, or the current density. J is a 
vector quantity2 directed in the same direction as V if g is positive 
and opposite to V if g is negative. 

In general, ions of more than one kind are present in any 
particular discharge, and in this case the current density is given 
by Eq. (1-2). 

J = iVigiVi + N,q^^ + • • • (1-2) 

Here, N, g, and V have the same meaning as before, and the 
subscripts refer to the various kinds of ions present. That is, 
Wi, gi, and Vi refer to the concentration, charge, and average 
velocity of the ions of type 1; iV' 2 , g 2 , and V 2 are the corresponding 
quantities for the ions of type 2; etc. The charges gi, g 2 , etc., 
may be either positive or negative quantities according to the 
sign of the particular kind of ion concerned. We shall assume 
as a further simplification here and throughout this book that the 
magnitude of the charge carried by all ions is equal to the mag¬ 
nitude of the charge carried by the electron. The negative 
charge carried by the electron ( — 1.6 X 10~^® coulomb) is the 
smallest quantity of charge it is possible to obtain. In general, 
all ions carry a positive or a negative charge that is some integral 
multiple of the electronic charge, but we shall discuss only 
singly charged ions. 

In the particular case shown in Fig. 1-1, we have positive 
molecular ions, negative molecular ions, and electrons present 
in a discharge tube, and the charge carried by each ion is just 
equal to the electronic charge g*. Furthermore, all the ions move 
either to the right or to the left as indicated by the arrows, and 
there is no motion in the other coordinate directions. If we 

^ See Sec. 1-6 for a discussion of the units used. 

* All vector quantities in this book are designated by boldface letters. 
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assign the subscript 1 to the positive molecular ions, the sub¬ 
script 2 to the negative molecular ions, and the subscript 3 to the 
electrons, qi will be a positive quantity, q 2 will be a negative 



Battery 

* ~I9 

Positive molecular hn.(Chargfe^-^1.6x10 coul) 
Negative molecular ion. (Charge-’•LSx lO'^^coul) 
0 -. * Electron (Charge * -1.6 x tO'^^cou/.) 

Fio. 1-1. 


quantity, and qz will be a negative •quantity. Also V 2 and Vs 
will be directed opposite to Vi since the positive charges are 
attracted to the negative plate and the 
negative charges to the positive plate. 
If we designate directions to the right as 
positive, the resultant sign of all terms 
will thus be positive; the total current 
density will be the sum of three positive 
quantities and will be directed to the 
right as shown by the equations below ^ 
and in Fig. 1-2. 




Fio. 1-2. 


J = iViVi X 1.6 X 10-‘» - NiWi X 1.6 X 10-»» - JV,V, X 1,6 

‘ _ X lO"'* 

= 1.6 X lO-i'ClViVi - JV 2 V 2 - iV,V,) 

= 1.6 X 10"‘*(7V^iFi + NiVt -f NzVi) (directed to the right) 


Equation (1-2) tells uS that, in order to determine the current 
which will flow through a gas_on the application of a voltage, we 
must first determine N and V. These quantities depend on the 
applied potential and the electric-field distribution; but, in turn, 
the electric-field and potential distribution generally depend on 
N and V. The relations that develop are complicated; but, in 

^ The absolute value of a vector quantity is designated throughout this 
book by the same symbol as the vector but in ordinary rather than in bold¬ 
face letters. 




Sbo. 1-8] METALLIC AND GASEOUS CONDUCTION 


5 


principle at least, the relations can be determined, the current can 
be expressed as a function of the applied voltage, and problems 
dealing with gaseous conduction can be solved. 

1-3. Metallic and Gaseous Conduction.—Problems involving 
conduction in gases are not so simple as those involving metallic 
conduction. There is no simple relation between current and 
voltage comparable with Ohm^s law which can be applied to all 
gaseous conductors. For the case of metallic conduction. Ohm^s 
law can be put in the form of Eq. (1-3). 

J = iF (1.3) 

In this equation, J is the current density, p is the resistivity of 
the medium under study, and F is the electric intensity at the 
point at which J is desired. It is easy to see that this equation 
follows directly from Eq. (1-2), if we adopt the usual picture for 
the process of conduction in a metal. In a metal the atoms are 
packed very closely together and are held in a state of equilibrium 
by the electrostatic field due to adjacent atoms. Since each 
atom consists of a positive nucleus and one or more electrons 
confined to certain orbits about the nucleus, it is possible for the 
outermost, or least tightly bound, electrons to exist in more or 
less a state of equilibrium between the closely packed atoms. 
That is, the atoms of the metal are conceived to be so closely 
packed that the orbits of the outer electrons overlap. An elec¬ 
tron on such an orbit, then, could easily be transferred from atom 
to atom in the metal. It is these electrons which constitute the 
so-called ‘‘free electrons.^^ 

Equation (1-2) can be applied to the calculation of the current 
in a metal. __ _ 

J = NiqiYi + iV2g2V2 (l-2a) 

The positive ions in the metal are bound together and are free to 
execute only small vibrations about their equilibrium point; 
hence, they will not contribute to the current density. “Free 
electronsare the only negative ions; hence the exoression for J 
will contain only one term. 

J = NqV (1-26) 

Nq, or the charge per unit volume in the metal, is directly pro¬ 
portional to the conductivity or inversely proportional to the 
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resistivity _of the metal. The average drift velocity of the 
electrons, V, is directly proportional to the applied electric 
intensity. If the proportionality constants are combined with 
the resistivity, we see that Eq. (1-3) follows directly from Eq. 
(1-26): 

J = ip (1-3) 

P 


The more familiar form of Ohm^s law applying to homogeneous 
metals maintained at constant temperature can be derived from 
Eq. (1-3). The electric intensity in a homogeneous metallic 
conductor of constant cross-sectional area is equal to the voltage 
applied divided by the length of the conductor. The resistivity 
p in this conductor is equal to the total resistance R multiplied 
by the cross-sectional area of the cgnductor and divided by its 
length. And the current density J is 
equal to the total current flowing divided 
by the cross-sectional area of the con¬ 
ductor. If we make these substitutions 
for the terms of Eq. (1-3), we see that 
Eq. (1-4) follows directly. 





(1-4) 


Fig. i-3.~^taiiic con- 3y gq volt-ampere curve for 

a homogeneous metallic conductor is a 
straight line as shown in Fig. 1-3. 

In gaa^ous conductors the relations between E and I are by 
no means so simple as in the case of metallic conductors. In 
general, the motions not only of electrons must be considered 
but those of positive molecular ions and negative molecular ions 
as well. The concentration of any one kind of charged particle 
is not constant, and the velocities of the particles depend in a 
complex way on the applied potential. Experimental curves 
of the variation of current with impressed voltage are, in partic¬ 
ular cases, similar to those shown in Figs. 1-4, 1-5, and 1-6. 
Curve a in Fig. 1-4, for instance, shows that, as the potential is 
increased on a high-vacqum phototube, the illumination being 
mairitained constant, the current at first increases but soon 
becomes constant. No matter how much the potential is 
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increased, the current never exceeds this limiting value until 
breakdown occurs outside the tube. A similar phototube con¬ 
taining a small amount of inert gas such as helium or argon may 
at first behave exactly like the high-vacuum phototube as the 
potential is increased; but, instead of the current remaining 
constant with increased voltage, a certain voltage may be 
reached at which the current again begins to increase (curve b. 
Fig. 1-4). This time the current may increase very rapidly with 
increase in potential and ultimately may tend to approach 
infinity or a value determined by the external circuit. Other 
devices have other characteristics: for instance, a hot-cathode 


I E E 



rectifier. in air. 

mercury-vapor rectifier tube (such as the 866A) has a practically 
constant voltage drop even though the current through the tube 
is varied through wide limits by means of the external circuit 
(Fig. 1-5) and a d.c. arc in air between carbon electrodes has a 
decreasing voltage drop as the current is increased (Fig. 1-6). 

In a metallic conductor it is possible, since the voltage-current 
characteristic is a straight line, to define the resistance as the 
ratio of the voltage applied to the current flowing in the conduc¬ 
tor, and the number thus determined is a constant. In gaseous 
conductors, as can be seen from Figs. 1-4, 1-5, and 1-6, this ratio 
will vary over a wide range as either the current or the voltage 
of -the tube is changed. In some cases, as in a spark gap in air, 
the resistance, if we mean by resistance the ratio of voltage 
difference appearing to the current flowing in the discharge, may 
be millions of ohms at one value of impressed voltage; but if the 
voltage is raised slightly and breakdown occurs, the i;esistance 
may be only a fraction of an ohm. In many discharges, the 
resistance may vary over wide limits in various parts of the 
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discharge. For instance, in a glow discharge there is a large 
voltage drop near the cathode, or negative electrode, but only a 
relatively small voltage drop in the rest of the discharge. For 
a distance of a few millinieters adjacent to the cathode the 
resistance may be of the order of 10,000 ohms, but in the rest of 
the discharge which may be several centimeters long the resist¬ 
ance may be only one-tenth as great. 

Still another definition of resistance is obtained if the slope of 
the E — I curve is taken as the resistance. This may be called a 
dynamic resistance since it is important when the current or 
voltage is changing. In the case of metallic conductors, this 
resistance is the same as the other resistance defined above. 
Here, again, it can be seen from Figs. 1-4, 1-5, and 1-6 that this 
dynamic resistance varies over wide limits in any one discharge 
or from one type of discharge to another. It is even possible to 
have negative values of dynamic resistance since the arc char¬ 
acteristic (Fig. 1-6) is a falling one. 

The fact that gaseous conductors have such a wide variety 
of characteristics is not an undesirable property of these dis¬ 
charges. The fact that we do have such things as gaseous con¬ 
ductors makes it possible to design such apparatus as the Poulsen 
arc generator, the operation of which depends on the fact that 
an arc has a falling volt-ampere characteristic, the mercury-arc 
rectifier, which has a very low resistance to current flow in one 
direction and a very high resistance to current flow in the opposite 
direction, and the radio tube, in which the resistance to current 
flow can b 0 » varied simply by controlling the potential of auxiliary 
electrodes. But to understand how the characteristics of gaseous 
conductors can be applied to engineering problems, we shall havei 
to understand something of the mechanism of these discharges 
and the general principles involved in gaseous conduction. It is 
not enough to know the characteristics of certain types of tube. 
If we do not understand the processes involved in the operation of 
these tubes or if we cannot predict their behavior under special 
and exceptional circumstances, we cannot fully apply them, in 
the engineering sense. Of course, we should also like to be able 
to predict new uses for these gaseous conductors as well as new 
devices utilizing gaseous conduction. That this is not a barren 
field for the present-day engineer can best be illustrated by 
citing a few cases in which rapid development of a gaseous- 
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conduction device has taken place only in the last few years, 
although the fundamental principle was discovered a number of 
years ago. 

1-4. Applications. —One of the outstanding pieces of apparatus 
that has undergone this development is the thermionic vacuum 
tube. The fact that gases in the neighborhood of red-hot metals 
become conducting has been known since about 1725 when 
Du Fay^ first recorded the observation. However, during the 
next 150 years following his discovery, the phenomenon was 
studied only intermittently and no great progress was made in 
developing an acceptable explanation. Edison, among others, 
observed the presence of thermionic emission in vacuum in 
1883; and soon after that Elster and Geitel, in 1889, demonstrated 
that the thermionic diode could be used to rectify alternating 
voltages. But it was not until after the beginning of this century 
that any great progress was made in explaining or utilizing the 
properties of thermionic emitters. 

In 1902 and 1903, Richardson^ investigated thoroughly and 
gave the first satisfactory explanation of thermionic emission. 
The next year the first practical use of the diode as a detector 
of radio signals was made by J. A. Fleming,^ and a few years 
later Lee De Forest introduced a grid electrode between the 
thermionic filament and the plate.The power of this third 
electrode to control the plate current was soon appreciated, and 
since that time the development has been rapid. It is interesting 
to note that, although more than 200 years have elapsed since the 
discovery of the phenomenon of thermionic emission, it has been 
only during the last 40 years* that any rapid development has 
taken place; the limit of development is still not in sight, for 
new uses are constantly being found for tubes employing therm¬ 
ionic emitters. 

A similar development could be outlined for the phototube 
starting with the discovery of Hertz® in 1887 that ultraviolet 
light shining on a spark gap reduces the voltage necessary for 


' Mim. de VAcad.^ 1733. 

*Proc. Cambridge Phil Soc., 11, 286, 1902; Phil. Trans., 201, 516, 1903; 
Proc. Roy. Soc. (London), 71, 415, 1903. 

* British Patent 24850, Nov, 16, 1904; U.S. Patent 803684, Apr. 19, 1905. 

* U.S. Patent 841387; Jan. 15, 1907. 

* Wied. Ann., 81, 983, 1887. 
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sparking to occur. Again there was a lapse of a number of years 
before the newly discovered phenomenon found a practical 
application. But once engineers realized the possibilities for 
practical development of these fundamental phenomena the 
way was opened for a very rapid development and widespread 
application of the devices conceived in such an apparently, but 
only apparently, leisurely fashion. 

The development of the mercury-arc rectifier follows this same 
pattern. Using an a.c. generator, in 1882, M. Jamin discovered 
that if he established an arc between a mercury-pool electrode 
and a carbon electrode the average value of the current that 
flowed was not zero as it would have been had he used two similar 
carbon electrodes.^ He found, in fact, that the arc acted as a 
rectifier converting alternating current into pulsating direct 
current. Other investigators at about the same time were 
discovering that some rectification of alternating current could 
be accomplished at reduced air pressure by using two electrodes 
of quite different size, one large and one small. The discharge 
that they used was not an arc, but a glow; consequently, the 
magnitude of the rectified current was quite small. 

These experiments were the starting points for the development 
of arc rectifiers, but we find that about 20 years elapsed before 
the utility of the mercury-arc rectifier began to be appreciated. 
Toward the end of the year 1902, Peter Cooper-Hewitt devised 
what was probably the first polyphase mercury-arc rectifier.^ 
He had constructed this rectifier after a study of the character 
istics of ^he mercury-vapor lamp which he invented the year 
before (1901). The many advantages of this rectifier over 
existing types were quickly acknowledged by progressive engi¬ 
neers, and by 1905 Steinmetz® had described before the American 
Institute of Electrical Engineers (A.I.E.E.) a two-anode full- 
wave rectifier installation which had been in service for a year in 
Schenectady supplying energy for 25 mercury-arc street lamps. 

From that time to the present and especially during the 1920’s, 
the development of high-capacity metal-tank mercury-arc recti¬ 
fiers has been very rapid. Some idea of how rapidly the current 
and voltage capacity of the metal-tank rectifier has been pushed 

1 Comptes Rendua, 94 , pp. 1615-1619, 1882; Phil. Mag., 14 , 154r-156.1882. 

* Electrician^ 60, 609, 1903. 

» Trans. A.I.E.E., 24, 371, 1905. 
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upward in the past few years can be gained when we realize that 
before 1923 the largest current that could be successfully rectified 
by a single unit was about 1,000 amp.; yet in the next 10 years 
this was increased by a factor of 10. During the same period 
the voltage rating of a single unit was pushed from about 2,500 
volts to nearly 50,000 volts. These current and voltage ratings 
do not, of course, apply to the same units. Here, again, we 
realize that the limit has not been reached along this line of 
development; for, with the development of successful high- 
voltage rectifiers for changing large blocks of a.c. to d.c. power 
and with the development of high-voltage inverters for changing 
this power back to alternating current, all the possibilities of d.c. 
power transmission are introduced. 

1-6. Object of This Book. —The more the historical develop¬ 
ment of electronic- and gaseous-conduction devices is reviewed, 
the more strongly the realization is brought home that it is only 
as the significance of the fundamental discoveries has come to be 
fully appreciated by a larger and larger group of scientists that 
great strides have been made in the utilization of these funda¬ 
mental principles. With this in mind, we cannot help feeling 
that a proper approach to the subject of conduction in gases 
cannot be made simply by an investigation of the characteristics 
and properties of particular pieces of apparatus; for, after all, 
practically all the gawseous-conduction apparatus in use today 
will be superseded by better and more efficient apparatus in a 
few years. We realize, however, that the fundamental principles 
underlying any piece of gaseous-conduction apparatus will not 
change and that if we are well versed in these fundamental 
principles we shall be able to keep pace and perhaps aid in setting 
the pace in the development of new equipment. 

In accordance with this ideal, applications of gaseous conduc¬ 
tion will occupy a secondary position in the scheme of develop¬ 
ment of this book. The fundamental principles will be discussed 
both qualitatively and quantitatively. Wherever possible the 
authors will strive to give accurate quantitative calculations and 
derivations. Unfortunately, this cannot be done in all cases. 
There are many properties of gaseous conduction that can be 
treated only in a qualitative manner because of the complexity 
of the problem and the many variables involved. In some cases, 
there is no completely satisfactory theoretical explanation of a 
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particular effect. In those cases in which quantitative relations 
cannot be given, the authors will strive to give the best possible 
discussion of the subject, stating, wherever possible, the limits 
of error or the accuracy that can be expected in using a particular 
derived expression. 

The development of the subject will be systematic rather 
than historical. That is, we shall treat one particular phase of 
gaseous conduction at a time. First, we shall concern ourselves 
with the motions and the forces acting upon ions and gas particles 
individually and as a group. Then, we shall discuss the various 
processes by which ionization is made to appear in a gas, and then 
the processes which cause ionization to disappear. In this 
connection, it seems expedient to illustrate the various processes 
by a consideration of various electronic tubes such as the diode, 
triode, and phototube. Next, the processes involved in the 
formation of sparks will be discussed, and this will be followed 
by a discussion of the stable glow discharge. Finally, the arc 
discharge and its properties will be discussed. To show the 
application of these principles to present-day apparatus, a few 
illustrations will be given as each subject is developed. 

1-6. Units.—Any physical quantity can be measured only by 
comparison with a similar quantity. A unit quantity is, then, 
a measure in terms of which all other similar quantities can be 
expressed. Thus, if we say that a certain length is equal to 
12 ft., we imply that we have chosen the foot as the unit measure 
of length and that the length in question is equal to 12 of these 
units. Obviously, there are an infinite number of possibilities in 
choosing a unit of any physical quantity. For instance, lengths 
can be expressed in terms of inches, feet, yards, meters, centi¬ 
meters, miles, etc. There is, however, a definite relation between 
each pair of these units; f.c., one can be expressed in terms of 
another. This is necessary if different people accustomed to 
different units are to understand one another. 

All the mechanical quantities can be expressed in terms of 
three fundamental units. Tliis is a natural consequence of the 
fact that there are certain laws or physical relations between all 
mechanical quantities. It.is desirable that these physical rela¬ 
tions be expressible by the same relation or equation in any sys¬ 
tem of units. Thus, we should like to choose units so that the 
expressions 
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Force = mass X acceleration 

or 

Kinetic energy = ^ mass X (velocity)* 

hold true without numerical factors appearing. Systems of 
units in which this is true are called unifiedsystems, and the 
units that appear in the equations are the fundamental units or 
the fundamental derived units. 

The three units ordinarily chosen as fundamental for these 
mechanical relations are length, mass, and time.^ If we are to 
extend this system to include relations encountered in the study 
of electricity and magnetism, a fourth fundamental unit is 
necessary. And if the system of units is to be extended to cover 
the whole field of physical quantities, i.e., mechanics, electricity 
and magnetism, and heat, a fifth fundamental unit is necessary. 
This last is usually taken as temperature. It is in the choice 
of the fourth unit that the greatest divergence of opinion has 
occurred. At the present time, there are no less than 12 com¬ 
prehensive metric unit systems differing principally in the choice 
of the electromagnetic fundamental unit although there is some 
disagreement on the units of length and mass.* 

It is desirable in any comprehensive system that is to receive 
universal acceptance that the fundamental and fundamental 
derived units be quantities that are 'physically conceivable for 
the average person. That is, they should be quantities that he 
can experience in everyday work. They should not be too small 
or too large and should be convenient for comparison with the 
standard prototype units preserved in the Bureau of Standards 
at Washington or at the International Bureau of Weights and 
Measures at Sfevres, France. For example, units of length that 
are physically conceivable to everyone are the centimeter and 
the meter, the first being slightly less than ^ in. and the latter 
slightly more than 1 yd. The gram, however, is a unit of mass 
that is too small for a convenient fundamental unit—^the gram 
weight being only about ^ oz. A kilogram, on the other hand, 
is physically conceivable—a kilogram weight being equal to 

^ This is not necessary, however; for force, velocity, and time might con¬ 
ceivably be chosen as fundamental, as well as other combinations of 
mechanical quantities. 

^Eshbach, O. W., ** Handbook of Engineering Fundamentals,'' p. 3^16, 
John Wiley & Sons, Inc., New York, 1936. 
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2.2 lb. Similarly, the dyne and the erg are much too small for 
convenient units of force and work. They are just numbers to 
the average person. But a unit 100,000 times as large as the 
dyne, the dyne-five or newton, equivalent to about i lb. force, 
is easily conceivable; and a unit 10 million times as large as the 
erg, the joule, equivalent to the work required to lift a f-lb. 
weight 1 ft., is readily visualized by anyone. We might thus go 
through the whole list of physical and electrical quantities and 
try to establish a convenient system of fundamental units. 

Although we can easily select examples of convenient units for. 
each physical or electrical quantity, the task of selecting a unified 
system embodying as many of them as possible is not so easy. 
An attempt has been made, however, to establish as a universal 
system one that fulfills as many of these requirements as possible. 
At its meeting in October, 1935,^ the International Electro¬ 
technical Commission (I.E.C.) adopted the absolute system of 
mechanical units proposed by Giorgi in 1904 and decided that the 
actual substitution of this system for the present international 
system should take place on Jan. 1, 1940. In this system as 
adopted in 1935, commonly called the ‘‘m.k.s. systemsince 
it defines the fundamental units of length, mass, and time as the 
meter, kilogram, and second, the fundamental electromagnetic 
unit was not specified. However, at a later meeting^ in June, 
1938, the I.E.C. formally accepted the recommendation of its 
advisory committee that the permeability of free space be taken 
as the fourth fundamental unit. • 

The adoption of the permeability of free space as the fourth 
fundamental unit does not alter the fact that the unit of current 
will be the ampere, the unit of voltage the volt, and the unit of 
charge the coulomb since all these units are related by simple 
physical laws. This is a desirable characteristic of any universal 
system. For some time, all practical measurements of voltAge, 
current, resistance, and power have been in terms of volts, 
amperes, ohms, and watts, respectively; for it has been con¬ 
sidered easier and more accurate to make electrical comparisons 
with standards based on a specific galvanic cell and a standard 
resistance coil than to make absolute measurements in terms of 
more fundamental units. 

^ Kbnnblly, a. E., Eke, Eng., 64, 1383, 1936. 

* Eehnbllt^ a. £., Elec, Eng,, 58, 78, 1939. 
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There is one other question to be settled by the international 
committee and that is the question of rationalization. The 
original c.g.s. electrostatic and electromagnetic systems are 
unrationalized; i.e., the dielectric constant for free space or the 
permittivity of free space was taken as unity in the electrostatic 
c.g.s. system. Although this choice simplified some of the 
fundamental electrostatic and electromagnetic equations such as 
the equation for the force between two concentrated electric 
charges or two concentrated magnetic poles, it complicated other 
more useful expressions, from an engineer's viewpoint, by intro¬ 
ducing a factor 47r. Thus, for instance, the expression for the 
magnetomotive force (m.m.f.) in a magnetic circuit is expressed 
in the c.g.s. electromagnetic system by 

whereas in the rationalized system it takes the form 

= SAT/ (1-6) 


Another example is the expression for the capacitance of a 
parallel-plate condenser. In the c.g.s. electrostatic system, it 
takes the form 


(c.g.s. electro- 
static units) 


(1-7) 


whereas in the rationalized system it becomes 

s 


(1-8) 


Here k and « are the dielectric constant or permittivity in the two 
systems. In neither of these cases is there any evidence of 
circular symmetry or other apparent reason for the introduction 
of the factor 4ir. It must be introduced, however, in the c.g.s. 
forms of the equations if they are to be consistent ^^dth the units 
adopted. Rationalized units are to be preferred in most cases 
since, with rationalization, equations expressing rectilinear 
symmetry are free from the factor iir whereas equations express¬ 
ing circular symmetry contain the factor 4ir. 

In view of all this the rationalized m.k.s. system of units has 
been adopted for use in this book. This system is identical with 
the original Giorgi system with the exception that, whereas 
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Giorgi chose the ohm as the additional fundamental unit to 
supplement the three fundamental mechanical units, in the 
discussions that follow the permeability of free space has been 
chosen as the additional fundamental unit. ^ This will not change 
many of the derived formulas. The electrical quantities used 
will still be the familiar volt, ampere, ohm, etc.; but the mechan¬ 
ical units will be expressed in meters, kilograms, joules, etc. The 
complete list of the m.k.s. units that will be used throughout the 
book is found in the list of symbols of Appendix I. With but a 
few exceptions, all equations will be expressed in these units. 

It is obvious that, although the rationalized m.k.s. system has 
been adopted for this book, the form of the equations in any 
other unified system will be unchanged except for the rationalizing 
factor. For example, all the equations in this book, excepting 
those involving the permeability ju, are adaptable to the use of 
unrationalized c.g.s. electrostatic units by simply substituting 
k/^t for the permittivity €, k being the dielectric constant. 

1 Permittivity is a fundamental derived unit in the m.k.s. system related 
to permeability by the relation mo€o = 1/c*. In this equation mo and €o are, 
respectively, the permeability and the permittivity of free space and c is the 
velocity of light in vacuum. For a further discussion of permittivity, see 
Sec. 2-1. 



CHAPTER II 


THE ELECTROSTATIC FIELD^ 

2-1. Introduction.—In the study of the motions of ions in 
electrical discharges, we often find that the motions are caused 
mainly by the electrical forces of attraction and repulsion 
between the ion and the other charges in the vicinity. These 
charges may include not only the charges on the electrodes but 
also the charges in the gas space itself. It is the purpose of this 
chapter to present the principles that will be found helpful in 
calculating (1) the forces on ions in electric fields and (2) the 
work done on an ion when it moves from one point to another in 
an electric field. 

The observation of the forces on charged bodies leads to the 
definition of an electrostatic field as a region in which charged 
bodies experience a force by reason of their charge or any region 
that contains one or more charged bodies. 

The quantitative relation giving the force acting on each of two 
neighboring charged bodies is based upon the experiments of 
Coulomb and is known as Coulomb^s law. The following state¬ 
ment gives the essence of Coulomb^s law: The forces exerted upon 
each other by two small charged bodies vary directly as the product 
of the charges and inversely as the square of the distance between their 
centers. The force also depends on the kind of medium in which 
the charged bodies are placed. 

These forces act along the line joining the centers of the bodies 
and are repulsive on similarly charged bodies and attractive on 
oppositely charged bodies. The bodies must be very small 
compared with their separation and the medium must be extended 
and homogeneous if Coulomb's law is to hold accurately. This 
law may be expressed^ in the form of an equation, as follows: 

1 General references for Chap. II will be found on p. 44. 

* Historically, Coulomb^s law was first expressed in the c.g.s. system in the 
form / “ QiQi/KT^ in which / was measured in dynes, the separation r was 
measured in centimeters and Qi and Q% were measured in e.s.u. The con- 
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f =ss QiQi 
^ iirer^ 


(2-1) 


In tins expression, r is the distance between the centers of tl\e 
concentrated charges Qi and Q 2 . The constant factor which 
depends on the medium has been written as l/4ir€. The constant 
€ is called the permittivity of the medium. The rationalizing 
factor ir is included in the denominator in order to avoid 4ir 
factors which would otherwise arise in subsequent derived 
formulas, as explained in Sec. 1-6. 

The coulomb has been defined in such a way that if two small 
bodies are each charged with one coulomb of electricity and are 
placed in a vacuum with a distance of one meter between centers 
the force of repulsion will be 8.9892 X 10^ newtons.^ Therefore 
the quantity l/47r€ in Eq. (2-1) has the value 8.9892 X 10® for free 
space, and we find that the permittivity of free space has the 
value 8.85 X 10“"^^. The value of the permittivity of free space 
is used as a standard against which the values of the permittivities 
of material substances are compared. This comparison is con¬ 
veniently made by letting €0 designate the permittivity of free 
space and by expressing the permittivity e as follows: 

€ = €r€o ( 2 - 2 ) 

The hew quantity €r is called the relative permittivity of the 
medium, since it is the ratio of the permittivity of the medium 
in question to the permittivity of free space. The relative 
permittiyity of a medium is also equal to its relative dielectric 
constant. The value of eo was found to be 

€0 = 8.85 X 10-^2 (2-3) 

The value of €r is very nearly unity for all gases at moderate 


slant of proportionality 1 /k is the factor that depends on the medium. The 
constant k in this system is the dielectric constant of the medium, and it has 
the value unity in free space. 

^ See general reference 2-2, p. 45. From the very great magnitude of the 
force of repulsion, it is obvious that the coulomb is a relatively large unit 
quantity of electricity for use in electrostatic calculations. On the other 
hand the coulomb is a very eonvenient unit to use in calculations of current, 
sinde the ampere is a flow of 1 coulomb/sec. It is natural to choose the 
coulomb as the unit charge, even though it is of inconvenient size for elec¬ 
trostatic calculations, for calculations of current are made much more fre¬ 
quently than are calculations of electrostatic fields. 
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pressures (for air at atmospheric pressure €r has the value 
1.00059), and therefore little error is introduced by using the 
permittivity of free space for the permittivity of gases. 

2-2. Electric Intensity at a Point.—One method of describing 
an electric field is in terms of the force exerted on a very small 
test charge Qt introduced into the field. If none of the original 
charges setting up the field moves under the inductive influence 
of the test charge, the force f on the test charge will be directly 
proportional to the quantity of charge Qt. The constant ratio 
of f to Qt is defined to be the magnitude of the electric intensity 
vector F. The vector equation defining both the direction and 
magnitude of the electric intensity is the following: 

F = lim i (Qt is a positive charge) (2-4) 
Qt-*0 Qt 

The direction of F is the same as that of the force on a 'positive 
test charge placed at the point. When f is measured in newtons 
and Qt in coulombs, F is measured in units called the volt per 
meter (see Sec. 2-4).^ 

An electric field could be described by determining the electric 
intensity at a large number of points in the field and then drawing 
vectors setting out from each test point which show the magni¬ 
tude and direction of the electric intensity at each of these 
points. In some situations, it is simpler to describe the variation 
of the magnitude of the electric intensity with distance by an 
ordinary Cartesian graph and to describe the direction of the 
intensity by a written statement. The direction of the intensity 
in a field can ajso be represented by a system of lines drawn so 
that the intensity vectors are tangent to a given line at all points 
along that line. Such a line is called a line of electric intensity. 
Examples of field maps using lines of electric intensity will be 
given in Sec. 2-6. 

It is obvious that if the electric intensity at a point is known, 
the force on a charge Q, whether it is an electron, ion, or small 
concentrated charge, placed at the point can be obtained by the 
expression 

f = QF (2-6) 

^ In c.g.s. units, F is expressed in statvolts per centimeter, when £ .is 
expressed in dynes and Qi is in e.s.u. 
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under the assumption that Q does not modify the original electric 
field. 

The electric intensity at a point in the field of a single concen¬ 
trated charge Q can be calculated by applying Coulomb’s law. 
Imagine that the test charge Qi is placed at the given point P 
which is a distance r from the center of the concentrated charge. 
The force exerted on Qt is given by Coulomb’s law [Eq. (2-1)]. 
Substituting this value of the force into the defining equation 
(2-4) for F, we find 


F = 


Q 

4x«r* 


(2-6) 


The direction of F is radially away from Q if Q is a positive charge. 
If, for example, Q is positive and equa] to 10“® coulomb, the 



FigI 2-1.—Intensity vectors in the field of a concentrated charge. 


electric-intensity vectors in a plane cutting through the center 
of the concentrated charge are as shown in Fig. 2-1. 

The electric intensity in the field of two or more concentrated 
charges is obtained by calculating the intensity vectors at the 
point in question caused by each of the charges in the absence of 
all the others and then finding the vector sum of all the component 
intensities. That this sum represents the intensity at the point 
as given by the defining equation (2-4) is immediately obvious 
when we reflect that the .total force on the test charge would be 
the vector sum of the forces exerted by the individual charges in 
the field. This follows from the principle of superposition of 
electrostatic forces. 
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As a simple example of the calculation of the intensity in the field of two 
concentrated charges, we take the situation depicted in Fig. 2-2. The 
problem is to calculate the electric intensity at the point P located as shown 
in the figure. The magnitude of the intensity Fi set up at the point P by 
the charge is 

“ 4^ volts/m. 

Similarly the magnitude of the vector F 2 is found to be 18 volts/m. These 
two vectors must be added vectorially to find the total intensity F. A con¬ 
venient way to carry out the vector addition analytically is by the method 



of components. The component of Fi parallel to the x-axis in the positive 
x-direction is Fi cos Oi which has the value 31.8 volts/m. The component 
of Fi parallel to the y-axis is Fi sin $ij which is also 31.8 volts/m. The 
components of F 2 parallel to the x-axis and ^-axis are —16.1 and +8.05 
volts/m., respectively. Summing the components along the x- and y-axes, 
we find 

Fx = 31.8 - 16.1 = 15.7 volts/m. 

Fy = 31.8 + 8.05 = 39.85 volts/m. 

The magnitude of the resultant intensity F is given by 

F - y/Fx‘^ + = 42.8 volts/m. 

The angle B that the intensity makes with the x-axis is 

e = tan”i ~ 

and now the intensity at the point P has been fully determined. 

The intensity set up by a distributed charge is calculated by 
subdividing the charge into very small elements. The inten¬ 
sities set up by these elements are then added vectorially, the 
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resultant giving the total intensity. An example will serve to 
explain the procedure. In Fig. 2-3 is shown a thin glass rod s 
m. long which is uniformly charged with a charge of +? cou¬ 
lombs/m. of length. The rod is on the a;-axis with one end at 
the origin of coordinates. The problem is to calculate the 
electric intensity at a point P that is on the ^/-axis at a distance 
y from one end of the rod. If the distance y is large compared 
with the diameter of the rod, the finite diameter of the rod may 
be neglected, and therefore we are permitted to deal with the 
charge contained on an element of length dx as if it were a 



Fiq. 2-3, —Electric intensity in the field of a uniformly charged rod. 


concentrated charge. The quantity of charge on the length dx is 
q dx. This charge causes an intensity dF at P equal to 


47r€(t/2 + 

The direction of dF is shown in Fig. 2-3. To add this intensity 
to those set up by the other elements of the rod, it will again be 
convenient to use the method of components. The y-com- 
ponent of dF has the value, 


{dF)y = dF sin 6 = 


gy dx 

47r6(2/2 + 


After integrating between the limits x = 0 and x « we find 


Fy 




(2-7) 





Sac. 2-3] ELECTRIC POTENTIAL 

The value of the x-component is found in a similar way. 
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dF COS ^ = I 
*-o Jo 


qx dx 




^ JL 

4irc 


[» {y^ - 


(2-8) 


If necessary, these two components can be combined to give the 
resultant. 

2-3. Electric Potential. —An alternative method of describing 
an electric field is in terms of the work done on a very small test 
charge as it moves in the field. If the test charge is imagined to 
be infinitely remote from the charges setting up the field, the 
electrostatic force acting on the test charge is zero and no work 
is done on the test charge as it moves. As the test charge 
approaches the region of the charges, however, the electrostatic 
forces will come into play, and the test charge will be urged 
either in the direction of its motion or in the opposite direction, 
depending on the location and polarities of the charges setting 
up the field and of the test charge itself. If we consider the 
test charge to be at rest or moving very slowly in the (electrostatic 
field, there must be some force exerted on the test body by an 
external agent in order to maintain this equilibrium. This force 
will be at all times equal and opposite to the electrostatijc force. 
In consequence of the force and displacement, work will be done 
either by or on the external agent. To avoid confusion, it is 
helpful to specify that we shall consider the work done by the 
external agent as positive work and further to specify the use 
of a 'positive test charge. 

If the test charge is so small that it has a negligible inductive 
effect on the charged bodies in the field, it is found that the work 
done by the external agent in bringing the test charge up from 
infinity to a' point P in the field is directly proportional to the 
quantity of the test charge Qt, Under these conditions, there 
will be a constant ratio between the work done and the magnitude 
of the test charge. This constant ratio is defined as the potential 
at the point P, Letting E designate the potential at the point P, 
we write the definition in the mathematical form 



(0/ is a positive charge) 


(2-9) 
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The unit of potential is the volt when W is measured in joules 
and Qt in coulombs.^ In Eq. (2-9), W is the algebraic value 
of the work done by the external agent in bringing the very small 
test charge +Qt from an infinitely distant region to the point in 
question. The value of W must be independent of the path along 
which the test charge is brought to point P if the potential E 
is to have a definite value. That this is indeed true will be 
estabUshed in the course of the following analysis. 



Let us calculate the potential at a point P that is at a distance 
r from the center of the concentrated charge +Q as shown in 
Fig. 2-4. Let the test charge be brought from infinity along the 
path ABCP, The electrostatic force of repulsion will be the 
radial force/. The ^^externaF^ force/' is equal and opposite to 
the electrostatic force. The work dW done by the external 
agent in moving the test body the distance dl is 

dW = /' cos (/',0 dl 

The projection of dl through the angle (/',0 gives — dx. 
Therefore, 

‘ dW = -/' dx 

The force /' has the same magnitude as /; therefore we apply 
Coulomb's law to obtain 

dw-- 

Integrating from «> to r, 

47r6r 

It is evident that integration along any other path will give 
the same result, showing that the work done is independent of 

jf 

^ In c.g.s. units the unit of potential is the statvolt when W is measured in 
ergs and Qt in e.s.u. 
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the path. After substituting this value of W into the defining 
equation (2-9), we find the value of the potential at P, 

M - ^ ( 2 - 10 ) 

Equation (2-10) shows that the potential in the field of a concen¬ 
trated charge is inversely proportional to the distance from the 
charge to.the point in question. The value of the potential may 
be either positive or negative depending on the polarity of the 
charge Q setting up the field and will be measured in volts if Q 
is in coulombs, r is in meters, and e has the appropriate value 
given in Sec. 2-1. It is important to note that E depends only 
on the distance r and the magnitude and polarity of the charge 
Q setting up the field. 

If we again apply the defining equation (2-9) to find the poten¬ 
tial at a point in the field of several concentrated charges, we 
find that the total potential is the algebraic sum of terms of the 
type in Eq. (2-10), one terln for each of the charges setting up the 
field. Letting these charges be Qi, Q 2 , etc., we may express 
the potential as 

E = Qg + • • • extend ( 2 . 11 ) 

4ircri ' 4Trer2 over all charges) ^ ^ 

In this expression the r^s are the distances from the point P to 
the charge indicated by the subscripts. This equation shows 
that the principle of linear superposition applies to the calculation 
of the potential in the field of a number of charges. 

In the most general situation, the charges setting up the field 
are distributed over the surfaces of the charged bodies in 
the region and perhaps, also, are distributed through part of the 
volume of the region. If the charge distribution is known, the 
potential at any point in the field can be found by an extension 
of the method of the foregoing paragraph. The charges would be 
subdivided into small enough elements dQ, so that they could be 
treated as concentrated charges. Then the potential at a jpoint 
would be calculated by summing the effect of all the charges in 
the field. Expressed mathematically, this takes the form 



(sum to extend over all 
the charges in the field) 


( 2 ^ 12 ) 
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Here r is the distance from dQ to the point P. 

As an example of the application of Eq. (2-12) to a distributed charge, let 
us calculate the potential at the point P in Fig. 2-3. We recall that the 
charge on the glass rod is uniformly distributed and has the value q coulombs 
per unit length. As an elementary charge dQ, we take the charge on the 
length dxy which has the value q dx. Substituting in Eq. (2-12) and passing 
to an integral, we find 


J '*« q dx _ q dx 

0 47r€r Jo 47r€(y^ 4- 


x,„(i±vZ±i;) ,«3) 


In the following section, we shall show how the ^-component of the electric 
intensity at point P may be deduced from the expression just derived for 
the potential at points on the y-axis. This will illustrate one of the useful 
applications of the concept of potential. 

It is often desirable to compare the potentials at two points 
in a field. For this purpose the potential increase from a point 
I to a point 2 has been defined to be the algebraic value of the 
potential at 2 minus that at 1. Thus, letting AEi ,2 designate the 
potential increase from 1 to 2, we may write 


A£i,2 = E 2 — El (2-14) 

In the event that the algebraic sign of the result is unimportant, 
only the absolute value of AE need be considered, and this is 
called the potential difference between the two points. 

From the manner in which the potential at a point and the 
potential increase have been defined, it may be seen that the 
potential increase from 1 to 2 can be expressed in terms of 
the work required to move a test charge from 1 to 2. Thus, 

A£,.i = ^ (2-16) 


Here Wi ,2 is the algebraic value of the work done by the external 
agent in moving the positive test charge Qt from 1 to 2. For 
example, if point 2 is at a higher potential than point 1, the 
external agent will do positive work in pushing the test charge 
up to point 2. 

A useful application of the potential increase will be apparent 
if we consider the work done while an ion moves between two 
points 1 And 2 in an electric field. From Eq. (2-15), we find that 
the work done by the external agent while the ion of charge 
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+? moves from 1 to 2 is equal to 

Wi,2 = -{-q AEi^2 . (2-16) 

Usually an ion moves under the influence of the forces of the 
field, and it is desirable to calculate the work done by these 
electrostatic forces. This work is equal but opposite in sign to 
that given by Eq. (2-16). 

2-4. Relation between Potential and Electric Intensity.— 

Since electric intensity is defined in terms of the force on a test 
charge and the potential is defined in terms of the work done on a 
test charge, there will be a relation between intensity and 
potential that is based on the relation of force to work. Figure 
2-5 shows the conditions in an electric field when a test charge 
+Qt is moved a distance dl from B to C along the path ABCD, 
Let F represent the intensity at point B, / represent the electro¬ 



static force on the test charge, and /' the equal and opposite 
external force. According to Eq. (2-15) the potential increase 
dE from B to C is given by the ratio of the work done by the 
external force during the displacement dl divided by the test 
charge; t.e.. 


^ ^ f cos [180 - (F,0] dl 

Qt Qt 


(2-17) 


Here {Ff) is the angle between the direction of the intensity F 
and the positive direction of dZ, indicated by the line Bl in Fig. 
2-5. We note that f'/Qt has the same magnitude as f/Qt and 
therefore also equals the magnitude of the intensity F, Con¬ 
sequently, Eq. (2-17) reduces to the following: 

dB = F cos [180 - (F,Z)] dl 

It is more convenient to express this relation in terms of the 
cosine of (F,Z), thus: 


dE = —F cos (F,Z) dl 


(2-18) 
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Upon integrating Eq. (2-18), we obtain a formula for computing 
the potential increase from a point A to any other point B on the 
path of the test charge 


= - f^E cos {F,l) dl 


(2-19) 


This integral is useful for finding the potential difference in a 
situation where the intensity variation is known. Such an 
application of this relation will be made in Sec. 2-5 in the concen¬ 
tric-cylinder problem. 

Since intensities are derived from known potential distribu¬ 
tions more often than the reverse, it will be helpful to obtain 
from Eq. (2-18) expressions that may be used for this purpose. 
Thus, the component of the electric intensity in the direction of 
positive I is 

dE 


Fi = F cos (F,l) = - 


dl 


(2-20) 


If the path lies in the direction of the intensity, the potential 
is decreasing and, furthermore, is decreasing at a maximum rate 
compared with that along any other path through the given 
point. Thus, it is possible to find the intensity at a point by 
finding the maximum rate of decrease of potential; i.6., 


■■ (- f). 


( 2 - 21 ) 


As a simple illustration of these relations, consider the situation 
shown in Fig. 2-1 where a single charge of +10~^ coulomb is 
setting up a field. The potential at points in the region outside 
of the sphere is given^ by formula (2-11), E = Q/Airer, By 
inspection we see that the maximum rate of decrease of potential 
is in the radial direction; therefore, in accordance with Eq. (2-21) 
we write 

Q 


jp dE dE 




This is, of course, the same value as that previously obtained for 
the concentrated charge [Eq. (2-6)]. If we assume that the 

^ For point/ outside a uniformly charged sphere the charge acts as if it 
were concentrated at the center of the sphere. See general reference 2-2, 

p. 132. 
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sphere in Fig. 2-1 has a radius of 0.02 m., the potential and 
intensities on a radial line have values as shown in Fig. 2-6. 

In a three-dimensional rectangular system of coordinates the 
potential E would be expressed as a function of the three coordi¬ 
nates Xy y, and z. If we let F* represent the component of the 
intensity in the a:-direction, we see from Eq. (2-20) that 

dE 

= - if (2-22) 

Similar expressions hold for the components Fy and F*. Thus, if 
the potential distribution is known in a region, the component 



Fig. 2-6. —Potential and electric intensity variations in the neighborhood of a 

charged sphere. 


intensities can be calculated, and the resultant intensity can be 
obtained by vector addition. 


As an example of this method, we propose to calculate the y-component 
of the electric intensity at point P in Fig. 2-3. The potential at points 
on the j/-axis is given by Eq. (2-13). To find Fy, we calculate the negative 
of the partial derivative of (2-13) with respect to y, thus: 

dy 4ir€ dy 

j/ s + 

--X- 1 - V— y -/ - g ^ ^ (2-23) 

4t. 8 + Vs‘ -I- dy 4ir« y 

y 

This result agrees with the value previously obtained [Eq. (2-7)]. 

2-6. Gauss’s Theorem. —Let us calculate the surface integral 
of the electric intensity F over the closed surface S taken around a 
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concentrated charge Q as shown in Fig. 2-7a. The operation of 
taking the surface integral consists in dividing the surface into 
elementary areas dA, multiplying these areas by the normal 
component Fn of the electric intensity at each of the areas, and 
summing these products over the whole surface. In Fig. 2-7a 
the direction of the normal to the surface at dA is indicated by 
the line marked n. Since the normal component Fn might be 
either outward or inward through the surface, we specify an 



Fio. 2-7a. Fig. 2-76. 


outward normal component as positive and an inward component 
as negative. Thus, the mathematical form of the surface integral 
is the following: 

closed surface closed surface 

Surface integral of F = J FndA = F cos {F,n) dA (2-24) 

Here the angle (F,n) is the angle between the positive direction 
of F and the positive (outward) normal to the surface.^ Upon 
replacing F by its value given in Eq. (2-6) we obtain 

closed surface 

Surface integral of F = ^ J — (2-25) 

To evaluate the integral given in (2-26), consider the solid or 
conical angle formed by drawing lines from the boundary of the 
surface element dA to the charge Q, The cone thus formed 
bounds the solid angle d^, whose magnitude is, by the definition 

1 We note that though Fn is algebraic, i.e., carries its own sign, the symbol 
F represents positive number, the magnitude of the electric-intensity 
vector. Thus the sign of cos (F,n) automatically satisfies the convention 
regarding the positive normal component of F. 
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of a solid angle, equal to the ratio of the area da cut out by the 
cone from a sphere of radius r to the square of the radius;^ 
i.e., 


dfi = ^ (2-26) 


The angle dQ is measured in steradians. 
tary solid angle in Fig. 2-7a, 
consider Fig. 2-76, which is a view 
from such a direction that Q, F, and 
n are in the plane of the paper. 
Since the projection of the area dA 
on the sphere of radius r is dA cos 
(F,n), we see that dfl has the value 


To evaluate the elemen- 


dO. = 


dA cos (F,n) 


(2-27) 



In view of this relation, the surface integral (2-26) may now be 
written 


Surface integral of F = dQ == ^ (2-28) 

This states that the surface integral of F is equal to the quantity 
of charge contained within the surface, divided by the per¬ 
mittivity of the medium. 

Before generalizing this relation, we examine the effect of 
a charge located outside the closed surface on the value of the 
surface integral of the intensity. Thus, in Fig. 2-8, we consider 
an elementary area dAi and draw a cone from the boundary of 
dAi to the charge Q. If we extend this cone, it cuts out the area 
d42 as it emerges from the closed surface. The contribution to 
the surface integral for these two elementary areas will be 


Fi cos (Fi,71i) dAi + F 2 cos dA^ (2-29) 


^ The surface area <r cut out by a given cone from any sphere centered at 
the vertex of the cone is proportional to the square of the radius of the 
sphere. If the radius of the sphere is taken as unity, the solid angle is 
identically equal to the area cut out of the unit sphere [see defining equation 
(2-26)]. Since the total surface area of the unit sphere is the total solid 
angle about a point is 4 t steradians. 
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The values of F\ and F 2 may be inserted in expression (2-29) to 
obtain 


Q cos {Fi,ni) dAi ^ cos (^ 2 ,^ 2 ) dA 2 
Are ri^ Awe r2^ 


(2-30) 


We again note that dAi cos (Fi,ni) is the projected area of dAi 
on a sphere of radius ri and consequently 

cos (Fi,ni) dAi _ _ , 


Here is the solid angle of the cone, and the minus sign appears 
because the angle (Fibril) is an obtuse angle. Similar reasoning 
shows that 

cos (F 2 ,n 2 ) dAi ^ 


Consequently, expression (2-30) reduces to 


47r€ 


do + 


4:W€ 


do = 0 


(2-31) 


That is, the contributions to the surface integral over the areas 
dAi and dAi exactly cancel each other. Since the whole surface 
can be accounted for by cones similar to the one shown in Fig. 2-8, 
it follows that the surface integral of the intensities caused by a 
charge outside the closed surface is zero. 

When a number of charges Qi, Q 2 , Q 3 , * * • are contained 
within a closed surface, the surface integral of the electric inten¬ 
sity will consist of the sum of terms of the type given in Eq. 
(2-28) for each, of the charges. This law may be written as 
follows: 


closed surface 

Jf cos {F,n) dA = + + • 


2Q 


(2-32) 


This is easily proved if we regard the total normal component of 
the intensity as the sum of the normal components caused by 
each of the charges. Therefore, the total surface integral can be 
thought of as the sum of the surface integrals from each of the 
components taken separately, and each of these integrals con¬ 
tributes a term as given in Eq. (2-28). 

Equation i2-Z2) is a mathematical form of Gausses theorem. 
It states that the surface integral of the electric intensity over a 
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closed surface is equal to the net charge contained within that surface 
divided by the 'permittivity of the medium. A slight extension of 
the foregoing proof of this theorem will show that the charges 
within the surface may be distributed on conductors or as space 
charges as well as in the form of concentrated charges. The 
symbol SQ in Eq. (2-32), therefore, is considered to mean the 
algebraic value of the net charge within the surface. 

Gausses theorem is a useful tool for finding the electric intensity 
in certain types of problem. The method employed and the 
types of problem that can be solved are illustrated by the 
following examples. 

The first problem is that of finding the intensity variation 
in a spherical region which contains a uniform space charge. 
Let the space charge have a density of +p coulombs per unit 
volume throughout a sphere of radius R (Fig. 2-9). To apply 
Gauss’s theorem, we imagine a spherical surface of radius r. 
From the symmetry of the geometry, we see that the intensity 
vector F is constant in magnitude 
over this sphere and is radially 
directed. Therefore, the surface 
integral of F reduces to the con¬ 
stant F multiplied by the surface 
area of the sphere, or F X 4xr2. 

The net charge contained within 
the sphere of radius r is the volume 
density of the charge multiplied by 
the volume of the sphere or Applying Gauss’s theorem in 

the form of Eq. (2-32), we find 

€ 

This reduces to 

/!’ = g (2-33) 

Thus, the intensity at points within the spherical space charge 
varies linearly with the radius r. 

A repetition of the procedure used above, with an imaginary 
sphere of radius r greater than the radius of the spherical space 
charge, will yield the following value for the intensity at points 



coulombs per 
^ umf volume 


Fig. 2-9. 
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outside the space charge: 


(2-34) 


This relation is, of course, the same as that given by Eq. (2-6) 
if Q is replaced by the total quantity of space charge. Thus, for 
points outside the spherical charge, the intensity is the same as if 
all of the charge were concentrated at the center of the sphere. 

As a second example, consider the problem of finding the 
intensity and potential variations between two concentric con¬ 
ducting cylinders of infinite length (Fig. 2-10). Let the inner 
cylinder of radius Ri be charged with q coulombs per unit length 
and the outer cylinder of radius with —q coulombs per unit 
length. We choose the imaginary cylinder of radius r and of 
unit length shown in Fig. 2-10 for the closed surface over which to 
apply Gausses theorem. From the symmetry of the problem, it 

is seen that the intensity vectors 
IT \ radially directed. Thus, 

'A I \__ point P, on an end of the 

_ _ jin__ -j_I_-V- cylinder, the intensity is perpen- 

/““vf?- i -— dicular to the normal n, and 

\ J y the normal component is zero. 

' Furthermore, the intensity 

Fig. 2-10.—Field between coaxial . . , xi • j j.* 

cyHnders. inside the inner conducting 

cylinder is zero. Therefore, the 

contribution to the surface integral from the ends of the 

cylinder is zero. The intensity vectors over the outer surface of 

the imaginary cylinder are normal to the surface and of constant 

value. Let this value be F; then, since the area of the outer 

surface is 27 rr, the surface integral reduces to F X 27rr. The 

quantity of charge enclosed by the closed surface is g, and so 

Eq. (2-32) reduces to 


_ I 

_ 

U-/rr? - 


Fig. 2-10.—Field between coaxial 
cylinders. 


F X2irr = i 
€ 


Therefore, 


(2-36) 


Since the potential difference, rather than the charge, is usually 
the known quantity, we apply Eq. (2-19) to find the potential 
increase AEi.a from the inner to the outer cylinder. Since F is 
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radially directed, Eq. (2-19) reduces to the following: 

AEi.i = - f^'Fdr 
JR\ 

Introducing the known value of F given in Eq. (2-35), 




q , Ri 


Since we are interested only in the potential difference E between 
the electrodes, we disregard the minus sign and then have 




(2-36) 


If we eliminate q between Eqs. (2-35) and (2-36), we have 

F 

P = -i- /n /r. N if is radially directed) (2-37) 

r log yti^/ti\) 

This relation shows that the intensity drops off inversely as the 
radius increases; and since the intensity inside the inner cylinder 



Intensity just outside 



Fig. 2 - 116 . 

a conducting surface. 


is zero, there is a maximum value of intensity just outside the 
inner cylinder. 

The electric intensity just outside any conducting surface that 
has a known charge density can readily be deduced by the use of 
Gauss’s theorem. Consider a point P that is very close to a con¬ 
ducting body as shown in Fig. 2-1 la. The charge density just 
below P has the known value of <t coulombs per unit area. As a 
surface over which to apply Gauss’s theorem, we choose a 
cylindrical box with its top including point P and its bottom 
below the surface of the conductor. An enlarged view of this 
box is shown in Fig. 2-116. If point P is only an infinitesimal 
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distance from the conducting surface, the intensity vectors on 
the top surface will be constant and normal to the surface. The 
intensity vectors at the sides of the box will be tangent to the 
surface, or zero below the conducting surface. The only con¬ 
tribution to the surface integral of the intensity is found over the 
area of the top of the box dA. The net charge enclosed is a dA. 
Consequently, 

FdA = ^-^ 

c 

or 

F - ^ (2-38) 


% 

f 

I: 


^‘(T 


couL 


f 

I- 


Thus, the intensity just outside a conducting surface is directly 
proportional to the charge density on the surface. 

As a concluding example, consider the electric field between 
two parallel conducting plates of infinite extent, one of which is 
charged with — coulombs per unit area and 
the other with +(t coulombs per unit area 
(Fig. 2-12). We can apply Eq. (2-38) and 
state that the intensity between the plates 
and very close to either one is normal to the 
plates and has the value a/e. To show that 

t the intensity between the plates has this 

_ \\ same value at all points, we apply Gauss's 

^ ‘ theorem over the surface of a right cylinder 

of any length x that has its elements normal 
to the plates and has one end buried in a 
positively charged plate (see ABCD in 
Fig. 2-12). Considerations of symmetry dic¬ 
tate that the intensity will be normal to the 
plates and constant over the outer end BC 
of the cylinder. Since the intensity must be 
zero in the conductor, we see that the only 
contribution to the surface integral is over the outer end, whose 
area is dA, The charge enclosed by the cylinder is a dA. 
Therefore, we can apply Gauss's theorem to find that F = (x/c, 
and F is constant everywhere between the plates. 

The potential difference between the plates can be calculated 
in terms of the known separation b between the plates. Thus, by 


j 

I 


C Area 
of end 
-dA 


h- b 

Fiq. 2-12.—Field 
between parallel 
plates. 
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applying Eq. (2-19) we find 



€ 


The electric intensity between the plates can therefore be 
expressed as follows: 

F = f (2-39) 

This relation also holds reasonably well in the space between 
finite plates at points that are not too near the edges, say at 
points not closer than twice the separation. Unless special 
precautions are taken/ charges will concentrate at the edges 
of the plates and thereby increase the intensity at the edge above 
the value found elsewhere on the electrode. 

2-6. Mapping Electric Fields. —The methods discussed in the 
foregoing sections enable us to calculate the electric intensity 
and potential distribution in the simpler fields. In this section, 
we shall discuss additional methods used in visualizing electric 
fields and shall refer to some methods for determining the field 
distribution. 

As already mentioned in Sec. 2-2, the directions of the intensity 
vectors may be indicated by lines of electric intensity which can 
be drawn in a picture of an electric field. The value of such a 
picture is enhanced if an indication of the potential variation in 
the field is also given by showing the location of several equipoten- 
tial surfaces in the field. As its name implies, an equipotential 
surface is a surface at all points of which the potential is the same. 
The field picture, or map, is usually shown in a cross-sectional 
view, so that the equipotential surfaces are seen as lines. For 
example, see Figs. 2-13a and 2-136, which show the field maps 
that have been calculated for two small charged bodies of unlike 
sign (Fig. 2-13a) and of like sign (Fig. 2-136). 

Because of the way in which lines of electric intensity and 
equipotential surfaces have been defined, it follows that the 
lines of electric intensity cross the equipotential surfaces at right 
angles. For if the electric intensity were not normal to an 
equipotential surface, the force acting on a tCvSt charge placed 
on the surface would have a component parallel to the equipoten¬ 
tial surface. Since no work is done in moving a test charge 

^ See Rogowski, W., Arch. Elektrotech.j 12, 1-15, 1923. 
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about on an equipotential surface, the component of force parallel 
to the surface must be zero, and the intensity must be normal to 
the surface. 

Furthermore, the lines of electric intensity enter the surface of 
conductors at right angles^ since the surface of a conductor is an 
equipotential surface. 



Fig. 2-13a,—Field of equal and opposite charges, each of 10"® coulomb. 



Fio. 2-136.—Field of two charges, each of 10"® coulomb. 

Having briefly discussed the field map and some of its prop¬ 
erties, we may reexamine the general methods of determining 
the properties of electric fields. The problem that presents 
itself is often the following: Given a configuration of electrodes 
each of which has a known potential, we may wish to find the 
electric intensities and potentials in the region around the elec¬ 
trodes. Theti, again, the initial information may consist of 
known charge distributions on the given set of electrodes. The 
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methods of solving such problems may be classified under the 
following heads: 

1. Mathematical analysis. 

2. Graphical mapping. 

3. Experimental reproduction. 

In general, the application of analytical methods is limited 
to problems in which the electrodes have simple geometrical 
shapes. In practical situations the mathematical treatment 
often becomes difficult if not impossible. Special mathematical 
methods, such as the method of conformal representation,^ 
extend the range of problems that can be treated. Another 
special method, Kelvin’s method of images which is applicable in 
certain cases, is discussed in the next section. 

The graphical method^ of field mapping finds much use in the 
solution of complicated electric or magnetic fields such as are 
encountered in the design of electrical machinery and of high- 
voltage insulators. In the case of the electric fields, the method 
consists in first sketching the lines of electric intensity and 
equipotential surfaces in accordance with the general laws that 
these obey, with the help afforded by previous experience with 
portions of the field under consideration or with similar fields. 
This trial map of the field can then be refined by a repetition of 
the same procedure until an accurate map is obtained. This 
method has been used mainly in two-dimensional fields, i.e., in 
fields in which the electrodes consist of exceedingly long cylinders. 

The experimental method of determining the field map consists 
in reproducing either the original field or an analogous field in 
an experimental model in which the equipotential surfaces can be 
ascertained by test. The procedure most often employed is to 
use the conducting field as the analogue of the electrostatic field. 
In this method a conducting electrolyte, usually water, fills the 
space between metal electrodes. The conductivity of the metal 
relative to that of the water is about 10®, so that the electrodes 
may be taken to be equipotential surfaces. To reproduce a two- 

1 SOKOLNIKOFF, I. S., and E. S. Sokolnikoff, ‘'Higher Mathematics for 
Engineers and Physicists,” Chap. XV, McGraw-Hill Book Conipany, Inc., 
New York, 1934. Dow, W. G., “Fundamentals of Engineering Elec¬ 
tronics,” Chap. II, John Wiley & Sons, Inc., New York, 1937. Weber, E., 
Elec. Eng., 63, 1563-1570, 1934. 

* General reference 7r \; in particular, Chap. Vll. 
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dimensional problem a shallow insulating tray may be used to 
hold the water; but if a three-dimensional problem is to be 
reproduced, a tank of relatively large dimensions must be pro¬ 
vided. Figure 2-14 shows a reproduction of a two-dimensional 
field, with cylindrical electrodes B and C mounted in a shallow 
tray of uniform depth. The alternator A, preferably having a 
frequency of 400 to 800 cycles/sec., is connected to the two 
electrodes. By using an audible frequency, it is possible to use 
telephone receivers as the detector and to eliminate errors that 
might be caused by polarization voltages at the electrodes. 

The potentiometer R divides the 
voltage, so that the probe P is 
raised to some potential between 
that of C and B determined by 
the setting of the slider S, When 

the probe is dipped in the water, 
Fig. 2-14.—Electrolytic method of i mi i i i • ii 

field mapping. ^ sound Will be heard in the 

receivers T, unless the probe hap¬ 
pens to be on a surface at the same potential as the slider S. 
By moving the probe about in the water, meanwhile keeping the 
sound at a minimum, an equipotential surface can easily be 
traced out. 

After a number of the equipotential surfaces have been 
mapped, the field-intensity lines can be sketched by using the 
rules that have been laid down. If a sufficient number of equi¬ 
potential surfaces have been determined, a highly accurate field 
map can be drawn. ^ After the field map has been completed, 
the value of the intensity at any point on a line of intensity can 
be found by calculating the rate of change of potential with 
distance measured along the line; t.e.. 




( 2 - 21 ) 


The value of dE/dl in Eq. (2-21) is most readily obtained from 
an auxiliary Cartesian graph of J? as a function of 1. 

2-7. The Method of Images.^ —This method, originated by 
Lord Kelvin in. 1848, is applicable to a few special problems in 

1 For examples of field maps determined in this way, see Figs. 3-6a ^nd 
3-13. 

* General reference 2-1, Chap. V; general reference 2-2, Sec. 112. 
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which a given distribution of known charges sets up an unknown 
system of induced charges on the conducting bodies ;n the field. 
Then an auxiliary charge or system of charges is sought which, 
acting together with the original known charges (but without the 
actual induced charges), will reduce the potentials at the bound¬ 
aries of the original field, i.e., at the surfaces of the conductors, 
to the correct values. If such a system of charges can be found 
and if the solution is known for the field of the original charges 
plus the auxiliary charges, then the problem is solved. This 
follows because an electrostatic field is uniquely determined by 
specifying the potentials of the conductors in the fi?.^d and the 
free charges in the field. Any solution that reproduces the 
correct potentials of the conductors in the presence of the free 
charges is, therefore, the unique solution of the problem. The 
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Fig. 2-156. 


following example, which occurs in the study of the emission of 
electrons from metals, will serve as an introduction to the method. 

Consider a concentrated charge of + 0 ^ located as shown in 
Fig. 2-15a a distance h from the plane surface of an extended 
conducting body whose potential is zero. The conducting body 
could be replaced by a thin plate without changing the solution of 
the problem. We wish to find the electric intensity and potential 
variation in the field; but since the distribution of induced charge 
is as yet unknown, the problem cannot be solved by the usual 
methods. If we recall Fig. 2-13a, we see at once that, if an equal 
and opposite charge — 5 ' is placed a distance h below the surface 
ABj then this auxiliary charge acting with the original charge 
+ 0 ^ (but without the actual induced charge) will reduce the 
surface of the conductor to the correct potential £/ = 0. Con¬ 
sequently, the system of charges +g and — ^ in Fig. 2-156 is the 
equivalent, as far as the field above plane AB \s concerned, of 
the charge with its induced charge on the metal surface. The 
charge is called the electrical image of the charge +g. 
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The induced charge density on the surface of the conductor 
can now be evaluated. This is done by using the inverse-square 
law to calculate the intensity F at the surface of the plane AB 
set up by the two charges and —q. Then, the relation in 
Eq. (2-38) can be used in the form 

cr = eF 

to obtain the surface density of charge that exists at the corre¬ 
sponding point on the surface of the conductor. 

The force of attraction between the charge +q and the induced 
charge on the plane AB can also be calculated by means of the 
equivalent system of charges in Fig. 2-156. Thus, this force of 
attraction is given by Coulomb’s law, as 

Another way to obtain this expression is to calculate the electric 
intensity F at the point occupied by -f g and caused by — g and 
then apply the relation / = Fq. 

Problems 

1. An isolated conducting sphere of 0.02 m. radius is charged to a poten¬ 
tial of 1,000 volts, (a) Describe the equipotential surfaces in the field for 
which E = 1,000, E = 700, E = 400, and E = 100 volts. (6) Draw a curve 
showing the variation of electric intensity with distance from the surface of 
the sphere to a point 0.2 m. from the center of the sphere. Draw a curve 
showing the potential variation over the same range. 

2. Find the greatest charge that can be carried by a metal sphere of 0.1 m. 
radius if the sphere is placed in air remote from other objects. Assume that 
the dielectric strength of air is 2,000 kv./m. 

3. A parallel-plate air condenser has an air gap of 1 mm. If the poten¬ 
tial difference between the plates is 750 volts, what is the electric intensity 
in the gap? What force would be exerted on an electron placed in this air 
gap? 

4 . Two small, charged, conducting spheres A and B are arranged and 

charged as shown in Fig. 2-16. (a) Plot curves showing the variation of 

electric intensity and potential along the a;-axis, and also the same curves 
for the 2/-axis. Take in the range from x =* — 0.2 to x - 4-0.2, and 
y ** —0.2 to y = 0.2. (6) Explain the relation that exists between the 

intensity and potential curves for the x-axis. Does the same relation hold 
for the curves for the y-axis? 

5. A concentrated charge Q is located at the center of a spherical surface 
S. If the value of the integral JF cos (F,n) dA taken over the surface S 
is 339, what is the magnitude of Q? 
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6. The electric-intensity vector F is constant in magnitude and direction 
in a given region. If the value of the integral /F cos (F,n) dA taken over a 
plane area of 2 sq. m. is 5,200 and the vector F makes an angle of 30 deg. 
with the normal to the plane surface, what is the value of F? 

7 , Suppose that, in the problem illustrated in Fig. 2-17, electrons are 
transferred from earth to plate P until plate P has a potential of — 500 volts 
relative to earth, (a) What is the charge density on the two sides of P and 
on the inner faces of A and B? (5) Sketch curves showing intensity and 
potential variations on a line perpendicular to the plates that extends from 
A to B. 
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8. Suppose that a thin, extended, plane metal plate P is mounted (on 
insulators) in air parallel to and between two grounded metal-plate elec¬ 
trodes A and B as in Fig. 2-17. Suppose that electrons have been trans¬ 
ferred from earth G to the plate P until the plate contains a charge of 
8.85 X 10"® coulomb/sq. m. of plate (<ra <Tb = —8.85 X 10"*). Calculate 
(a) the surface density of charge on the two surfaces of P and on the inner 
surfaces of A and B, (b) the magnitude and direction of the intensities 
between the plate P and the electrodes, and (c) the potential of plate P 
relative to plates A and B. 

Sketch curves of electric intensity and potential variation for points on a 
straight line from A to B perpendicular to the plates. 

9. Suppose that a uniform negative space charge of — p coulombs per 

cubic meter is fixed in space between the two extended metal plates A and B 
in Fig. 2-18. (a) What is the surface density of the induced charge on the 

plates A and B? (b) Calculate the variation of electric intensity and poten¬ 
tial along a line perpendicular to and between the plates, (c) Sketch curves 
showing the features of the variation of intensity and potential along this 
line. 
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10 . Suppose that in the situation shown in Fig. 2-18 the connection is 
broken at C and a battery is inserted in such a manner as to raise the poten¬ 
tial of plate BiQ -{-Ei volts. Redetermine the variation of electric intensity 
and potential between the plates, and sketch curves to show these variations. 
Assume that the space charge remains fixed as in Prob. 9. 

11 . Referring to the situation given in Prob. 10, find how large Ei must 
be so that if an electron is given off from plate A with very small or infinites¬ 
imal velocity it will nevertheless move to plate B. Imagine that the initial 
space charge remains fixed in space and only the single electron is free to 
move. 

12 . Referring to the spherical distribution of space charge shown in Fig. 
2-9, find (a) the potential at the center of the sphere and (6) the variation of 
the potential along a radial line through the sphere. 

13 . Referring to the concentric-cylinder arrangement shown in Fig. 2-10, 
find the potential at any point along a radial line between the cylinders. 
Express the potential as a function of the radius r, the dimensions of the 
cylinders, and the potential difference AE. Consider the outer cylinder to be 
at zero potential. 

14 . A very long conducting cylinder of radius Ri contains a uniformly 
distributed space charge of -f-p coulombs per cubic meter. What is the 
nature of the electric intensity and potential variation at points on a radial 
line from the axis to the cylinder? Sketch curves showing the variation of 
electric intensity and potential along this line. 

16 . Calculate the variation of the electric intensity and surface density of 
charge on an extended, grounded, metal surface caused by a concentrated 
charge of 4 X 10”® coulomb placed 0.2 m. above the surface. 

16 . What is the force of attraction between an electron and its induced 
charge” on a metal surface if the electron is 10“* m. distant from the surface? 
How great would the electric intensity of a field need to be to cause the 
same force on the electron? 

17 . Show that the total quantity of induced charge on the infinite metal 
plate in Fig. 2-15a is ^qual in magnitude to the original charge -j-g. 
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CHAPTER III 


MOVEMENT OF CHARGED PARTICLES 
IN HIGH VACUUM 1 

3-1. Forces in the Electric Field. —We have defined the electric 
intensity at a point in an electric field as the ratio of the force to 
the charge carried by a very small test body placed at the point. 
From this definition, it follows that if a very small test charge is 
placed in an electrostatic field the force on the test charge is 
given by 

f = ^F 

The charge carried by the test particle, g, may be either positive 
or negative. Stating this another way, we can say that, if a 
small charged body is introduced into an electric field and if the 
charge carried by the body is small enough so that it does not 
alter the original electric field distribution, then the force acting 
on the charged body is given by the equation above. The particles 
with which we shall usually be concerned are either electrons or 
molecular ions. We shall assume for the purposes of this study 
that these particles are sufficiently small so that the presence or 
absence of any one particle will not disturb the electric field due 
to all other charges in the neighborhood. 

We have also shown in Sec. 2-4 that the x-, 2 /-, or z-components 
of the electric intensity at any point may be calculated from the 
corresponlding rate of change of potential in the x-, y-, or z-direc- 
tion at that point. Thus, 

dx I 

F.--m ( 2 - 22 ) 

^ We shall assume that the particles are moving in a high enough vacuum 
so that collisions with molecules of the gas do not occur. 

General references for Chap. Ill will be found on p. 79, 
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Another means of representing the force or the components of the 
force on a small charged body placed in an electric field is thus 
in terms of the potential variation at the point as shown in the 
following equations: 



We see then that the force acting on a small charged particle can 
be represented in terms either of the electric intensity or of the 
rate of change of potential. 

If we release an electron or other small particle carrying a 
charge q at some point in an electric field, the force that then 
acts on the particle is proportional to the charge on the particle 
and the magnitude of the electric-field intensity. The particle 
will consequently start to move in the direction of the force and 
will acquire an acceleration given by the customary Newtonian 
equation 

f = msi 
or 

f = gF = ma (3-2) 

3-2. Laws of Motion in an Electrostatic Field. —From the 
preceding expression for the force acting on the charged particle, 
we can calculate the acceleration of the particle, as follows: 


2 ? = ^ 
m dt 


(3-3) 


The acceleration is thus a vector quantity having the same 
direction as F if g is positive or opposite to F if ^ is negative. 

If F is constant, the acceleration is constant.^ This means 
that, if the particle starts from rest, the velocity of the particle 
at any time t is given by 

V = a< = ^ « (3-4) 

m 

^ As in practically all calculations involving the motions of charged par* 
tides in electric fields, the acceleration of gravity has been neglected. 
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and the distance traveled by the particle, starting from rest, in 
the time t is 


at^ _ qFt^ 
2 2m 


(3-5) 


Because of the analogy between Eqs. (3-3), (3-4), and (3-5) and 
the corresponding equations for the case of a mass M freely 
falling in a gravitational field, it is quite common to speak of the 
‘^free fall” of a charged particle in an electrostatic field or of a 
charged particle “falling through” an electrostatic field. 

It is still more common to speak of a charged particle “falling 
through” a difference of potential of E volts in considering the 
motion of a particle in an electrostatic field. For example, if 
the electric field is due to two electrodes A and B maintained at 
a difference of potential of E volts, an electron in moving from 
one electrode A to the other B under the influence of the electric 



field (see Fig. 3-1) is often said to have fallen through a difference 
of potential of E volts. 

Let us calculate the energy gained by the particle as it moves 
through the electric field. If we multiply the force on the 
charged particle, as given by Eq. (3-2), by the cosine of the angle 
between / and the direction of the path to get the component 
of / along the path and then multiply by the incremental length 
of path ds and take the line integral between the two electrodes 
A and B, the result, the work done on the particle, is as follows: 


m 


f cos (/,s) ds = 
a cos (/,s) ds = 


q F cos (/,s) ds 

q F cos (fyS) ds 


The acceleration a is in the direction of the force /; thus [a cos 
(JfS)] is the component of the acceleration in the direction of the 
path and is equal to dVtldt, Vt being the component of velocity 
tangent to the path of the particle. The equation above can 
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then be rewritten, as follows: 



If we now notice that F is in the same direction as/, by definition, 
and [F cos (/,s)] is the component of the electric intensity along 
the path, we can substitute for [F cos (/,s)] its value as given by 
Eq. (2-20). In this way, we can easily get 

We note here that Vt is the same as the total velocity F, for 
the particle is moving freely under the influence of the applied 
field. Thus, after carrying out the indicated integration, we 
obtain 

qEA.B == (3-6) 

Here Ea,b is the difference in potential between A and 5, and 
we see that after the particle falls througha difference of 
potential of E volts its velocity is given by the equation above, 
[Eq. (3-6)]. 

Again the analogy with a gravitational field is apparent. At 
the point A the particle possesses a certain amount of potential 
energy given by qEA,By analogous to the potential energy pos¬ 
sessed by a ball resting on a ledge. A ball with a mass M resting 
on a ledge at a height h above the earth possesses a potential 
energy equal to Mgh when the acceleration due to gravity is 
given by g. If the ball is pushed off the ledge, it is accelerated 
in the gravitational field. By the tim^ the ball has reached the 
earth, its potential energy has all been converted to kinetic 
energy, and in this particular case the relation between kinetic 
and potential energy is expressed by the following equation: 

Mgh == 

Similarly if a charged particle is held to an electrode A in an 
electrostatic field, it possesses a potential energy equal to qEA,B- 
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If the charged particle is released, it is accelerated by the electric 
field; by the time it reaches the point i?, all its potential energy 
has been converted to kinetic energy, and in this case 

qEA,B = ( 3 . 6 ) 

Let us examine this equation a little more closely. We see 
that the velocity of the particle after falling through a difference 
of potential of E volts is entirely independent of the length of the 
path the particle has traversed and also entirely independent of 
the form or shape of the electric field. The electric-field intensity 
may be distorted in any way we please, i.e., may be high at one 
point, low at another, negative at still another; but still, if the 
total difference in potential between A and B is Ea,b volts, the 
velocity of the particle at B will be 

An electron that has fallen through a potential difference of 
1 volt will possess a kinetic energy of 1.6 X 10“^® joule. 

qE = 1.60 X 10-19 X 1 = LOO X lO'i^ joule (3-8) 

This is a convenient unit of energy and is ordinarily called 
the electron volt. Thus, any particle that has an energy of 
1.60 X 10-19 joule is said to possess one electron volt of energy 
regardless of how the particle gained its energy. Thus, a 
ball having a mass of 1 mg. and moving with a velocity of 
1 mm./sec. would have a kinetic energy of approximately 
3 X 10® e.v. This means that the ball has the same kinetic 
energy as an electron would have if it fell through a difference of 
potential of 3 million volts. It does not imply that the ball is 
moving in an electric field or that it is charged. 

An electron with a kinetic energy of one electron volt has a 
velocity of about 5.93 X 10^ m./sec.i as calculated from Eq. 
(3-7): 

^ In some cases, writers have found it convenient to express the velocity of 
an electron as well as the energy of the electron in electron volts. In these 
cases the velocity is equal to the velocity that an electron would have after 
it has fallen through § difference of potential of E volts. In other words, 
they say that any electron with a velocity of 5.93 X 10^ \/E m./sec. has a 
velocity of E e.v. and an energy of E e.v. It is obvious that this is a very 
confusing practice and one that should be avoided. 
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2 X 1.6 X 10-“' 


9.1 X 10-»‘ 

= 5.93 X 10^ \/£ m./sec. 


A hydrogen molecular ion, on the other hand, having a kinetic 
energy of one electron volt would have a velocity of about 
9.85 X 10* m./sec. The calculation is as follows: 


-4 


2 X 1.6 X 10-‘» 


3.3 X 10-” ^ 

= 9.85 X 10* m./sec. 


If the charged particle was not introduced into the electric 
field with zero velocity but was projected into the field with an 

initial velocity Fo making an angle 
a with the direction of the electric 
field as shown in Fig. 3-2, the 
velocity components at any time t 
would be given by 



(Electron 

gun 

Fia. 3-2. 


F, = Fo, 

Yy = Fov 


m , 


(3-9) 


and the magnitude of the resultant velocity F would, of course, 
be given by 

F = (F.* + F,2)i (3-10) 


its direction being given by 

V 

tan 0 

V X 


(3-11) 


The distance traveled in the x- and ^-directions in time t would 
be given by 


y = Foy^ 


(3-12) 


In both Eqs. (3-9) and (3-12), Fo, and Foy are the x- and t/-com- 
ponents of the initial velocity. 

The kinetic energy of the particle after falling through a 
difference of potential of E volts, if it entered the field with an 
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initial velocity Fo, would be 

4" qE (3-13) 

3-3. Laws of Motion in a Uniform Magnetic Field. — ^Let us 
consider now the force on a charged particle moving with uniform 
velocity in a uniform magnetic 

field. A typical situation is illus-.!.! ! ! 

trated in Fig. 3-3. In this simple 
case, we have a positive charge 
moving downward with a velocity 
F at a certain instant. If the lines 
of magnetic flux are pointing out 
of the paper, as indicated in the 
figure, the force acting on the charge will be to the left. If the 
charged particle is an electron, the force will be in the opposite 
direction. In either case the magnitude of the force will be 
given by 


:: y.;; 

Fio. 3-3. 


/ = BqV sin (S,F) 


(3-14) 


where (B,F) is the angle between the direction of the velocity and 
the direction of the magnetic flux density vector. In this equation, 
/ is in newtons if B is expressed in webers per square meter, q in 
coulombs, and F in meters per second.^ For the case illustrated 
in Fig. 3-3, the charged particle is moving at right angles to the 
magnetic field; hence, the force is expressed by the simpler 
equation 

/ = BqV (3-16) 

This equation can be derived from the more familiar equation 
for the force on a conductor carrying current in a magnetic field. 
That equation for the force is 

f^BIl 

if the conductor is at right angles to the magnetic field and takes 
the form 

/ = BIl sin (B,0 (3-16) 

if the conductor makes the angle (B,0 with the magnetic field. 
Since the current density in any conductor is given by Eq. (1-1) 

1 Equation (3-14) will have the same form in c.g.s. e.m.u. However, / 
will be expressed in dynes when B is expressed in lines per square centimeter, 
F is in centimeters per second, and q is in e.m.u. 
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of Chap. I, we shall have 

I = NqV X A 

Thus 

/ = BNqVAl sin {B,l) 

= BqV X NAl sin {B,l) 

Since NAl is the total number of free electrons in the wire of 
length Z, the force on each electron is 

/ = BqV sin (BJ) (3-14) 

and if the electrons arc moving at right angles to the field, i.e,, 
if the conductor is at right angles to the field, it is simply 

/ = BqV (3-15) 

The force determined by any of the preceding equations always 
acts along a line perpendicular to both the velocity and the 
direction of the magnetic flux density vector. The direction 
along this line in which the force acts can be determined by any 
of the usual rules. One of these can be expressed as follows: 
The force acting on a positive charge moving in a magnetic field 
is in the same direction that a right-hand screw would advance 
if the slot on the head of the screw were turned from a position 
coinciding with the V vector into one coinciding with the B 
vector. 

Since the force acting on the charged particle is always at 
right angles to the direction of motion, it follows that, if the 
initial velocity of the particle is perpendicular to the magnetic 
flux density, the path traced out by the particle will be an arc of 
a circle. The radius of curvature of the path can be found from 
the equation 

rnV^ 

~ = BqV (3-17) 


which expresses the equilibrium condition when centripetal force 
is just equal to the force due to the magnetic field. Thus, the 
radius of the path is 



(3-18) 


We readily see that if two charged particles are introduced into 
a uniform magnetic field with the same velocity but with opposite 
charge they will trace out circles in opposite directions. 
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In general, a charged particle enters a magnetic field, not 
exactly at right angles to the magnetic field, but at some other 
angle. In this case, only the component of the velocity at 
right angles to the magnetic field contributes toward turning 
the particle in a circular path. The component of the velocity 
parallel to the magnetic field is unchanged. Thus, the path of 
the particle is a helix as shown in Fig. 3-4. The radius of the 



cylinder on which the particle moves in its helical path is deter¬ 
mined only by the component of the velocity normal to the 
magnetic field. Thus, 


r 


^ mFn 

qB 


(3-19) 


The pitch p of the helix is determined by the time necessary for 
one cycle (the period) and the velocity component parallel to 
the field. 



(3-20) 

27r 

(3-21) 


In Eqs. (3-20) and (3-21), r is the period and co is the angular 
velocity.^ The angular velocity with which the charged particle 
traverses the circular, or helical, path is quite independent of the 
direction of the initial velocity. Since the angular velocity in 
radians per second is given by 


and 



(3-22) 


^ By the angular velocity a>, we mean the angular velocity of the projec¬ 
tion of the moving particle on a plane perpendicular to the axis of the helix 

[see Eq. (3-22)]. 
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Thus, the electron would be rotating at the rate of 2.80 X 10®r.p.s. 

3-4. The Cathode-ray Oscillograph: the Electrostatic Deflect- 
ing Type.—One of the outstanding examples of the application 
of dynamics of charged particles is the cathode-ray oscillograph. 
In the cathode-ray oscillograph a beam of electrons is projected 
usually through an evacuated space to a recording screen, either 
a fluorescent screen for visual work or a photographic film for 
direct recording. Between the source of the beam and the 
screen are placed electrostatic or electromagnetic deflecting 
electrodes. The beam, then, in passing through the electrodes 
suffers a deflection or turning which is observed on the screen and 
which depends directly on the voltage of the electrostatic plates 
or the current in the magnetic deflecting coils. Although the 
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beam consists of a stream of electrons, the deflection can be 
calculated as if a single electron were traveling down the tube. 
That is, in a high vacuum the electrons make no collisions with 
gas molecules and hence travel in straight lines unless deflected 
by an electric or a magnetic field. The only influence the elec¬ 
trons have upon one another is to produce a certain amount of 
spreading of the beam as it passes down the tube due to the 
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Fiq. 3-5.—Types of cathode-ray oscillographs. 


electrostatic repulsion of individual electrons. This can be 
corrected however by suitable focusing devices which will be 
discussed in Sec. 3-8. 

The electron beam may be produced in several ways. One 
method is to use a thermionic filament as an electron source. 
In this case the electrons that leave the filament are accelerated 
toward an anode or a plate by means of a difference of potential 
as shown in Fig. 3-5a. Some of the electrons pass through a 
small hole in the anode and continue on in a relatively field-free 
region until they pass through the deflecting plates and hit the 






66 


CHARGED PARTICLES IN HIGH VACUUM [Chap. Ill 


screen. In other oscillographs the electrons are accelerated twice 
after leaving the cathode, once in passing from the filament to 
the first anode and again in passing from the first anode to the 
second anode. In this arrangement, shown schematically in 
Fig. 3-56, the two anodes serve as an electron lens and permit 
the beam to be focused on the fluorescent screen (see Sec. 3-8). 
A grid is usually incorporated in these tubes, also, so that the 
intensity of the beam can be varied in very much the same way 
that the current in an ordinary triode is varied by changing the 
grid potential. (For a discussion of grid control, see Sec. 6-9.) 

With either of these arrangements, it is possible to evacuate 
the oscillograph tube to a high degree,^ for all the electrons 
come initially from a thermionic cathode, and the presence of gas 
will produce only dispersion of the beam. * This is the type of 
electron source that is used in most oscilloscopes.^^ In these 
tubes the accelerating potential is not more than a few thousand 
volts, and observations with the oscillograph are made by 
observing the motion of the cathode-ray beam on a fluorescent 
screen. With this tube, single transients can sometimes be 
photographed by focusing a camera on the fluorescent screen, 
but very fast transients can be observed only if they are repeated 
periodically on the screen. Single transients that last less than 
10 or 20 microsec. cannot be observed with the usual oscilloscope 
tubes. 

When it is necessary to observe transient voltages that persist 
for less than 10 or 20 microsec., it is necessary to use a higher 
energy electron beam. Such an oscillograph is usually made so 
that the photographic film can be introduced directly into the 
vacuum chamber, and records are made directly by the electron 
beam as it hits the photographic emulsion. Electron energies in 
these oscillographs go as high as 60,000 or 80,000 volts, and it is 
possible to investigate single transients that last only a few 
hundredths of a microsecond. Transients of this kind arc often 
met in studying lightning disturbances on high-voltage trans¬ 
mission lines. As we shall see a little later and as we already 
suspect from our previous discussion of electron dynamics, the 
voltage sensitivity or deflection observed on the screen with a 
given change in the voltage applied to the deflecting plates of 

^ The importance of small amounts of gas in some tubes for focusing 
purposes is discussed in Sec. 3-8. 
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these high-voltage instruments is much less than for the low-volt- 
age oscilloscopes. High-voltage electrons are usually obtained 
from a cold-cathode glow-discharge tube. Since the voltage 
drop of a glow discharge increases very rapidly as the pressure is 
decreased, it is easy to obtain discharge-tube voltages of approxi¬ 
mately 60,000 volts. Electrons that leave the cathode of such a 
tube are thus accelerated and reach the anode with energies of 
60,000 e.v. Some of the electrons pass through a very small 
hole in the anode and pass on through the deflecting plates to the 
screen or photographic film. This means of acceleration is 
shown schematically in Fig. 3-5c. 



approximate. 


Let US consider now the effect on the beam of a potential 
difference Ed applied to the electrostatic deflecting plates. As 
the beam enters the field of the plates, each electron in the beam 
and consequently the beam as a whole suffers an acceleration 
toward the more positive of the two plates. The actual field 
between the plates is somewhat as shown in Fig. 3-6a, and a 
force begins to act on the electrons even while they are still some 
distance from the plate. The importance of this “fringing” 
effect at the ends of the electrodes depends upon the relative 
separation of the plates compared with their length. In many 
problems, however, the field between the plates can be considered 
a uniform one as shown in Fig. 3-66 if an equivalent plate length 
larger than the actual plate length is used. 

The force acting on each electron in the beam was found to be 

f = ma = Fqe 
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and since the field is a uniform one between plane parallel plates, 



(3-24) 


if b is the separation of the plates, 
written 

^ b 


Thus, the force can be 
(3-25) 


This force begins to act as soon as the electron reaches the end 
of the deflecting plates, and it continues to act until the electron 
passes out from between the plates. The total deflection of the 
electron while between the plates is simply 

The time of transit between the plates depends on the initial 
velocity of the electrons, and consequently the deflection between 


Screen 



Fig. 3-7.—Electrostatic deflection of cathode-ray beam. 


the plates will depend on the energy of the electrons in the beam. 
Since the electrons are experiencing a force all the time they are 
between the deflecting plates, they will leave the deflecting plates 
with a component of velocity perpendicular to their original 
velocity as shown in Fig. 3-7. The path of the beam between 
the plates is curved; but outside it is straight, for there the elec¬ 
trons are experiencing no force and the velocity is constant. 

With the situation shown in Fig. 3-7 the electrons enter the 
deflecting field with a velocity F* given by their initial energy 

Vr = x/5 VFa (3-27) 

This velocity component is not changed. The initial y-com- 
ponent of velocity is zero; but as the electron leaves the plates, 
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it has a y-component of velocity given by 

Vy = at = ^t (3-28) 


where t is the time of transit between the plates. If the length 
of the plates is Z, the time of transit between the plates is 


Thus, 



(3-29) 


_ qeEd I 
mb V, 


(3-30) 


The angle 0 between the emergent beam and the horizontal is 
given by 

tan ^ (3-31) 

y X 


and the deflection that is actually observed on the screen is 


or 


y = Do tan 0 + s 

j/ = Z)o^" + s (3-32) 


Here, Do is the distance from the screen to the end of the deflect¬ 
ing plates, and s is given by Eq. (3-26). Combining Eqs. (3-26) 
and (3-29) to eliminate t and substituting in Eq. (3-32), we get 



q.EdP 1 
2mb 


If we now substitute for F* and F» their corresponding values in 
terms of Ea and Ed, we obtain 


y = Do 


lEd 


,]^Ed 


2bEa ' ibE, 




(3-33) 


But the quantity ^2)o + ^ represents the distance from the 
screen to the center of the deflecting plates. Thus, 
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Thus, we see that the deflection obtained in any cathode-ray 
oscillograph is directly proportional to the voltage applied to 
the deflecting plates and inversely proportional to the energy of 
the electron beam measured in volts, the proportionality factor 
depending only on the geometry of the tube. 

3-6. The Magnetic Deflecting Type Oscillograph. —It some¬ 
times happens that we arc more interested in measuring current 
with an oscillograph than voltage or that it is not convenient to 
use voltage for deflecting the beam. In such a case, if we pass 
the current to be measured through small coils placed on opposite 
sides of the tube near the voltage deflection plates, it is possible 
to obtain deflections proportional to the current flowing in the 



coil. To cause deflections of the electron beam in this case, 
we make use of the magnetic field produced when the current 
passes through a coil. Since the force acting on an individual 
electron in the beam is proportional to the magnetic flux density 
and since, for an^ir-core coil, the magnetic flux density is directly 
proportional to the magnetic intensity or magnetizing force, the 
force on the electron will be directly proportional to the current 
flowing in the coil. The deflection observed on the screen will 
then be proportional to the current in the coil. This can be 
calculated as follows: 

Assume that the magnetic field is of length d along the axis 
of the cathode-ray beam and, as shown in Fig. 3-8, is perpendic¬ 
ular to the plane of the paper. The deflection observed on the 
screen can be called x. If the magnetic field is uniform, the 
electrons will be turned through an angle <l> while moving on 
the arc of a ^jircle with center at 0 and radius r. The deflection 
observed on the screen is given by Eq. (3-35). 

X = D tan 4> 


(3-35) 




Sec. a-5] ELECTROMAGNETIC CATHODE-RAY OSCILLOORAPH 61^^ 


where D is the distance from P to the screen. Just as. in. thd/ 
case of electrostatic deflections, P can be obtaihed by extending 
the trajectory of the electrons after they leave the deflecting 
field back to the intersection with the direction of the initial 
trajectory. In this case, however, P is not at the center of the 
magnetic field Q. The displacement of P from the center is. so 
slight that for all practical purposes it can be considered to be 
at the center of the magnetic field. ^ Since the particle moves on 
a circular arc in the magnetic field, we have 


tan <t> = 


d 

y/r^ - 


d 

r y/l — {d/rY 


The radius of curvature r is given by Eq. (3-18) 


(3-36) 


_ 

and the velocity of the particles is given by Eq. (3-7) to be 


Therefore, 


/S 

\ m 


tan 0 = d 


B 


and 


2m ^Ea Vl “ {d‘^qeB^l2mEa) 


(3-37) 




B 


\/Ea Vl - {d^qeBy2mE^) 


For small values of B or large values of r, i.e., for r greater than 
lOd, we have, except for an error of less than ^ per cent, 




B 




(3-38) 


^ The distance Ay that P is displaced from the center of the magnetic field 
is given by a series of the form 




4 -, 

2 r* 16 r« 



To a first approximation, we have then 


d* _ d^B^q 
8r2 16m^?a 
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If Mo is the permeability of free space, 

B ^oH (3-39) 

and 

H = aNI (3-40) 

Here, a is simply a proportionality factor expressing the relation¬ 
ship between the magnetic intensity and the number of ampere 
turns produced in the coil, a will depend only on the shape of 
the deflecting coils. Combining Eqs. (3-38), (3-39), and (3-40), 
we see that the deflection produced on the screen is approximately 
given by 

We thus see that the deflection observed on the screen is directly 
proportional to the current in the deflecting coil and inversely 
proportional to the square root of the accelerating voltage. 

It is interesting to compare this equation with Eq. (3-34) 
which gives the deflection in an electrostatic type oscillograph. 
The two expressions are similar in that the deflection of the beam 
is directly proportional to the voltage applied to the deflecting 
plates and the current flowing in the deflecting coil. But the 
two equations differ in their dependence on the accelerating 
voltage. Since in the electromagnetic oscillograph the beam 
deflection is inversely proportional to the square root of the 
accelerating voltage, changes in the accelerating voltage will 
affect the beam ihuch less in this oscillograph than in the electro¬ 
static type where the deflection is inversely proportional to the 
first power of the accelerating voltage. 

8-6* Effect of Relativity Mass Correction. —With very high accelerating 
voltages the velocity of electrons in the cathode-ray beam approaches the 
velocity of light. In these circumstances the formulas above must be modi¬ 
fied slightly, for the mass of the electron is really not a constant. It has 
been found experimentally that the actual mass of the electron increases 
with its velocity in such a way that it is impossible, even under the highest 
accelerating potentials, to make the velocity of electrons exceed or even 
equal the velocity of light. This is in Agreement with the so-called theory 
of relativity.According to this theory the mass of the electron depends 
upon the velocity with which it is traveling, in the following way: 

^ ^ See general reference 3-6. 
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m 


_ mo 

vr=~(FW) 


(3-42) 


In this equation, mo is the rest mass of the electron and is a universal con¬ 
stant and c is the velocity of light in vacuum. As Can readily be seen, the 
effective mass of the electron differs only slightly from the rest mass when 
the electron is traveling at moderate velocities but approaches infinity as the 
electron velocity approaches the velocity of light. A simple calculation 
shows that if the accelerating voltage is 50,000 volts the effective mass of the 
electron is approximately 10 per cent greater than the rest mass and if the 
accelerating voltage is 500,000 volts the effective mass is approximately 
100 per cent greater than the rest mass. This effective mass must be the 
one used in any accurate calculations of the motions of high-speed electrons. 
Thus, in the transverse field encountered by an electron of the beam in 
passing through the electrostatic field of the oscillograph deflecting plates, 
the force acting is given by 


/ = 


_mo_ dVt 

VI - (VVe*) ^ 


qF 


(3-43) 


In this equation, Vt is the transverse velocity and V is the total velocity due 
principally to the accelerating potential and is not essentially changed by 
small transverse accelerations. Thus, it can be said that the effective mass 
appearing in Eq. (3-43) does not depend on the transverse velocity. 

The mass does, however, depend upon the velocity of the particle when 
it is in the accelerating field at the cathode-ray-beam source, for here the 
electrons are being accelerated to large velocities in the direction of the field. 
The final velocities of the electrons in this field are dependent upon the 
increase in mass of the particles. The actual velocity of an electron in a 
large accelerating field can be calculated as follows: The force acting on any 
particle in an electric field is equal to the time rate of change of momentum 
of the particle by Newton’s second law. 


Thus, 


II 


/ - n, 4. 

dV , 
“’"IF + 

dt 

dm dV 
^ dV dt 


(8-44) 


(3-45) 


If the mass of a particle is independent of its velocity, the second term on 
the right side of this equation drops out and we have the usual expression 
for the force in terms of the mass and acceleration. However, when the mass 
is dependent upon the velocity, all terms in the equation must be retained. 
It follows then that 




dV 




dV dt 


(3-46) 
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Multiplying this equation by ds, we have 

n J j t rr dm dV J 

gJTds ^m-j^ds + V^-^dB 

which can be rewritten 

j ds jTT I xr dwi ds ixT 

g,Fds=mj^dV + V-^^dV 

= mK iF + V« ^ dV (3-47) 

If this equation is integrated along the path of acceleration, we have the 
energy gained by the particle in falling through a potential of Ea volts, or 

Upon putting in the effective value of rn, this equation becomes 



This can be simplified by putting the integrand over a common denominator; 
then, 


QeEa 



(3-48) 


Integrating, 


^eEa — 


moc^ 


2 17-y« 


(■- 5 )' 


7-0 


Upon putting in th^ limits, this becomes, since Va is the velocity attained in 
falling through a potential Ea, 



(3-49) 


By solving this equation for Va, we can determine its dependence on Ea. 
We find that 


Va 


1 - 


V ^ mocV 


(3-50) 





Sec. 3-7] 


APPLICATION OF OSCILLOGRAPH 


65 


We notice here, as well as in all previous equations, that if Ea is small or if Va 
is small compared with the velocity of light the equation reduces to the one 
previously derived on the assumption that the mass was constant. 

The ratios j 7—^PP^aring in Eq. (3-43) and 

0 -^) 0 - 5 ) 

Eq. (3-48) are designated, respectively, as the transverse mass and the 
longitudinal mass of the electron; for the first arose from a consideration of 
the motion of the particle in a transverse field, and the second from the 
consideration of motion only in the direction of the field. Upon taking into 
account all effects of relativity, the deflection of an electron beam on a screen 
can be calculated as a function of the transverse and accelerating voltages. 
If we use the same procedure that was used in obtaining Eq. (3-34) but use 
for Vy the value of transverse velocity obtained from 

and the value of U* obtained from Eq. (3-51), 



In this equation, y is the deflection on the screen, I is the length of the deflect¬ 
ing plate, and c is the velocity of light. All other symbols have the defini¬ 
tions used before. It is to be noticed that this equation reduces to Eq. 
(3-34) when the accelerating voltage is small. 

To obtain some idea of the magnitude of this correction term for a typical 
high-voltage oscillograph, assume that Ea is 50,000 volts; then, q»EafmoC^ is 
approximately equal to 0.1. The correction term is 



We see, then, that the effect of the increased electron mass in a 50,000-volt 
oscillograph is to increase the deflections on the screen by about 5 per cent 
over the value that would be expected if the electron mass remained constant. 

3-7. Application of the Oscillograph.—Ordinarily, observa¬ 
tions made by means of the cathode-ray oscillograph of voltage 
alone or current alone are not very useful. For instance, if the 
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deflection plates of the oscillograph are connected to a source of 
alternating e.m.f., all that we observe on the screen is a line 
whose length is proportional to the maximum alternating voltage. 
Usually, we are interested in obtaining two-dimensional diagrams 
that give, for example, the dependence of voltage on time or the 
dependence of voltage on current. In any case, we want to 
observe the deflection of the beam when two forces are acting 
upon the beam at the same time. For this purpose, most 
oscillographs are made with two sets of deflecting plates set at 



Fig. 3-9. 



right angles to each other. Thus, potentials between one pair 
of plates cause deflections in one direction, and potentials 
between the other plates cause deflections in a perpendicular 
direction. With this arrangement, it is possible to compare 
simultaneous values of two different voltages. As an example, 
suppose we wished to compare the frequencies of two sources. 
We could adjust the voltage applied to each set of plates until 
they were equal. Then, if the frequencies were the same the 
figure observed would be a 45-deg. line, a circle, or an ellipse, 
depending omthe phase relationship between the two voltages, as 
indicated in Fig. 3-9a, 6, and c, where 6 is the phase difference 
between the two voltages. If the frequencies are not the same. 
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Lissajous figures similar to those shown in Fig. 3-10 are obtained.^ 
In these figures, /i is the frequency of voltage on the horizontal 
plates and /2 is the frequency of the voltage on the vertical 
plates. Initially (at time t = 0), the two voltages are both zero 
(0 = 0 deg.) or 90 deg. out of phase (0 = 90 deg.). 

If we desire to compare simultaneous values of voltage and 
current, this can be done by impressing the voltage to be meas¬ 
ured on one pair of plates and passing the current to be measured 
through a coil whose axis is perpendicular to the voltage plates 
and the electron beam. Then the force on the beam due to the 
current in the coil is at right angles to the force on the beam due 
to the potential on the voltage plates. It is possible to make the 



Fia. 3-11.—A.c. voltage for linear horizontal sweep of cathode-ray beam. 

same measurements with two sets of voltage plates set at right 
angles if the current to be measured is allowed to pass through 
a resistance and the voltage drop in this resistance is impressed 
on the voltage plates. Voltage-current characteristics of this 
type are often desirable in studying arcs, glows, and the behavior 
of many kinds of high-vacuum tube. 

In still other instances, we are interested in obtaining the 
dependence of voltage in a circuit on time, and for this purpose 
the set of plates giving a horizontal deflection can be energized 
with a voltage source that varies in some known way with the 
time. Usually, a horizontal deflection proportional to time is 
obtained by impressing an a.c. saw-toothed wave, such as is illus¬ 
trated in Fig. 3-11, on the horizontal deflecting plates. A wave 
of this shape has the characteristics that, while the voltage is 
increasing, its amplitude increases linearly with time and, when 
the voltage decreases, it drops as rapidly as possible to its most 
negative value. Thus, when this wave is applied to the hori¬ 
zontal deflecting plates, the beam deflection increases linearly 

^ For other figures, see R.C.A. Pamphlet, Technical Series TS-2,‘^ Cathode 
Ray Tubes and Allied Types,” 1935. 
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with time, for the deflection is proportional to the applied voltage; 
and when the voltage reaches its maximum value and returns 
to its most negative value, the beam moves quickly from one side 
of the screen to the other and again starts to move uniformly 
across the screen as the voltage builds up. By properly adjusting 
the frequency of tliis deflecting voltage, a periodically recurrent 
voltage phenomenon applied to the vertical plates can be made 
to appear stationary on the fluorescent screen.^ 

Although the linear sweep described above is the sweep encoun¬ 
tered most frequently at the present time, it is not the only means 
of obtaining voltage-time or current-time oscillograms. In the 
study of most transient phenomena, there is no periodicity 
with which the sweep circuit can be synchronized. For example, 
lightning disturbances on high-voltage transmission lines set up 
transients that occur only over widely spaced intervals. In 
studying transients of this nature, it is customary to use a high- 
voltage cathode-ray oscillograph and record the transient 
directly on a photographic film. A condenser-charging or 
-discharging circuit is then used for the timing deflection and the 
circuit so adjusted by means of spark gaps or electronic tubes 
that the transient disturbance itself sets off the sweep circuit. 

There is still another type of linear sweep sometimes used in 
high-voltage cathode-ray oscillographs that have the photo¬ 
graphic film mounted inside the vacuum chamber. In these 
machines the film holder is made as an electrically driven rotating 
drum. One set of plates is all that is required with this arrange¬ 
ment, for the timing deflection is obtained by rapidly rotating 
the drum on which the film is mounted. 

3-8. Focusing of Electron Beams. —Because of the fact that a 
cathode-ray beam consists of many electrons moving together, 
there is always a certain amount of spreading of the beam due to 
the mutual repulsion of the electrons. There are three methods 
in general use today to overcome this dispersion and make it 
possible to focus a cathode-ray beam to a small spot on the 
fluorescent screen. These can be called gas focusing, magnetic 
focusing, and electrostatic focusing, 

^ For the actual construction of cathode ray tubes and sweep circuits, see 
general reference 3-4 at the end of this chapter and K. Henney, ‘^Electron 
Tubes in Industry,*' pp. 507-520, McGraw-Hill Book Company, Inc., 
New York, 1937. 
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The first method consists in introducing a small amount of 
inert gas into the cathode-ray tube, care being taken not to 
introduce so much gas that the electrons of the beam are appreci¬ 
ably scattered. With a slight amount of gas present a few of the 
electrons in the beam will make collisions with gas molecules 
before hitting the fluorescent screen. Each ionizing collision that 
a high-speed electron makes will introduce a positive molecular 
ion and an electron into the electron beam; but, because of the 
low energy and small mass of the new electrons, they will be 
quickly repelled toward the walls in the electrostatic field of the 
beam. In a very short time, enough positive ions will accumulate 
along and in the path of the beam actually to make the space 
charge positive instead of negative. Thus, instead of being 
repelled from the axis of the beam by the negative space charge 



Fig. 3-12.—Focusing of a cathode-ray beam in a uniform magnetic field. 


of the beam itself, the electrons will be attracted toward the 
center of the beam by the space charge of the positive ions they 
have produced. In some low-voltage cathode-ray tubes, this 
method can be used very successfully to obtain a fairly small spot. 

With the magnetic-focusing method, use is made of the fact 
that the period of rotation of an electron in a uniform magnetic 
field is independent of the electron velocity and depends only on 
the magnetic field strength [see Eq. (3-23); the period, of course, 
is given by 27r divided by the angular velocity]. If the electron 
beam is sent down the axis of a long solenoid as shown in Fig. 3-12, 
those electrons whose path remains parallel to the axis of the 
solenoid will be undeflected but those which start to diverge will 
travel on helical paths and in one revolution be brought back 
to the axis. Regardless of the radial component of velocity that 
any electron ijiay initially have, since they are all moving with 
essentially the same longitudinal component of velocity, all the 
electrons will be brought back to the axis at the same point. 
In most apparatus such as the cathode-ray oscillograph, it is not 
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practicable to use a long solenoid for focusing. It has been 
found, however, that it is possible to focus the beam in much the 
same way even when a relatively short coil is used. The impor¬ 
tant thing is to have the axis of the coil coincide with the axis 
of the electron beam. 

At present, electrostatic focusing is used in most oscilloscopes 
in preference to the other methods. This method depends on 
the fact that the lines of force between two coaxial cylinders 
maintained at a difference of potential are not parallel to the 
electron beam. Figure 3-13 illustrates one arrangement. The 

A B 


Jo screen 


A B 

Fig. 3-13.—Electric field between two coaxial cylinders (potential difference— 

100 volts). 

two electrodes A and B are to be imagined as rings down the axis 
of which the electron beam passes (see also Fig. 3-56). The 
field map for this case has also been sketched in Fig. 3-13, on the 
assumption that the potential difference between the rings is 100 
volts. We see, then, that as the electrons move toward the 
screen they are continuously accelerated; but, in addition, those 
electrons which tend to diverge from the axis of the cylinders find 
themselves in a radial electric field which gives them a component 
of velocity back toward the center. One might suppose that the 
diverging field near B would counteract the effect of the con¬ 
verging field near A ; but actually the effect of the diverging field 
is less important than that of the converging field, for the elec¬ 
trons have gained energy in going from A to B, With this 
arrangement a very definite focusing action is possible. This 
arrangement of two coaxial cylinders maintained ^t a difference 
of potential is^sometimes spoken of as an electron lens.^ 

1 Zworykin, V. K., ‘'On Electron Optics,'' J, Franklin InsLy 216, 535, 
1933. 
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3-9. Anode Rays. —Beams of positively charged particles, 
anode rays, positive rays, or canal rays, are not encountered so 
frequently as cathode rays; but they are encountered in some 
problems and deserve consideration. Probably the most impor¬ 
tant applications of anode rays at the present time occur in 
studies of the nucleus of the atom, in the production of neutron 
beams, and in the production of artificially radioactive substances. 
It is not inconceivable that the engineer will soon be making as 
much use of the highly penetrating radiations from artificially 
radioactive substances as he has of the X ray. Thirty or forty 
years ago, the X ray was a tool of interest to the physicist alone 
for the examination of the structure of materials; but, with the 
passage of time, it has been found of great use in medicine and 
engineering as well as in physics. Similarly, we can expect that 
in the not too distant future the engineer will be finding uses for 
the highly penetrating radiations obtained from natural and 
artificially radioactive substances. 

Anode rays are usually obtained by drawing off, by means of 
an electric field, positively charged particles of the gas in a glow- 
or arc-discharge tube. These positive ions are accelerated in an 
electric field and pass through slits or holes to define the beam 
just as electrons are accelerated in a cathode-ray tube. However, 
for producing transmutation of one element into another that 
is radioactive, the energy of the bombarding particles—the 
positive rays—must be vc;y great. The particles must have 
kinetic energies of 1 million or more electron volts. There are 
several methods in general use for accelerating positive ions and 
giving them these high kinetic energies. The two principal 
methods are by means of the magnetic resonance accelerator, or 
cyclotron, and the Van der Graaf electrostatic generator.^ 

Figure 3-14 shows a cross section of one type of apparatus for 
the production of high-energy positive rays.^ This consists 
of a modified Van der Graaf high-voltage generator and a vacuum 

^ For a discussion of the experimental methods used in the production of 
high-energy positive ions the reader is referred to the very comprehensive 
article by M. S. Livingston and H. A. Bethe on “Experimental Nuclear 
Dynamics, Rev, Mod. Phys.j 9, 246-260, 1937. This article, the first few 
pages of which are here referred to, contains also a very complete bibliog¬ 
raphy from which references to any type of accelerator can be obtained. 

> Herb, R. G., C. M. Turner, C. M. Hudson, and R. E. Warren, Phys. 
Rev., 68, 579, 1940. 
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tube for the acceleration of the positive ions. The whole 
apparatus is mounted in a large steel tank and operated under 
about 100 Ib./sq. in. of air pressure. The fact that the whole 
apparatus is placed in a high-pressure chamber makes it possible 
—as we shall see in a later section—to have much smaller spacings 
between the high- and low-potential elements than would other¬ 
wise be possible. 

The innermost electrode A is raised to a high potential relative 
to ground by mechanically transferring charge from ground to 
A on an endless cotton fabric belt E. At one end of the belt a 
set of needle points is arranged so that, when a corona discharge 
is formed at the points, charges are sprayed onto the belt. At 
the other end of the belt, another set of needle points picks up 
this charge and transfers it to the high-voltage electrode. This 
electrode contains the discharge tube /, which serves as the 
source of positive ions. The accelerating tube V extends from 
the high-voltage electrode to ground and consists of 62 coaxial 
insulated metallic cylinders. The difference of potential between 
any two successive cylinders is adjustc^d to be approximately 
constant by means of a needle gap and a corona discharge outside 
the vacuum chamber. These corona gaps togQther with the 
hoops H serve to maintain a uniform potential drop along the 
tube and the insulating supports T for the high-voltage electrode. 
Thus, with a uniform potential drop along the vacuum tube the 
ions are uniformly accelerated and attain a vc'locity character¬ 
istic of the total potential fall when they reach the grounded end 
of the tube. Besides serving to accelerate the positive ions, the 
coaxial cylindfu’s through which the ions pass keep the beam of 
positive ions focused throughout the whole length of the acceler¬ 
ating tube. The intermediate electrodes B and C, which are 
connected to the corona-gap voltage-distribution system, are 
used to maintain a nearly uniform voltage distribution in the 
space between the high-voltage electrode and the tank walls. 
With apparatus such as this, it is possible to obtain positive ions 
of hydrogen with kinetic energies of nearly 5 million volts. 

The operation of the magnetic resonance accelerator, or 
cyclotron, is based on the fact that in a uniform magnetic field 
a charged particle moves on a circular path with an angular 
velocity which is determined solely by the strength of the mag¬ 
netic field and the mass of the particle [see Eq. (3-23)]. Thus, 
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if a particle is projected into a uniform magnetic field, the time 
necessary for the particle to trace out a semicircular path is 
independent of the kinetic energy of the particle. The radius of 
its path, however, depends upon its energy, according to Eq. 
(3-18). In the case of the cyclotron, a source of electrons or 
positive ions is located at or close to the center of a uniform 
magnetic field. The ions, then, on entering a vacuum chamber 
placed in the magnetic field tend to travel on circular paths. 
Auxiliary electrodes, however, are placed in the vacuum chamber 
in such a way that every time the particle is turned through 
180 deg. its energy is increased by a definite amount. This is 
accomplished by applying an alternating potential of a frequency 
equal to qBJI'Km between two pairs of D-shaped electrodes 
located with their straight sides adjacent and forming the two 
halves of a circle. Thus, every time an ion passes from between 
one pair of D’s to the space between the other pair, it is acceler¬ 
ated by the amount of the difference in potential between the 
pairs of D^s. During the time it is tracing out a semicircular 
path between one pair of plates the potential is reversing; and 
when it is ready to move back to the space between the other pair 
of plates, it is^iven another increment in energy. The particles, 
then, spiral out with ever-increasing energy until they leave the 
magnetic field or strike a target. Actually, only moderate 
voltages are needed with this apparatus in order to generate ion 
beams of several million electron volts energy, but the frequencies 
necessary are of the order of millions of cycles per second. 

3-10. Television. —One very important application of the 
properties of cathode-ray beams, other than in the oscillograph, 
is in television apparatus.^ Aside from the more or less mechan¬ 
ical means of televising, f.e., by means of a rotating scanning 
disk, for example, there are two principal systems in use at 
present that make use of purely electronic methods of scanning. 
In one of these an electron image of the televised object is made 
to scan a collecting electrode, and in the other an electron beam 
scans a surface that has memorized^' an electronic image of 
the picture. 

In the image dissector,^ the picture to be televised is projected 
onto a photosensitive surface. Then, since such a surface emits 

^ For a good review of this subject, see /. App. Phys.y 10,420-493,1939. 

* Developed by Farnsworth Television, Inc. 
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more electrons from areas that are brightly illuminated than 
from dark areas, the density of electrons leaving the photo¬ 
electric cathode surface will vary from point to point in propor¬ 
tion to the illumination. These electrons are then accelerated 
in an electric field and focused by a magnetic field so that an 
electron image is formed in which the density of electrons in the 
beam cross section corresponds to the degree of shading— i.e., 
lightness and darkness—in various parts of the picture. This 
electron image of the picture is then moved by means of crossed 
magnetic fields so that it sweeps across a scanning aperture 441 
times as fast in the horizontal direction as in the vertical direction. 
Since the time required for a vertical sweep is sec., every 
element of the picture is thus scanned 30 times a second. Fur¬ 
thermore, the number of electrons collected at the scanning 
aperture is proportional to the brightness of the picture element. 
Thus, after suitable amplification the collector current can be 
broadcast on a radio wave and in a receiver can actuate the beam 
of a cathode-ray tube in one of the ways described below to 
reproduce the picture on a fluorescent screen. 


Table 3-1* 


Surface 
brilliance, 
candles/sq. ft. 

Scene 

Time 

Date 

Weather 

700 

Snow bank 

10:00 A.M. 

Jan. 24, 1935 

Bright sunshine 

500 

Beach 

2:00 p.M. 

Aug. 18, 1934 

Hazy 

250 

Bay 

10:00 A.M. 

June 30, 1935 

Clear 

130 

Street 

3:15 p.M. 

June 30, 1935 

Clear 

40 

Times Square 

1:30 p.M. 

Nov. 6, 1934 

Light rain 

55 

Football game 

1st quarter 

Nov. 17, 1934 

Clear 

60 

Football game 

2d quarter 

Nov. 17, 1934 

Hazy 

27 

Football game 

3d quarter 

Nov. 17, 1934 

Hazy 

16 

Football game 

4th quarter 

Nov. 17, 1934 

Hazy 

2 

Football game 

End 

Nov. 17, 1934 

Hazy 

2 

Open field 

3:45 p.M. 

July 1, 1935 

Severe thunder 
storm 


* Baaed on H. lama, R. B. Jones, and W. H. Hickok, Froc. I.JR.E., 25, 1034, 1937. 


Because only about 1/250,000 of the picture is over the scan¬ 
ning aperture at any instant, most of electrons emitted from the 
photosensitive surface never reach the collector. This means 
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that even though sufficient amplification is available the light 
intensities necessary for successful televising must be relatively 
high so that a clear picture can be obtained. Under conditions of 
low illumination, the random fluctuations in the electron emission 
from the photoelectric cathode are large in comparison with the 
total emission from any small area, and the televised picture 



Fig. 3-15.—Iconoscope tube. S, Mosaic surface; A. Collecting electrode. 
{Courtesy of R.C,A. Mfg. Co., Inc.) 


presents a speckled appearance. In practice, it has been found 
that an average brightness of at least 150 to 170 candles/sq. ft. is 
necessary. 

Although the iconoscope^ is inherently more complicated than 
the image dissector, it has the advantage, at present, of being 
more sensitive under conditions of low illumination. Pictures 
can be picked up and transmitted by this tube even with an 
average brightness of 15 candles/sq. ft. Some notion of the 
meaning of these figures for surface brightness can be obtained 
from Table 3-1 shown on page 75. 

1 Developed by R.C.A. Mfg. Co., Inc. 
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The greater sensitivity of the iconoscope (Fig. 3-15) is due to 
the fact that in this tube each element of the surface S on which 
the picture to be televised is projected essentially memorizes 
its portion of the picture until a scanning electron beam produced 
in the tube passes by and transforms the element of the picture 
into a current pulse which can be sent out as a radio signal. 
Actually, the electrode onto which the pictures are projected con¬ 
sists of a mosaic of minute photosensitive particles of cesiated 
silver varying in size from 5 X 10~^ cm. in diameter down. These 
are spread over a thin mica sheet which in turn is backed by a solid 
metal plate. When a picture is projected onto the mosaic, the 
cesiated particles under light areas of the picture emit more elec¬ 
trons and assume a less negative potential than those in dark areas 
of the picture. Then, when the scanning electron beam passes and 
recharges all the particles to the same potential,^ charges will be 
released from the small condenser formed by the cesiated particle 
and the backing plate at different rates in the lighted and 
unlighted areas. The change in current to the backing plate of 
the mosaic thus constitutes the picture signal. 

Although this system has the advantage of greater sensitivity 
than the image dissector, it has the disadvantage that disturb¬ 
ances are easily introduced into the amplifier system by the 
redistribution of charges that is continually occurring in the 
mosaic. Furthermore, since under the condition of operation 
the maximum photoelectric emissivity cannot be utilized and 
since only about 25 per cent of those electrons which are emitted 
reach the collector electrode, the others returning to the mosaic, 
the actual efficiency of the tube is only a small fraction of its 

^ The particles are driven positive rather than negative by the scanning 
beam because each incident electron in the beam causes the emission of 
about 5 secondary electrons from the cesiated particles (see Sec. 6-10). The 
potential that they attain, however, is small because the secondary electrons 
emitted from the mosaic have a very low velocity and immediatdy return 
to the mosaic particle if its potential is more than 2 or 3 volts positive with 
respect to the collecting electrode (A, Fig. 3-15). This limits the positive 
potential that the particles can attain. Because of their low velocity, the 
emitted electrons form a space charge just outside the surface, and some of 
these electrons are continually returning to the mosaic. The particles of 
the mosaic thus gradually acquire a slight negative potential. In equilib¬ 
rium the current to the collecting electrode is just equal to the scanning- 
beam current, and the potential of a mosaic particle fluctuates from a few 
volts positive to a few volts negative with respect to the collecting electrode. 
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theoretical efficiency. In practice, it has been found that surface 
brightnesses of 100 candles/sq. ft. are desirable, and there is 
thus no very great advantage in this system over that employing 
the imagQ dissector. 

Television receiving tubes differ only slightly from ordinary 
cathode-ray oscillograph tubes. In general, they consist of an 
electron gun and either an electrostatic or an electromagnetic 
means of producing deflections. By means of the deflecting 
plates—or coils—the cathode-ray beam is made to traverse a 
fluorescent screen in synchronism with the scanning beam in the 
transmitting tube. Then the picture itself is reproduced on the 
screen in one of three possible ways. In one method the beam 
moves across the screen with constant velocity, but the intensity 
of the beam is varied by means of the incoming signal to corre¬ 
spond to the shading in the picture. In another method the 
intensity of the beam is maintained constant, but its speed is 
varied by the incoming signal. In the third method, both the 
speed of scanning and the intensity of the beam are maintained 
constant, but the area of the spot on the fluorescent screen varies 
to produce the image. 


Problems 

1. Calculate the velocity of 25-volt electrons, of 25-volt singly charged 
hydrogen molecular ions, of 25-volt singly charged mercury ions. Mass of 
H 2 ion = 3.35 X 10“*^ kg. Mass of Hg ion = 3.32 X 10~*® kg. 

2. Given two infinitely extended parallel plates separated by a distance 
of 0.020 m. The potential of the upper plate relative to the lower is —400 
volts. Electrons are shot out of the lower plate at the origin with an energy 
of 1,000 e.v. Wliere will these electrons strike the upper plate (or the lower 
plate if they do not hit the upper plate) if they are shot out at angles with 
the horizontal of (a) 30 deg., (6) 45 deg., (c) 60 deg., (d) 90 deg.? What 
will be the kinetic energy of the electrons when they strike the upper or 
lower plate? Use a?- and ^-components. 

3. Solve Prob. 2 for the case in which the upper plate is at a potential 
of -[-400 volts relative to the lower. 

4. Show that the path of the electron in Prob. 2a is a parabola. 

6. The p)otential difference between the electrodes of an X-ray tube is 
40,000 volts. If an electron starts from rest at the negative electrode, what 
will be its velocity when it strikes the positive electrode, if no collisions occur 
during its passage from the negative to the positive electrode? If the 
electron has an initial velocity of 6 X 10’ m./sec., what will be its velocity 
upon reaching the positive electrode? 
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6 . Electrons are shot into a uniform magnetic field of 0.01 weber/sq. m. 

with an energy of 2,500 e.v. What is the radius of curvature of the projec¬ 
tion of the path on a plane perpendicular to the B vectors if the angle 
that the path makes with the B vectors is initially (a) 90 deg., (b) 60 deg., 
(c) 30 deg.? ^ 

7. In Prob. 6, if the electrons do not leave the magnetic field, what is 
the pitch of the helical path in each case? 

8. In a magnetic field of 0.01 weber/sq. m. an electron traces out a circu¬ 
lar path of radius 0.1 m. What is the initial energy of the electron? What 
is its energy after one revolution on the path? 

9. How many r.p.m. would a singly charged hydrogen ion of 1,000 e.v. 
energy make in a magnetic field of 0.05 weber/sq. m.? Mass of Hj ion 
= 3.35 X 10-2^ kg. 

10. A cathode-ray oscillograph has deflecting plates 1.0 cm. square and 
separated a distance of 5 mm. The electron beam consists of 800-volt 
electrons, and the distance from the deflecting plates to the fluorescent 
screen is 25 cm. What value of deflecting voltage is just sufficient to make 
the electron beam hit the lower edge of the plates? What is the maximum 
deflecting voltage that could be used if the screen is 15 cm. in diameter and 
the spot is to remain on the screen? 

11. A certain cathode-ray oscillograph in which the accelerating voltage is 
50,000 volts has a voltage sensitivity of 400 volts/cm. or a current sensi¬ 
tivity of 200 ma./cm., depending on the type of deflection used. Without 
changing the geometry of the tube itself (a) how could the voltage sensitivity 
be increased to 200 volts/cm.? (b) In what two ways could the current 
sensitivity be increased to 100 ma./cm.? 

12. With a certain cathode-ray oscillograph having an accelerating voltage 
of 700 volts and deflecting coils 5 cm. in diameter, the observed deflection 
on the screen is 3 cm. What is the approximate flux density in the neighbor¬ 
hood of the electron beam if the distance from the deflecting coil to the 
screen is 0.15 m.? 

13. Taking relativity corrections into account, what is the actual velocity 
of the electrons described in Prob. 5? What is the mass of the electrons 
when they strike the positive electrode? 

14. What is the mass of an electron that has been accelerated through 
1 million volts? What is its velocity? 

16. Construct the Lissajous figure that results when a 90-cycle voltage is 
applied to the vertical deflecting plates of a cathode-ray oscillograph and 
a 60-cycle voltage is applied to the horizontal deflecting plates. Assume 
that the peak value of each voltage wave is the same and that both voltage 
waves are initially zero. 
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CHAPTER IV 

THE MOLECULAR THEORY OF GASES^ 


4-1. Introduction. —A wide range of conditions of the gas is 
encountered in dealing with problems of electrical conduction in 
gases. The pressure may be so low, as in a high-vacuum radio 
tube, that the gas plays little part in the electrical conduction 
through the tube. In other cavses a pressure of a few millimeters 
of mercury is encountered, and the conduction takes place by 
virtue of the presence of swarms of ions intermingling with the 
much larger numbers of neutral gas molecules. Electrical dis¬ 
charges occurring in practice also exist under high-pressure con¬ 
ditions. An example is the arc that forms as the contacts 
separate in a large oil circuit breaker. The heat developed by the 
arc current decomposes some of the oil in which the arc is 
immersed, giving gaseous end products which form a bubble or 
gas pocket in which the arc burns. If the circuit breaker is 
called upon to interrupt short-circuit currents of several thousand 
amperes, the pressure in the gas surrounding the arc may build 
up to over 10 atm. before the arc is extinguished. 

In the quantitative^ treatment of these widely differing prob¬ 
lems, the common feature consists in the motions of the elec¬ 
trically charged ions through the gas. The motion of a single ion 
through evacuated space can bo pn'dicted by the methods dis¬ 
cussed in Chap. Ill, if the mass and charge of the ion and the 
electric intensity in the region are known. However, if the ion 
moves through a gas in which the pressure is appreciable, the ion 
is likely to have collisions with the gas molecules. These colli¬ 
sions will profoundly alter the motions of the ions in the electric 
field. Furthermore, the motions of the gas molecules, them¬ 
selves, may have an effect on the resulting motions of the ions. 
In attacking problems of the motions of ions through gases, it 
will be found helpful to start with a knowledge of the mode of 
motion of the neutral molecules and then proceed to extcjid 
these concepts to the calculation of the ionic motions. The 

^ General references for Chap. IV will be found on p. 124. 

81 
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present chapter will be devoted to a study of some of the more 
important topics relating to the motions of the molecules of a gas. 

The early chemists Dalton and Berzelius had practically estab¬ 
lished the molecular theory of the constitution of matter by 
about 1810. The molecular theory as applied to gases, espe¬ 
cially the calculation of pressure and internal energy on the basis 
of molecular motions, was worked out in 1857 by R. Clausius. 
The theory was expanded by J. Clerk Maxwell, Clausius, and 
Lord Kelvin in the period 1860 to 1880. Subsequently, valuable 
contributions were made by Boltzmann, Van der Waals, Tait, 
and O. E. Meyer. The careful studies of the motions of ions 
carried out by Langevin, J. J. Thomson, Townsend, and K. T. 
Compton have also served to extend the theory of molecular 
motions. The earliest direct experimental observations that 
proved the existence of the heat motions of the molecules were 
reported by Perrin^ in 1908. Many more recent experiments 
showing agreement between the theory and experiment have 
been carried out in studies of heat conduction, the viscosity of 
gases, and the conduction of electricity through gases. 

4-2. Experimental Basis of Gas Theory: The General Gas 
Law for Ideal Gases. —The experimental work of Boyle, Charles, 
and Gay-Lussac led to experimentally determined relations 
between the pressure, volume, and temperature of a given mass 
of gas that can be expressed by the general gas equation 

'pv = R^T (4-1) 

In this equation, p is the pressure, v is the volume, 72' is a constant 
depending on the mass and kind of gas, and T is the absolute 
temperature, ix., the temperature measured on the Kelvin 
thermodynamic scale. This equation is rigorously valid only for 
a so-called ‘^deaP' or perfect'' gas but is sufficiently accurate 
for real gases that are not too near their condensation tempera¬ 
ture. The further a real gas is from its condensation tempera¬ 
ture, the more nearly Eq. (4-1) will portray its actual behavior. 

^ Perrin studied the Brownian movements of very small particles sus¬ 
pended in a liquid. J. Perrin, Atoms,2d English ed., Constable & Com¬ 
pany, Ltd., London, 1923. See also'R. A. Millikan, ‘‘Electrons (-h and —), 
Protons, Phbtons, Neutrons, and Cosmic Rays,^^ Chap. VII, University of 
Chicago Press, Chicago, 1935, for an account of studies of the Brownian 
movements of small particles in gases. 



IBbc. 4-2] 


THE GENERAL GAS LAW 


83 


If we are dealing with a mass of gas equal to the molecular 
weight^ Eq. (4-1) may be written, 

p)^RT (4-2) 

in which R is independent of the kind of gas and is called the molar 
gas constant. The value of this constant is 

R = 8.3136 ± 0.001 joule per degree Kelvin (4-3) 

If a mass of gas other than that equal to the molecular weight 
is considered, the pv product will, of course, be changed 
proportionately: 

(4-2a) 

in which M is the mass being considered and Mo is the mass of a 
molecular weight of the gas. 

If Eq. (4-2) is considered from the viewpoint of dimensional 
analysis, we find that the left side represents work or energy. 
This follows because the pressure has the dimensions of force 
divided by a length squared whereas the volume has the dimen¬ 
sions of length cubed, and the product therefore has the dimen¬ 
sions of force multiplied by length. Consequently the right side, 
or RT, must also have the dimensions of energy. Moreover, 
since i? is a constant, we see that the energy represented by the 
right side of the equation is proportional to the absolute tempera¬ 
ture T. If we consider the case of a constant volume of gas 2;o 
as the temperature is varied, we may write 

pvo = RT 

As heat is supplied to the gas, its temperature rises, the pressure 
increases, and the gas has an increased capacity for doing work 
if allowed to expand. At constant volume the increase in pres¬ 
sure is in the same proportion as the increase in temperature and 
as the increase in energy. The solution of the problem of finding 

^ By the molecular weight of a gas is meant the sum of the atomic weights 
of the elements that form the gas molecule. An atomic weight may be 
defined as the relative mass of the element referred to a common standard. 
Though hydrogen was originally used for the standard of reference, the 
modern standard is oxygen, and its atomic weight is taken as 16 g. The 
molecular weights are usually expressed in grams, but in the m,k.s. system 
they will be expressed in kilograms as given in Appendix IIL 
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a mechanism by virtue of which both the pressure and the energy 
of the gas would vary proportionately followed naturally from 
the assumption that the gas consisted of molecules in continual 
motion. Thus the pressure exerted by the gas is nothing more 
than the smoothed-over effect of the impacts of large numbers of 
molecules on the walls of the vessel, and the internal energy is 
the kinetic energy of the moving molecules. Furthermore, the 
temperature is directly proportional to the energy of the mole¬ 
cules. These ideas will be developed in a quantitative way in 
the following sections. 

4-3. The Kinetic Picture of a Perfect Gas.—According to the 
molecular theory, the properties of gases, for example, the pres¬ 
sure, may be accounted for in a quantitative manner on the 
basis of a simple set of postulates. Fot an ideal gas these 
postulates are as follows: 

1. The gas is considered to consist of small particles or mole¬ 
cules which obey the laws of the Newtonian mcichanics. 

2. The particles are considered to be perfectly clastic spheres 
and to be all alike for a given kind of gas. 

3. The volume occupied by the molecules is postulated to be 
sm.all compared with the volume of the vessel holding the quan¬ 
tity of gas in question. 

4. The particles are conceived to be in ceaseless, chaotic 
motion such that the particles may have collisions with other 
particles and with the walls of the vessel. 

5. It is furthermore assumed that the attractive or repulsive 
forces between the particles or between the particles and the walls 
are small except when a particle is in th(^ imme^diate vicinity of 
another particle or the wall. Also, the forces of gravity are 
assumed to be negligible. As a result, the motions of the particles 
between successive impacts consist of rectilinear, translatory 
motions. 

6. In any given volume the number of molecules is conceived 
to be very large. 

7. Finally, when the distribution of molecular speeds is being 
considered, it will be necessary to assume that the molecules have 
been colliding for a long enough time so that an equilibrium 
chaotic condition has been reached. 

It is seen that the expansive action of a gas follows naturally 
from the assumptions given above. In a qualitative way, it 
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can be seen that the pressure on the walls of the container is 
explained as caused by the net effect of the impacts of the 
molecules on the containing surfaces. 

4-4. Elementary Calculation of Pressure and Molecular 
Speed. —A very simple derivation may be given for the pressure 
of a gas in terms of the motions of the molecules if an analysis is 
made on the basis of simplified assumptions. 

Let there be n molecules of a given kind of 
gas contained in the cubical box having 
edges of length 5 as shown in Fig. 4-1. Al¬ 
though the individual molecules are actually 
moving with different velocities and in a 
random, chaotic fashion, it will simplify 
the analysis greatly to assume that the mole¬ 
cules are all moving with a certain average 
speed Cy and furthermore to assume that on , ^ . 

^ ’ 1 • 1 /• 1 containing n mole- 

the average one-third of the molecules may eules, each of mass m 
be considered as moving parallel to each of with the speed 

the T-, 2 /-, and 2 :-axes.. The molecules are 
assumed to traverse the whole path from one side of the box to 
the other without, colliding with other molecules. 

Consider a molecule of mass m which is moving in the positive 
a:-direction and is approaching the right-hand face of the box 
with the speed C, Since the collision of the molecule with the 
wall is assumed to be perfectly elastic, there will be no energy 
lost, and the molecule will rebound with the same speed C. To 
bring about this change in the direction of the velocity of the 
molecule, the wall must exert a force / on the molecule during 
the time of contact^ that is given by Newton's second law of 
motion, namely: 

/ = (4-4) 

Here V is the velocity of the molecule in the positive x-direction. 
According to Newton's third law the molecule must exert an 
equal but opposite force on the wall. It is proposed to calculate 
an average or smoothed-over force that will be equivalent to the 
effect of the impacts of all the molecules that strike the right-hand 

‘ The time of contact for an actual molecule may be defined to be the total 
time during which forces are acting between the wall and the molecule. 
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wall. We first calculate the average force exerted by a single 
molecule. A schematic diagram of the manner in which the 
velocity of a molecule changes with time during the impact is 
shown in Fig. 4-2a. The corresponding variation of the force 
exerted on the wall is also shown. Now, let <2 be the time 
required for the molecule to move back to the left-hand wall, 
rebound, and return to strike the right-hand wall, i.e., the time 
for a round trip. Then there will be one impact on the right- 



Fiq. 4-2.—(a) Velocity and force curves for an impact of a molecule on a 
wall; (6) successive impacts of a molecule on a wall; (c) successive impacts of 
several molecules on a wall. 


hand wall every U sec., and there will be a succession of transient 
forces acting on the wall as shown in Fig. 4-26. The average 
force /o on the Wall resulting from one impact will be 



where ti is the time of contact. Thus, 



(4-5) 


Equation (4-5) also gives the average force on the wall caused 
by one molecule averaged over any length of time, provided that 
the time is long compared with Therefore, the average force, 
exerted by all the molecules moving in the x-direction (by 
assumption in number) is given by the equation 
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2mnC 


The time required to traverse twice the width of the box is 
given by 

fe-i 

Substituting this value in Eq. (4-6), we obtain 


The pressure is the force per unit area; therefore, 


fa rnnC^ 

p ^ 


Since is the volume of the box, v, Eq. (4-7) may be rearranged 
to give 

pv = imnC^ (4-8) 

This basic equation^shows how the product of pressure by volume 
depends on the mass, number, and speed of the molecules. It is 
apparent that, if the speed of the molecules is constant at con¬ 
stant temperature, then the product of pressure and volume will 
also be constant, in agreement with Boyle^s experimental law. 

Though Eq, (4-8) was derived on the basis of simplified 
assumptions, it may be demonstrated^ that a more rigorous 
treatment leads to the same result. In the actual gas the speeds 
of the molecules vary from time to time and from molecule to 
molecule, so that the impacts of the molecules on a wall would 
vary in frequency and intensity with a resulting schematic force 
diagram as shown in Fig. 4-2c. When we consider only a few 
molecules, as in the figure, the force on the wall fluctuates widely; 
but the molecules in any sample of gas are so very numerous that 
the total force is constant for all practical purposes. The 
interpretation of C and the question of the varying velocities will 
be discussed in detail in Secs. 4-8 to 4-11. 

The average^ speed C in Eq. (4-8) may be determined from 
experimental data on gas densities and pressures, for the density 

^ General reference 4-1, pp. 8-11. 

* This average will later be shown to be the root-mean-sqmre (r.m.s.) 
average speed (see Sec. 4-11). 
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of the gas will be the mass of all the molecules divided by the 
volume, i.e., mn/v; and, from Eq. (4-8), we obtain the expression 

p - idC^ (4-9) 

Solving this expression for the molecular speed, we obtain 

C - VI 

As an example, consider oxygen gas (O 2 ), for which d = 1.43 
kg./cu. m. at a pressure of one standard atmosphere, z.c., 
p = 1.013 X 10^ newtons/sq. m., and at a temperature of 0°C. 
Substituting these values in Eq. (4-10), we find that the speed C 
is 459.4 m./sec., or 1,507 ft./sec. This velocity is of the order 
of the muzzle velocity of a rifle bullet and is somewhat above the 
velocity of sound waves through air. 

4-6.'Avogadro’s Hypothesis. —The development of the atomic 
theory by Dalton on the basis of the combining weights of the 
elements and the work of Gay-Lussac on the chemical combina¬ 
tion of gases led up to the enunciation by Avogadro in 1811 of the 
hypothesis that bears his name. This may be stated as follows: 
Under the same conditions of temperature and pressure equal volumes 
of aU gases contain the same number of molecules,^ Avogadro^s 
hypothesis was deduced from the fact that masses of different 
gases in proportion to their molecular weights occupy the same 
volume. Avogadro was the first to recognize that it was neces¬ 
sary for the idea .of the molecule as a group of atoms to include 
the possibility of a group of atoms of the same element in order to 
.clarify the experimental results on the chemical combination of 
gases. 

The truth of this hypothesis is implied in the statement of the 
general gas law in the form of Eq. (4-2). In this equation, R is 
independent of the kind of gas if a molecular weight is considered. 
Thus, Eq. (4-2) states that, at any fixed reference pressure and 
temperature, a molecular weight of gas and therefore, also, a 
given number of molecules, will occupy a fixed volume. This 
volume'turned out to be 22.41 liters if the reference temperature 
and pressure, were 273°K. and one standard atmosphere, respec¬ 
tively, i.e., under standard conditions of temperature and pressure. 

^ The word molecule must be construed to include the special case in which 
the gas particles are atoms, as in a monatomic gas. 
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The truth of Avogadro^s hypothesis has been tested in many 
ways/ and it is now considered as an established law. The 
number of molecules No in the 22.41 liters of gas under standard 
conditions has been called the Avogadro number. The value of 
this constant has been determined by several methods/ and its 
value is 

No = 6.023 X 10^3 (4-11) 

After the number of molecules in a molecular weight is known, 
it is a simple matter to calculate the number of molecules in a 
unit volume of gas under any conditions. The term molecular 
concentration will be used to denote the number of molecules per 
unit volume. Letting N symbolize the molecular concentration 
and considering a molecular weight of gas, we have, by definition, 


No ^ Nop 
V RT 


(4-12) 


where v is obtained from Eq. (4-2). This general relation shows 
that the molecular concentration varies directly with the pressure 
and inversely as the temperature of the gas. For example, let us 
consider a fixed mass of gas contained in a cylinder having a tight- 
fitting piston. If the pressure on the gas is maintained constant 
while the temperature of the gas is increased, the piston will move 
outward, and the molecular concentration will decrease in 
accordance with Eq. (4-12). On the other hand, if the tempera¬ 
ture is maintained constant and the pressure is increased, the 
piston will move inward, and the molecular concentration will 
increase in proportion to the increase in pressure. 

The value of the molecular concentration under standard con¬ 
ditions is 2.69 X 10^® molecules/cu. m. It is almost impossible 
to conceive such a large number. If a very small volume is 
imagined, for example a cube 0.1 mm. on an edge, the number 
of molecules contained in it is still enormous, being 2.69 X 10^^ for 
the volume mentioned. Suppose we calculate the molecular 
concentration by Eq. (4-12) for a relatively high vacuum, say a 
pressure of lO”'^ mm. Hg, which is equivalent to 

10 *^ 

10-’ X 1.013 X ^ = 1.333 X 10"*^ newton/sq. m. 

^ General reference 4-3, p. 24. 

*For example, see R. A. Millikan, op. cit,, p. 120. ; , , 
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Let the temperature be 273°K.; then we have 

6.023 X 1023 X 1.333 X 10”® 

^ 8.314 X 273 

= 3.54 X 10'® molecules/cu. m. 

Thus at this high-vacuum condition there are still 3.54 million 
molecules in a cubic millimeter of gas. 

4-6. Temperature and Molecular Energy and Speed.—In 
Sec. 4-2 it was pointed out that the absolute temperature of a 
gas is directly proportional to the energy of the gas. Thus the 
absolute temperature may be looked on as being defined in terms 
of the energy of the gas. To deduce the relation between the 
temperature and energy of a gas on the basis of the molecular 
theory, we equate the right sides of Eqs. (4-2)* and (4-8) and after 
replacing n by the number of molecules in a molecular weight No 
we find 


pv = imNoC^ = RT (4-13) 

The kinetic energy W of the No molecules moving with the speed 
C is iVo X imC2, and therefore Eq. (4-13) leads to the expression 

W = (4-14) 

Letting the kinetic energy of a single molecule be represented by 
Wkf we immediately obtain its value 


Wk = T 
* 2 No 


The constant ratio R/No appears so often in computations deal¬ 
ing with gases that it has been given a name, z.6., Boltzmann’s 
constant, and it is invariably represented by the symbol k. 


R _ 8.314 

No 6.023 X 1023 


1.380 X 10“23 joule per degree Kelvin 

(4-15) 


Upon using this constant, the kinetic energy of a single molecule 
may be expressed as 


Wk = IfcT 


(4-16) 


Thus, the kinetic energy of translation of a single molecule is 
directly proportional to the temperature of the gas. 
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To find the relation between the molecular speed and the 
temperature, we solve Eq. (4-13) for the speed; and, after sub¬ 
stituting k for R/No, we have 

c - 

We note that the average molecular speed varies as the square 
root of the absolute temperature and is independent of such 
variables as pressure and volume except inasmuch as these have 
an effect on the temperature of the gas. 

It is worth noting that in the analysis above the energy that 
might be stored in the gas in forms other than kinetic energy of 
pure translatory motion has not been considered. For example, 
there is a possibility of energy of rotation of the molecule or of 
energy associated with oscillations of the atoms about their 
positions of equilibrium in the molecule. Rotational motions 
and oscillatory motions within the molecule play no part in pro¬ 
ducing pressure on the gas boundary and therefore need not be 
considered in our calculations. However, if we were concerned 
with the amount of heat energy required to raise the temperature 
of the gas, z.6., if we were to attempt to calculate the specific heat 
of the gas, we should need to examine more closely the possible 
rotational and oscillatory motions of the molecules. 

4-7. Mixed Gases.—Dalton^s law of partial pressure, which 
resulted from his experimental investigations of the pressure 
relations for a mixture of different gases, is embodied in the 
following statement: The pressure exerted by a mixture of gases 
is equal to the sum of the pressures that would be exerted by each 
of the individual gases if it alone were present in the same volume 
at the same temperature. This relation may be expressed mathe¬ 
matically as follows: 

P = Pi + P2 + P3 + • • • (4-18) 

Here the symbol pi refers to the pressure that the gas molecules 
of type 1 would exert if they alone were present; p 2 , Pa, * * * 
similarly refer to the partial pressures exerted by the remaining 
types of molecules in the mixture; and p is the pressure in the 
mixture itself. 

If the partial pressures in Eq. (4-18) are expressed ipi terms of 
the molecular speeds by the use of Eq. (4-8), the following 
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expression results: 


V = 


miriiCi 


3y 


+ 


, VlzUzCz^ , 

I 777 . "T" 


Zv 


Zv 


(4-19) 


Furthermore, since Ui/v is the molecular concentration of the 
molecules of type 1 and {^)rniCi‘^ is the kinetic energy {Wk)i of 
these molecules, Eq. (4-19) will yield the following expression for 
the total pressure in terms of the molecular concentrations and 
the kinetic energies of the molecules: 

p = |iVi(Tffc)i + ^N^iWkh + |iV3(TF;t)3 + • • • (4-20) 


However, Eq. (4-16) states that TVjt is equal to ffcT, showing 
that the kinetic energy of a molecule depends only on the tem¬ 
perature and not on the kind of molecule; thus, the kinetic 
energies of the different molecules of the mixture will be the same. 
Therefore, we drop the subscripts from the TF^^s in Eq. (4-20) to 
obtain 


P = iWk(Ni + N2 + Nz + • - ) (4-21) 

This equation shows that the pressure of the mixture of gases 
varies directly with the sum of the molecular concentrations 
of the several gases. 

The principle used in the derivation of Eq. (4-21), namely, 
that the kinetic energies of the molecules of a mixture of gases in 
equilibrium are the same^ is worthy of additional emphasis. As an 
example of the application of this principle, consider the equilib¬ 
rium between a mixture of a few free electrons with a gas. If we 
treat the free electrons as a perfect gas, we can readily find their 
velocity of thermal agitation. On the basis of the principle of 
equality of kinetic energies, we write the equation 

imoCe^ = imC^ 

Here, mo is the mass of the electron, Ce is its speed, and m and C 
are the mass and speed of the gas molecules. The value of Ce 
obtained on this basis is 



Suppose we apply this expression to the calculation of the speed 
of the electrons in oxygen gas under standard conditions. The 
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mass m of the oxygen molecule equals the molecular weight 
divided by Avogadro's number, or 

- _ 5 31 y 1Q-2C ]r„ 

The speed of the oxygen molecule was calculated in Sec. 4-4 to 
be 459.4 m./sec. under the given conditions. The mass of the 
electron may be taken as 9.1 X 10~^^ kg. Substituting in the 
formula, we find that Cc equals 111,000 m./sec., or about 242 
times the speed of the oxygcm molecules. The fact that the 
electron velocities are so high will be of use when we discuss the 
electron motions through a gas in Sec. 4-12. 



(a) W 


Fig. 4-3.—Molecular velocities. 

4-8. Distribution of Molecular Velocities: Introduction.—In 
Sec. 4-4 the general gas law was di'rivc'd on the assumption of 
uniform speeds for all the moleiailes in a given enclosed volume of 
gas. However, a consideration of the behavior of a large number 
of molecules in such an enclosed volume shows the impossibility 
of uniform speeds for all the molecules. Although the molecules 
are conceived to be small, the large number of molecules in a 
given volume (see Sec. 4-5) inen^ases the likelihood of collisions 
between the molecules. Since these collisions are assumed to be 
perfectly elastic, the final velocities for a given impact could be 
calculated if the velocities before the impact and the masses of 
the molecules are known. The conditions at two successive 
moments in a gas might be pictured as in Fig. 4-3a and b if mole¬ 
cules whose velocity vectors lie in a plane are considered. The 
circles in Fig. 4-3 represent the molecules, and the vectors 
represent their velocities at the particular moment. The dotted 
circles in Fig. 4-3a indicate the positions the molecules will have 
when the next impact takes place; in Fig. 4-36 the dotted circles 
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show these same positions, but the collisions have already taken 
place. Two rather special cases of* collisions are illustrated, 
the head-on collision of molecules C and D, and the collision of 
molecules A and B, A and B collide in such a way that B has 
zero velocity after the collision and A has a velocity equal to the 
vector sum of the velocities A and B had before the collision. 
In the actual case the velocities in a three-dimensional space must 
be considered, and the picture becomes more complicated. How¬ 
ever, it is clear that at any instant a wide range of velocities from 
zero to ten or more times the average velocity will be found in the 
gas. 

On account of the special nature of the collisions required to 
bring a molecule to rest, it can be inferred that relatively few 
molecules will have velocities at or near zero.** A little reflection 
will show that not many molecules will have very high velocities, 
for a succession of just the right type of collision would be needed 
if the molecule’s velocity is to increase at each collision. These 
qualitative arguments lead one to expect that most of the mole¬ 
cules will, at any instant, have speeds not far removed from the 
average speed and that fewer molecules will have the low speeds 
or very high speeds. 

Maxwell was the first to derive an expression that described the 
probable ways in which the molecules in a quantity of gas are 
moving at any instant. He was able to deduce this relation 
without examining into the details of the collision processes. 
Boltzmann^ treated the problem in a more rigorous fashion by 
studying the equilibrium conditions in a gas that result from the 
elastic impacts of the molecules. Before proceeding to give a 
brief form of Maxwell’s derivation of the important velocity 
distribution laws, we digress to give an introductory example to 
illustrate the meaning and forms of distribution laws. 

Let us imagine that we have been assigned to the task of 
reporting on the speeds of the automobiles that travel past a 
particular point on a highway. Suppose we gather data on the 
speed of each car passing the observation point for an entire day 
and find that we have data on 1,000 cars. Now the question 
arises: How can this data best be presented? A simple and 
vivid representation of the data would be a graphical one such 
as shown by curve A in Fig. 4-4a. This curve gives the number 

^ General reference 4-3, Chap. IV. 
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of cars in the different 10-m.p.h. speed ranges such as 0 to 10, 
10 to 20, etc. as ordinates plotted against the speed as abscissas. 
Though curve A gives a clear representation of the ^‘distribution 
of speeds'' of the cars in 10-m.p.h. ranges, it is not fine-grained 
enough to yield accurate information about the number of cars 
that were traveling at speeds, say between 55 and 60 m.p.h. In 
order to answer questions similar to this relating to details of 
the distribution curve, it is desirable to have a continuous mathe¬ 
matical function that will represent the data on the speeds of the 
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Fig. 4-4.— (a) Step type distribution curves. AV = 10 m.p.h. for curve A, and 
AV =2 m.p.h. for curve B. (6) Continuous distribution curve. 


cars. The first step in obtaining such a function would be to 
plot the distribution of speeds of the cars using smaller ranges of 
speed. Curve B in Fig. 4-4a shows such a curve using 2-m.p.h. 
ranges of speed. This shows that subdividing the original speed 
range has the effect of giving a smoother “step type" curve. 
We also note that the number of cars found in the different ranges 
is smaller on account of the smaller range of speeds. If we con¬ 
tinue to subdivide the speed ranges, we should soon^find that the 
resulting distribution curve would no longer continue to become 
smoother but instead would begin to have relatively higher 
percentage changes in ordinate from one range to the next. 
This would occur when the numbers of cars in the ranges become 
too small. For example, if the range of speeds is taken equal to 
0.1 m.p.h., part of the data for the curve would appear as in 
Table 4-1. Thus, we must cease to subdivide the speed ranges 
before the number of cars in each range becomes too small. 
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Speed Range, 
M.P.H. 
40.0-40.1 

40.1- 40.2 

40.2- 40.3 

40.3- 40.4 

40.4- 40.5 

40.5- 40.6 


Table 4-1 

Number of Cars 
in the Range 
2 
0 
1 
3 
0 
2 


After obtaining the smoothest possible step type curve, we 
draw a smooth curve through the mid-points of the horizontal 
segments of the step type curve. Though we might regard the 
resulting smooth curve as representing the function for wliich we 
have been searching, we can raise one objection to its use, that 
the height of the curve depends on the ma'gnitude of the range 
of speeds adopted for the best step type curve. This objection 
can be removed by the use of a more general function /(T), 
defined as the fractional number in the range AF per unit range 
in V and given by the equation 


f(V) 


A'/iv 
n AV 


(4-22) 


Here, Any is the number of cars in the speed range between V and 
V + AV as .given by the best step type curve, and n is the total 
number of cars. The value of /(F) is considered to be given for 
the mid-point of the range AF by Eq. (4-22). However, if 
AF is small enough, a smooth curve can be drawn between/(F) 
and F as showndn Fig, 4-46. This curve has essentially the same 
shape as the smoothed-oiit step type curve discussed above. 

The resulting continuous function /(F) is exceedingly useful, 
for the methods of the calculus may now be applied. For 
example, Eq.,.(4-22) can now be written in terms of differentials 
if n is sufficiently large, giving 

nV) . (4-23)- 


In this equation, duv is the number of cars having speeds in the 
range from F to F + dF, or, more briefly, the number in dF. 

To illustrate the meaning of /(F), we rearrange Eq. (4-23)- 
to yield the expression 


/(F) dV = 


dnv 


n 


(4t24) 
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Stated in words, f(V) dV is equal to the fraction of the cars that 
are likely to have speeds in dV, An inspection of Fig. 4-46 will 
show that/(y) dV is represented by the crosshatched area under 
the curve. This suggests that an integration of Eq. (4-24) may 
give additional information concerning the function/(F). Upon 
integrating the right side of Eq. (4-24), we obtain n/n, or unity. 
Therefore, we have 

£‘"f(V)dV = l (4-25) 

This simply means that the fraction of cars having speeds from 
0 to 00 is unity, for all the cars must be included in this range. 

If the function f(V) is known, then it will be easy to solve 
such problems as the following: How many cars had speeds over 
65 m.p.h.? The result is obtained by solving Eq. (4-24) for duv, 
then summing the drives over the desired speed range. The 
result is obtained by integration, thus: 


Number having speeds over 65 m.p.h. 


= n£fmdV 


The integration can be performed graphically by the use of 
Fig. 4-46 or analytically if th(^ mathematical form of f(V) is 
known. 

4-9. Maxwell’s Deduction of the Velocity Distribution Laws.— 

For the purpose of the ensuing development,^ we consider a fixed 
volume of gas at a constant tiunperature in which there are no 
convection currents or other disturbances of the equilibrium of 
the gas. The postulates fundamental to the molecular theory 
listed in Sec. 4-3 are considered to apply to the molecules of the 
gas. The last two postulates given in Sec. 4-3 are particularly 
important in what follows. These state, in effect, that the num¬ 
ber of molecules concerned is very large and that the molecules 
have been colliding for a time sufficient to result in an equihbrium 
in the gas. 

Besides the general assumptions mentioned above, Maxwell 
made the three basic assumptions that follow: (1) The velocities 
of the molecules are assumed to be distributed in a completely 
random fashion in space. This is equivalent to the statement 
that the distribution of velocity components of the molecules is 

^v. Engel, A., and M. Steenbeck, ‘‘Elektrische Gasentladungen,^^ 
Vol. I, p. 226, Verlag Julius Springer, Berlin, 1932. , -. 
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the same along any three coordinate axes. (2) The velocity 
components along any three coordinate axes are assumed to be 
independent of one another. (3) The third assumption refers 
to the form of the law of distribution of molecular velocities and 
states that the fraction of the molecules contained in a certain 
range of speeds is a function only of the speed and that, moreover, . 
this fraction is directly proportional to the range of speeds. 
This assumption also applies to the distribution of the components 
of the molecular velocities. The significance of these assump¬ 
tions will become clearer as they are applied. 

To apply MaxwelFs postulates, we find it necessaiy to consider 
the mutually perpendicular components Fx, Fy, and Vz of the 
vector velocity V of a typical molecule as shown in Fig. 4-5a. 
Applying Maxwell's third postulate, we express the fraction of 
the molecules that are likely to have velocity components in the 
range from F* to Vx + dVx (t.c., in dVx) as a function of the 
velocity component Fx, and directly proportional to the range 
dFx, thus: 

(4-26) 

Here, n refers to the total number of molecules, and we recall that 
driF, refers to the number of molecules in dF*. We note that 
Eq. (4-26) has the same form as Eq. (4-24). Now, we apply 
Maxwell's first assumption when we consider that the fraction 
of the molecules which are likely to have velocity components 
in dVy and dV» will be given by the same form of function as 
in Eq. (4-26), namely, /(Fy) dVy and /(F,) dF*, respectively, in 
which the functions /(Fy) and /(F,) will have exactly the same 
form as/(Fx). 

We next calculate the fraction of the molecules that simul¬ 
taneously have velocity components in the range dFx and dFy. 
By Maxwell's second assumption, the molecules that have 
velocity components in dF* will have y- and 2 -components of 
velocity distributed in the same fashion as those of all the 
molecules of the gas. Thus, of the molecules in dF*, the fraction 
that has ^-components in dFy as well is equal to /(Fy) dFy. 
Therefore, the fi^action of all the molecules that have components 
in dVx and dVy will be the product of the two fractions, as follows: 

Fraction in dF* and dVy « /(F,) dF,/(Fy) dVy (4-27) 
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An extension of the argument to include the ^-components will 
show that the fraction of the molecules that simultaneously have 
velocity components in dVx, dVy, and dF, will be given by the 
following: 

Fraction in dVx dVy dVs = f(Vx)f(Vy)f{V,) dF* dF^ dF. (4-28) 

To aid in understanding Eq. (4-28), we can imagine that the 
instantaneous velocities of all the molecules have been plotted as 
vectors setting out from the origin as in Fig. 4-5a. Such a 



Fig. 4-5.—Velocity vectors. 


representation is shown in Fig. 4-56, altliough for an actual quan¬ 
tity of gas the number of molecules is so large that the space in 
Fig. 4-56 would be much more demsely populated with vectors 
than as shown. This dense distribution of vectors is necessary 
if their distribution is to be accurately described by a continuous 
function, as in Eq. (4-28). The right side of Eq. (4-28) may now^ 
be interpreted as the fraction of all the velocity vectors whose 
tips fall in the elementary volume dF* dFy dF*. 

The fraction of the molecules whose vector tips end in the cube 
dF* dFy dF* can also be expressed as a function of the total 
velocity F of the molecules as F{V) dF* dFy dF*; for, by assump¬ 
tion, the direction of F is immaterial. We also know that the 
total velocity is related to its components by the following: 

72 == 7^2 7^2 + 7^2 ( 4 . 29 ) 

For convenience, we replace the function F(F) by a function 
of F^ letting F{V) = g{V^)- Using this function, we now equate 
the expression for the fraction of the molecules in dF* dFy dF| 
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in terms of the total velocity to the expression in terms of the 
components of velocity [Eq. (4-28)] and obtain the equation 

f(VMVy)f(V,) dV. dVy dV, = g{V^) dVy dV, (4-30) 
Therefore, 

/(F.)/(F.)/(F,) = + Vy^ + 7.2) (4.31) 

The form of Eq. (4-31) suggested ta Maxwell that the following 
functions would constitute a possible solution: 

/(V.) = 

f{Vy) = (4-32) 

/(7.) = 

A substitution of theses functions into Eq. (4-31) will show that 
they satisfy this equation. The solution of Eq. (4-31) as given 
in Eqs. (4-32) can also bo obtained by direct mathematical 
means.^ The constants A and B in Eqs. (4-32) must be chosen 
to suit the physical conditions of the problem. It is obvious that 
A must be a positive number, for a negative fractional number of 
molecules has no meaning. (3ne might think that B could be 
either positive or negative; but a positive B would lead to a 
distribution that increases indefinitely as 7* increases, and this 
cannot be true. Therefore, ^ is a negative number. 

To evaluate the constants A and B, we again consider the 
velocity vector pictures in Fig. 4-5. The constant A can be 
eliminated in terms of the total number of molecules n. To 
accomplish this, first calculate the number dn^ of molecules 
whose vector tips fie in the cube dVx dVy dVz by multiplying the 
fraction of the molecules given by Eq. (4-28) by the total number 
of molecules, obtaining 

duu = nf(Vx)f(Vy)f(Vz) dVxdVydVz = ng(V^) dVxdVydVz 

(4-33) 

But, by Eqs. (4-32), this reduces to the following: 


dno = dVxdVydVz = A^ne^^^dVxdVydVz (4-34) 


Now the concentration of the vector tips, f.e., the number per 
unit volume, at a distance 7 from the origin, as in Fig. 4-56, is 
given by 


dfi □ 

dVxdVydVz 




(4-35) 


^ General reference 4-3, p. 78. 
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To complete the calculation of the total number of vectors, we 
consider a spherical shell of radius V and of radial thickness dV 
centered at the origin. The number dyiv in this spherical shell 
will be equal to the number per unit volume, given by Eq. (4-35), 
multiplied by the volume of the shell, which is dV. There¬ 
fore, the number of vector tips in the spherical shell is as follows: 

dnv = dV (4-36) 

We note that duv also is the number of molecules that have 
speeds between V and V + dV, If Eq. (4-36) is integrated 
throughout the space in Fig. 4-56. the value of the integral will 
be the total number of molecule^i n. Thus the integral of the 
left side of the Eq. (4-36) will be n, and therefore 

n = dV (4-37) 

The integral will give a finite value only if B is taken as negative, 
confirming our previous conclusion concerning the sign of B. 
Since the exponent of e must be a pure number, the dimensions 
of the constant B must be 1/(velocity)^. Therefore, let 

s.-i , (4^) 

Here Co is a parameter that has the dimensions of a velocity and is 
a constant for the gas in the given condition but that can vary 
with the condition of the gas. Now Eq. (4-37) reduces to the 
following: 

^00 72 

1 = Aw.V I VH~^^dV (4-39) 

The value of the definite integral is Co^ \/ 7r/4, so the constant A 
is found to have the value 

A = —L— (4-40) 

VTTCo 

By putting this value of A in Eq. (4-32) and remembering Eq. 
(4-26), we can write the final form for the distribution of the 
velocity components as follows: 

^ Pierce, B. O., A Short Table of Integrals,’^ 2d ed., Formula (494), Ginn 
and Company, Boston, 1910. 
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dny, = n/(7x) dFx = e dV^ (4-41) 

Co 

Also, from Eq. (4-36), we obtain the final form of the distribution 
of speeds irrespective of direction. 

dnv = nf(V) dV = e dV (4-42) 

Co^ 


Equations (4-41) and (4-42) are often called MaxwelFs distribu¬ 
tion laws or the Maxwell-Boltzmann distribution laws. 

A brief consideration of the form of the function in Eq. (4-42) 
will reveal the meaning of the constant Co. We note that the 

-Y1 

speed V appears in the two factors, namelyj and e At 
zero speed, t.e., 7 = 0, the value of the function is zero. For 
increasing values of 7, the 7^ factor increases, and the exponen¬ 
tial factor decreases. For very large values of 7 compared 
with Co, the exponential term approaches zero so rapidly that the 
function also approaches zero. In the intermediate speed range 
the function remains positive and therefore goes through a 
maximum value. Upon differentiating /(7) with respect to 
7 and equating to zero, we find that the maximum of the function 
occurs when 7 equals Co. Therefore, the speed Co may be defined 
to be the most probable speed of the molecules. In Sec. 4-11, we 
shall show that,Co depends only on the temperature of the gas 
and on the kind of gas. 

4-10. Represeiltation of MaxwelPs Distribution Laws. —The 

distribution of speeds of the molecules of a gas is in some respects 
similar to the distribution of speeds of cars discussed in Sec. 4-8. 
However, in dealing with distributions of velocities of molecules, 
we are concerned not only with the distribution of speeds irrespec¬ 
tive of direction in space, but also with the distribution of velocity 
components along a particular axis. In the following discussion, 
we consider the distribution of speeds first. 

Let us examine the mathematical function expressing the 
distribution of speeds given in the following equation, which 
follows directly from Eq. (4-42): * 


duv 

n 


472 

— 7 =— c 

VTTCo® 


Z? 


(4-42a) 
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We recall that dnv is the number of molecules having speeds 
between V and F + dF, and n is the total number of molecules; 
the ratio of dnv to n is then the fraction of the total number of 
molecules having speeds in the range dF, and co is the most 
probable speed of the molecules. The distribution given by 
Eq. (4-42a) could be represented by a graph similar to that in 
Fig. 4-46 if a value were assigned to co. However, this curve 
would apply only to one particular condition of the gas. Since 
it is desirable to represent the distribution in a sufficiently 



JF 

Co 


Fig. 4-6.—Distribution curve for molecular speeds (Maxwell-Boltzmann 

distribution). 


general way so that a single curve can be applied to the gas under 
any set of conditions, we proceed by rearranging Eq. (4-42a) to 
give a function of F/co as follows: 


P 



J_CZYe“®‘ 

n dV \Co/ 


(4-43) 


We note that this function is the fractional number of molecules 
in the range dF per unit range in F/cq. If we plot the value of 
P{V/cq) as ordinate against the ratio F/co as abscissa, the result¬ 
ing curve is shown in Fig. 4-6. The rising nature of the curve for 
small values of the abscissas may be attributed to the predominat¬ 
ing influence of the (F/co)^ factor. The exponential factor 
becomes increasingly important as F/co increases, and finally 
causes the curve to approach zero very rapidly as V/co exceeds a 
value of about 3. 

An insight into the meaning of the curve in Fig. 4-6 can be 
gained by inquiring into the interpretation to be put upon the 
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area under the curve within a range of abscissas equal to the 
differential increment d(F/co), t.c., dV/co. This area, shown 
crosshatchcd in Fig. 4-6, is equal to dV/co multiplied by the 
ordinate duvColn dV] and the result is drivln. Therefore, the 
area under the curve in the range d(F/co) is equal to the frac¬ 
tion of the molecules that have speeds in the range dV, Fur¬ 
thermore, the total area under the curve will represent the 
summation of fractions of the type dnyjn over all the speed 
ranges, thus including all the molecules. Therefore, the total 
area under the curve will equal n/n, or unity. Consequently, 
the fraction of the molecules that have speeds in an extended 
range, say from Vi to F 2 , will equal the area under the dis¬ 
tribution curve between the limits Fi/co and V 2 IC 0 . 

Another aspect of the distribution curve Will be made clear if 
we consider a fixed range of speeds AF, but at different values of 
the speed F, for then we see that the height of the curve is 
proportional to the fraction of the molecules in AF at the 
different speeds. A range AF taken at a speed F equal to co, 
i.e.y YI = 1, contains a greater fraction of the molecules than 
any other equal speed range. This shows the reason for calling 
Co the most probable speed. 

Some numerical calculations will be useful to illustrate the quantities 
involved in Eq*. (4-43) and in Fig. 4-6. Consider 1 cu. cm. of gas at standard 
conditions, which therefore contains 2.69 X 10^® molecules, and assume that 
the kind of gas is such that the most probable speed co is 500 m./sec. Sup¬ 
pose we desire to know the number of molecules that, at any instant, are 
likely to have speeds between 500.0 and 500.1 m./sec. From the curve in 
Fig. 4-6 at F/co = 1, we note that the value of the ordinate is 0.83. To find 
Anvy this ordinate value must be multiplied by n and by AF and divided 
by Co. The resulting value of Any is 44.7 X 10^^. If the calculation is 
repeated at F = 1,000, z.e., at' twice the most probable speed, and if AF is 
still 0.1 m./sec., we find that Any = 8.91 X 10^*, or 20 per cent of the number 
in an equal range at F/co = 1. When the velocity is three times the most 
probable speed, we find that Any is 0.3 per cent of the value at the most 
probable speed. These results show how rapidly the function decreases 
as the speed F increases. 

A general repi‘esentation of the distribution of the components 
of. the velocities is obtained by analyzing Eq. (4-41a) which comes 
directly fronj Eq. (4-41). ' 

— = dV„ (4-41a) 

n co.V^ ^ 
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Here dur, is the number of molecules that have a:-components of 
velocity between 7, and 7* + d7*. Thus, upon rearranging 
Eq. (4-41a), we may write 


V 



J_ 

n dVx Vir 


(4-44) 


Expressions identical to Eq. (4-44) except for a change in the 
subscripts give the distributions of the y- and ^-components of 
velocities. The right side of Eq. (4-44) is a function of the ratio 
F*/co, and so this ratio has been used for the absicissa, and the 
value of the function, p(Vx/cq), for the ordinate in the general 



distribution curve shown in Fig. 4-7. This curve is symmetrical 
around the ordinate axis, for positive and negative components 
of velocity occur in equal numbers. Furthermore, the most 
probable velocity component is zero, as shown by the maximum 
ordinate of the curve. 

If we refer to Fig. 4-55, we can visualize the number of molecules 
having components in dVx by imagining a differential slab dVx 
thick with its faces perpendicular to the a;-axis. Then, driv:, will 
be the number of vectors whose tips end in the differential slab, 
for all these vectors will have a:-components in the range dVx- 
If this slab is taken at the origin, it will include more vector tips 
than if it is taken at any other value of 

Direct tests of the distribution of the velocities of the molecules 
have been obtained^ in connection with experiments on molecular 
beams, and the results agree satisfactorily with the theory. 
Other experiments show^ that a Maxwellian distribution of 

^ General reference 4-3, pp. 113-138. 
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velocities is found among the electrons thermionically emitted 
from a hot body. Tests with probe electrodes (see Sec. 10-6) 
show that this distribution is also found among the electrons in 
some of the regions in a low-pressure discharge or glow discharge, 
for example, in the Faraday dark space and in the luminous 
positive column. Where the electric field is strong, there are 
departures from the Maxwellian distribution, although in some 
instances the experimental results show that the electrons 
are distributed according to two superimposed Maxwellian 
distributions. 

The knowledge we have gained of the distribution of the com¬ 
ponents of velocity will become useful when we consider the 
numbers of particles that collide with a surface. Another 
application will arise when we calculate the rate of escape of 
electrons from heated filaments, i.e., in connection with the 
theory of thermionic emission of electrons. 

4-11. The Root-mean-square and Arithmetical Average 
Speeds. —The distribution of the speeds of the molecules having 
been determined, it is important to inquire as to the meaning of 
the average speed C used in the simple derivation for the pressure 
given in Sec. 4-4. Since the pressure exerted by a gas on the 
walls of its container is simply the average force per unit area 
exerted on the walls by the impacts of molecules having different 
speeds, it is not difficult to see^ that the speed in Eq. (4-7) is 
the average of the squares of the speeds of the molecules. In 
short, C is the root-mean-square speed (r.m.s. speed). To cal¬ 
culate the r.m.s. ‘speed on the basis of the Maxwellian speed 
distribution, we multiply the square of the speed V by the number 
of molecules having speeds in dVy integrate so as to include the 
total number of molecules, divide by the total number of mole¬ 
cules, and take the square root, as follows 


C = 


JE 


duv 


(4-45) 


^ See general reference 4-1, pp. 8-10. 

* This formula is analogous to the expression for the r.m.s. value of an 
alternating current of period Ti, namely, = Vjo ' Although 

the i* term in this expression is weighted in the averaging process by the 
factor di\ in Eq. (4-45) the V* term is weighted by the number dnr, which 
is itself a function of V. 
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We substitute for dnr its value given by Eq. (4-42) and obtain 


Ucq r“F^ 

the expression for 
, /4co^ r» 


c «’dF 


If we let F/co = w, the expression for C reduces to the following: 


dw 


The definite integral has the value ^ f therefore, 

C = VIco = 1.225C0 (4-46) 

This shows that' the r.m.s. speed is 22.5 per cent higher than the 
most probable speed. 

The arithmetical average speedy designated by the symbol c, is 
useful in some types of calculations. It is found by multiplying 
the speed V by the number of molecules in dF, integrating 
over all the molecules, and then dividing by the total number of 
molecules, as follows: 

00 

c = - (4-47) 


In effect the integration consists in adding the speeds of all the 
molecules; hence, dividing by the total number gives the arith¬ 
metical average speed. Upon substituting for dnv from Eq. 
(4-42), we find 






If we again let F/co = Wj this equation reduces to 



dw 


The value* of the definite integral is therefore, we obtain the 
result 

c = -4=c« = 1.129cfl (4-48) 

VTT 

^ General reference 4-3, p. 654. Also B. O. Pierce, Short Table of Inte- 
grals,'" 2d ed.. Formula (494), Ginn and Company, Boston, 1910. 

* General reference 4-3, p. 654. Also, B. 0. Pierce, op, ci(., Formula 
(481). 
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This shows that the arithmetical average speed is greater than the 
most probable speed but less than the r.m.s. speed. From Eqs. 
(4-46) and (4-48), we obtain the relation 

c = ^ C = 0.92C (4-49) 

Since the speed C of Secs. 4-4 and 4-6 has been identified as the 
r.m.s. speed, we can derive a useful formula relating the most 
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Fig. 4-8.—Distribution of speeds for argon. 

probable speed to the temperature and the kind of gas. We had 
the relation 

c = 1 ^ (4-17) 

\ m 

We recall that A: is the Boltzmann constant and m is the mass of a 
single molecule. Upon eliminating C between Eqs. (4-46) and 
(4-17), we find * 

This last expression is important because the value of Co must be 
known before the velocity distribution laws can be applied to a 
numerical problem. Thus, Eq. (4-50) is needed in addition to 
Eqs. (4-41) and (4-42) to describe completely the distribution of 
the velocities of the molecules of a gas at any given temperature. 

The curves shown in Fig. 4-8 have been drawn to illustrate the 
values of the various average speeds in relation to the distribution 
of speeds. These curves for argon gas at two different tempera¬ 
tures give the value of Any as a function of the speed V for the 
chosen value of AV of 0.01 m./sec., the value of n having been 
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taken as 100 million (10^). The curves were obtained by cal¬ 
culating Co for one of the givvAi temperatures and then obtaining 
Auv from Fig. 4-6 by the method employed in Sec. 4-10, repeating 
the process for the othcn- temperature. Figure 4-8 not only 
shows the relative values of the most probable, arithmetical 
average, and r.m.s. speeds at the two temperatures but also 
shows that as the temperature increases the height of the curve 
decreases. This is to be expected for this type of distribution 
curve, since the same number of molecules is distributed through 
a wider speed range than before. 

4-12. Free Paths of Molecules and Electrons. —In the dis¬ 
cussions of molecular motions in the preceding sections the 
molecules were thought of as small solid spheres which move 
in straight-line paths through space during the intervals between 
elastic impacts with other molecules or the walls. The actual 
molecules are known to hav(‘ a much more complex structure 
than we have assumc'd thus far. The modcu’n view is that an 
atom consists of a massive, positively charged nucleus surrounded 
by a sufficient numb('r of electrons so that the atom as a whole is 
electrically neutral. The electrons are conceived to move in 
circular or elliptical paths about the nucleus. The nucleus and 
the electrons arc each of relatively small dimensions compared 
with the atomic diameter. Experimc^ntal evidence and theo¬ 
retical calculations indicate tlu^ diameters of the nucleus and the 
electrons to be of the ordei- of cm., and the diameterof 
the atom is roughly 100,000 tinnss as gre^at, or of the order of 
10“^ cm. Thus, the volume occupied by the atom consists 
mainly of free space, and questions regarding the shape and size 
of atoms or molecules cannot be answered very definitely without 
a knowledge of the positions or paths of the electrons and nuclei 
that make up the molecule. When two neutral molecules 
approach one another within one or two molecular diameters, 
their systems of charges experience repulsive forces, probably 
electrostatic in nature, which increase very rapidly as the dis¬ 
tance between the two molecules decreases. Thus a collision 
between two molecules is actually a deflection of their paths 
caused by electrical forces acting between them, and the terms 
‘^collision” and ^^molecular diameter^^ have no precise meanings 
without careful definition. For the purposes of the following 
discussion, however, we retain the simpler picture of the perfectly 
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elastic spherical molecule and adhere to the assumptions listed 
in Sec. 4-3. The relations obtained by considering this idealized 
molecule must be regarded as approximate for the actual 
molecules. 

The distance that a molecule moves between successive 
impacts is called a free path. The preceding discussions of the 
motions of the molecules lead us to conclude that a molecule may 
have a free path that is very short or even zero, such as is experi¬ 
enced by molecule B in Fig. 4-3 after its impact with molecule A; 
or it may have a free path as long as, say 100,000 molecular 
diameters. If a molecule were singled out and the projection of 
its path on a plane were mapped for a period of time involving 
several collisions, the resulting figure might appear as in Fig. 4-9. 



This figure also illustrates the wide variation in the lengths of 
the free paths that is possible. The average length of the free 
paths, averaged over a large number of paths, is called the mean 
free path of the molecule. It is to be expected that the mean free 
path will be less for large molecules than for small molecules and 
that it will be less as the molecular concentration increases, for 
both factors increase the likelihood of collisions. 

An estimate of the effect of these two factors on the mean 
free path can easily be made. Assume that all but one of the 
molecules are fixed in space and that the moving molecule has the 
speed c. This molecule will travel a zigzag path between 
impacts as seen in Fig. 4-lOa. In Fig. 4-106 the zigzag path of 
the center of ttie moving molecule has been straightened out and 
is represented by the line 00', which is taken as c m. in length, i.e., 
the distance traveled in 1 sec. It is proposed to calculate the 
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probable number of collisions experienced by the molecule in 
traveling the distance c m. by calculating the average number 
of molecules that would be near enough to the path of the moving 
molecule to cause a collision. From Fig. 4-106, it is clear that the 
molecules whose centers are closer than a to the line 00' would 
be struck by the moving molecule, where <r designates the 
diameter of the molecules. All the molecules whose centers lie 
within the outer circular cylinder shown in Fig. 4-106 would thus 
cause collisions. The number of molecules in this cylinder is the 
molecular concentration N multiplied by the volume of the 
cylinder, which is t<t^c ; the result is ira^Nc, The average distance 
between impact^ (mean free path) will be the distance traveled c, 
divided by the number of impacts, which was just computed to 
be iraWc. Designating the mean free path by the symbol X, we 
then have 

X _ C X _ 1 

This simple derivation has given the correct variation of the mean 
free path with molecular concentration and molecular diameter, 
but the assumption of stationary molecules leads to a numerical 
coefficient that is incorrect for an actual gas in which the mole¬ 
cules are in motion. 

When the molecules are moving, a given molecule has more 
impacts per second than the number calculated above. This is 
shown by the following value of the number of collisions per 
second, Z, calculated^ on the basis of the Maxwellian distribution 
of velocities: 

Z = (4-51) 

This quantity is often called the collision frequency. Since the 
mean free path is the average velocity c divided by the collision 
frequency Z, we find 

X = ——- (4-52) 

V27r<rW 

This equation states that the mean free path is inversely pro¬ 
portional to the cross-sectional area of the molecule and also 
inversely proportional to the molecular concentration. 

If the effective diameter of a molecule is known, its mean free 
path may be calculated by Eq. (4-52); or, conversely, if the mean 

^ General reference 4-2, p. 37. 
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frefe path is known, its diameter may be calculated. To find the 
order of magnitude of the mean free path of molecules under 
standard conditions, let us assume a molecular diameter of 
3 X 10~^° m. and calculate X by means of Eq. (4-52). We find as 
a result that X = 0.925 X 10"“^ m. This is a very short distance; 
but when it is compared with the molecular diameter, we find 
that X is over 300 times the molecular diameter. The mean free 
path can also be compared with the average distance between 
the molecules, as follows: Each molecule may be considered to 
occupy, on the average, a volume of 1/iV cu. m. wliich can be 
represented by a cube having an edge 1/A^^ m. in length. This 
distance may also be taken to be the approximate average dis¬ 
tance between molecules. Under standard conditions, this 
distance works out to be 3.34 X 10“^ m., and therefore the mean 
free path of the molecule considered above is nearly 28 times 
the average distance between the molecules. This shows that 
the two free paths illustrated in Fig. 4-lOa are relatively short 
compared with the particular mean free path under discussion. 

If the molecular concentration in Eq. (4-52) is replaced by its 
value given by p]q. (4-12), we obtain an expression that shows 
how changes in temperature and pressure affect the mean free 
path, namely, 


X = 


RT 

\/2 Tra^iVoP 


(4-53) 


Thus, the mean free path is proportional to the absolute tempera¬ 
ture if the pressure remains constant and inversely proportional 
to the pressure if the temperature remains constant. For 
example, if the mean free path of the molecule considered in the 
foregoing paragraph is to be calculated at the low pressure of, 
say 10~® atm. (7.6 X 10“^ mm. Hg), the result would be 10® times 
the previous value, or 9.25 m. Under high-vacuum conditions, 
therefore, the mean free path of the particles of the gas may 
greatly exceed the dimensions of the apparatus that contains the 
gas. Collisions with walls and electrodes will thus be much more 
frequent than collisions between molecules. 

The numerical value of the m^an free path of a gas is usually 
obtained from experimental tests of some physical property of 
the gas that depends on the mean free path of its molecules. 
For example, the viscosity coefficient 77 of a gas calculated on the 
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basis of the motions of the molecules is given by the formula^ ‘ 

71 = bp^ (4-54) 

Here 5 is a numerical coefficient that is known from the theory 
of the viscosity on the basis of which Eq. (4-54) was derived 
and p is the density of the gas. Experimental measurements of 
17 , therefore, yield values of the mean free path X, for the density 
p and the mean velocity c are known. The values of the mean 
free paths for various gases listed in Appendix III were obtained 
in this manner. These values are used as a basis for computing 
the mean free path under pressures and temperatures other than 
the reference values given in the table. A convenient formula 
for this purpose may be derived by letting Xo, po, and To be the 
mean free path, pressure, and temperature under one set of 
conditions and Xi, pi, and Ti be the corresponding values under 
another set of conditions, and then calculating the ratio Xi/Xo by 
means of Eq. (4-53), thus obtaining 


^ _ 'F iPp 
Xo ToPi 


(4-55) 


When dealing with gaseous discharges, we shall be concerned 
with the free paths of the free electrons. An electron can 
approach more closely to a neutral molecule, before the repulsive 
forces between the two are large enough to cause deviations in 
their paths, than a molecule can. Some experiments even 
indicate that high-speed electrons can pass through a molecule. 
However, we shall assume that an electron is deflected from a 
molecule as if a collision occurred between elastic spheres and 
shall assume that the electron radius is negligible compared with 
the radius of the molecule. To calculate the mean free path 
of an electron immersed in a gas, we imagine that a single electron 
is projected into a gas in which the molecules are stationary, 
just as in the preliminary calculation of the mean free path of a 
molecule. Since the center of the electron is considered to be 
deflected from the surface of the molecules, we see that the outer 
cylinder in Fig. 4-106 would now shrink to the same size as the 
inner cylinder; z.e., it will have a radius of only <t/ 2. Following 
the same line of reasoning as before, we find that the mean free 

1 General reference 4-3, pp. 207, 214-216. 
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path of the electron X« calculated on this basis is given by the 
expression 

This applies to the condition where a small percentage of free 
electrons is mixed with a gas of molecular diameter a and of 
concentration N, In the derivation for the mean free path of the 
gas molecules a factor of 1/was introduced to take account of 
the motions of the molecules. As we have already seen (Sec. 
4-7), the thermal velocities of electrons in equilibrium with gas 
molecules are relatively high. As a consequence, Eq. (4-56) 
needs no correction for the motions of the molecules. 

By comparing Eqs. (4-56) and (4-52), we see that 

Xe = 4 V2 X (4-57) 

That is, the mean free path of an electron is 4 y/2 times the mean 
free path of the molecules of the gas in which the electron is 
immersed. 

An illustration of the application of Eq. (4-57) occurs in the solution of 
the following problem: A high-vacuum cathode-ray tube is 0.3 m. long from 
cathode to screen, and it is desired that the mean free path of the electrons 
in the tube shall be at least 3 m. so that only a small number of electrons will 
have collisions with gas molecules. What pressure is permissible in the tube, 
if the residual gas is assumed to be nitrogen? The permissible mean free 
path of the nitrogen molecules is, by Eq. (4-57), equal to 0.53 m. From the 
table in Appendix III, we find that X for nitrogen at po = 1 atm. and 
To = 273®K. is 5.^ X 10”« m. If we assume that the cathode-ray tube 
works at a temperature of 300°K., we can use Eq. (4-55) to find that the 
pressure p should be no higher than 0.124 X lO”® atm. (0.94 X lO”® mm. Hg). 

4-13. Law of Distribution of Free Paths.—A knowledge of 
the mean free path of the ions in a discharge is often helpful 
toward gaining an understanding of the behavior of the discharge, 
but a more detailed study of the lengths of the free paths is some¬ 
times necessary. The picture of the chaotic motions of the 
molecules discussed in connection with the distribution of the 
speeds of the molecules suggests that there will also be a wide 
range of distribution of the freerpath lengths. The length of a 
free path is entirely dependent on the chance that the molecule^s 
free flight will be interrupted by a collision. The law of dis¬ 
tribution of the free paths will now be derived by applying the 
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laws of chance to the free-path lengths of a large number of 
molecules. 

Let us consider a large number no of molecules each of which 
is setting out on a free path just after having had a collision. 
Let the distance along each path be represented by x, and let n 
represent the number of molecules that have rpot yet had a collision 
at the end of a path of length x. That is, n is the number of 
molecules whose free paths exceed the distance x. Furthermore, 
let dn be the increase in n in the incremental distance dx. We 
realize that dn will be numerically equal to the number of 
molecules that have collisions in the distance dx but that it will 
be a negative quantity because n is decreasing. Under condi¬ 
tions of random motions of the molecules the number dn should 
be proportional to n, because a collision is equally likely for each 
of the molecules and n have not experienced a collision in the 
distance dx. The number dn should also be proportional to the 
distance dx; therefore, we can write 

dn = —cn dx (4-58) 

Here c is a proportionality constant whose value is still to be 
determined. We rearrange Eq. (4-58) to obtain the following 
form 

— = -cdx (4-59) 

n 

Upon integrating this relation, we obtain the result that 

n = fce-"* (4-60) 

In this relation, k is an integration constant that must be deter¬ 
mined from the physical conditions of the problem. This is 
accomplished by considering that, at x = 0, n = no, the total 
number of molecules being considered; therefore, k = no, and 
Eq. (4-60) reduces to 

n = noe""®* (4-61) 

The constant c may be calculated in terms of the mean free 
path X as follows: We formulate the expression for the mean free 
path as the sum of all the free-path lengths divided by the total 
number of paths no, obtaining the expression 

no 


(4-62) 
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In this expression, — c?n is a positive quantity because of the 
way n was previously defined. From Eq. (4-61), we have 
dn = —cnoe“®^ dx; therefore, 

^ ~ Jo 

Upon evaluating the integral, we find that 

X = i (4-63) 


Consequently, the constant c in Eq. (4-61) can be replaced by 
1/X, and we have 

n = noc ^ (4-64) 

This equation states that the number of free paths that exceed a 
distance x varies as an exponential function of x. The ratio of 
10 n to no may be plotted as a func- 

0.6 X_tion of the ratio x/X, as seen in 

ji 0.6-Fig. 4-11. 

0.4 —\-Equation (4-64) and Fig. 4-11 

0.2--show that only 36.8 per cent of 

0 L-the free paths exceed the mean 

^ ^ X ^ ^ ^ free path. Furthermore, the 

Fio. 4-ii.-The fraJon of the free Percentage drops rapidly as 

paths that exceed the distance x, in longer paths are consideredj 

terms of x/x. ‘ example, only 0.67 per cent 

of the paths exqeed five times the mean free path. 

If we are interested in the number of free paths that end in 
the range dx, we make use of the known variation of the number 
n of free paths that exceed the distance x with x [Eq. (4-64)], as 
follows: Since n is a decreasing function of x, dn/dx is negative, 
and we must take the absolute value of the differential of Eq. 
(4-64) to find the number of free paths that end in dx; we thus find 


Fig. 4-11,—The fraction of the free 
paths that exceed the distance x, in 
terms of x/\. 


\dn\ = ^e- 


(4-66) 


If Eq. (4-65) is rearranged to give the usual form for a distribu¬ 
tion function [see Eq. (4-24)], we should write 

no X 


(4-66) 
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This equation, therefore, expresses the fractional number of free 
paths that have lengths in the range dx. 

Although the deductions concerning the distribution of free 
paths have been based on the motions of a large number of 
molecules, the results would be expected to apply to the dis¬ 
tribution of the free paths of a single molecule, provided that a 
large number of successive free paths are considered. This 
follows from the fact that all the molecules are identical; and if 
enough free paths are considered, it makes no difference whether 
these free paths are the free paths of one molecule or of many 
molecules. 

The development of means of generating beams of electrons or 
of ions, such as were discussed in Chap. Ill, has made possible 
a direct experimental observa- 
tion of the free paths of these g 
particles. In general, the meth- 0-^ 
od consists in projecting the beam q 3 
of ions into a chamber contain- q. 
ing gas at a reduced pressure and 
then testing for the decrease in 
the number of ions remaining in 
the beam along the length of 
the beam. The ions are deflected 
out of the beam at the end of 
their free paths, and the number 
of ions per unit length remaining in the beam should decrease as an 
exponential function of the distance, in accordance with the 
results of the analysis at the beginning of this section. This 
expectation is fulfilled in the experiments. However, the rate 
of decrease of the number of ions in the beam is observed to 
depend on the velocities of the ions. In other words, the mean 
free path is observed to depend on the velocities of the ions. 
The relative magnitude of the variation in the mean free paths 
obtained by this method is shown in Fig. 4-12, which shows how 
the mean free paths of lithium, potassium, and cesium ions 
moving in neon gas depend on the initial energy of the ions 
in the beam. These curves have been adapted from the results 
of Ramsauer and Beeck.^ The short lines at the right of the 
figure give the so-called kinetic-theory values of the mean free 
^ Ann. Physikj 87, 18, 1928. 
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Fig. 4-12.—Mean free paths of 
alkali ions projected into neon. 
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paths, i.e., the values based on viscosity measurements. As 
seen from the figure, there is fair agreement between the kinetic- 
theory values and the experimental values for the higher speeds 
of the ions, but the agreement is poorer for the lower speeds. 

Similar results for the experimental values of the mean free 
paths of electrons, together with the kinetic-theory values, are 
shown in Fig. 4-13. These curves show that the slow electrons 
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Fig. 4-13.—Mean free paths of electrons in various gases. {Based on data of 
Ramsauer; Ramaauer and Kollath; and Bmche. See Landolt-Bornstein Tabellen, 
6 Auflage, Zweiter Erg., Erater Teil, pp. 70-72.) 

have abnormally long path lengths in the inert gases but that the 
faster electrons behave more nearly according to the expectations 
of the theory. 

The differences between theory and experiment shown in 
Figs. 4-12 and 4-13 will not be wondered at if one considers the 



Fig. 4-14. 


complex nature of the actual 
collision process. We must 
therefore consider the theory as 
only an approximate one, but 
one that is nevertheless very 
useful as an aid in visualizing 
the conditions in discharges 
and in making order-of-mag¬ 
nitude calculations dealing with 


the motions of ions and electrons in discharges. 


4-14. Calculation of the Number of Molecules Crossing a 
Plane Surface.^—Though we have considered the energies, 
speeds, and free paths of the molecules, we have not yet con¬ 
sidered how many molecules cross a plane surface in the gas in 
umt time. This information is useful in the study of evaporation 


^ General reference 4-4, p. 17. 
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and adsorption phenomena and will be used in the calculation 
of currents collected by probes in highly ionized regions. 

Let us calculate the number of molecules that strike unit area 
A BCD taken in the 2 /z-plane as shown in Fig. 4-14. We may 
imagine that this area is located anywhere in the gas space; 
then we specify that we shall count only the molecules moving 
from right to left through the surface and disregard those moving 
in the opposite direction. Under equilibrium conditions, there 
will be equal numbers crossing the surface in both directions. 
If the area A BCD is thought of as a portion of the boundary of 
the gas, then the number to be calculated will represent the 
number of molecules striking a unit area of the boundary per 
second. 

If we resolve the velocity vector F of a single molecule into its 

y-j and z-components, we see that it is only the a:-component 
which will bring the molecule toward the surface ABCD in the 
2 /z-plane. To take account of the distribution of^the velocities, 
we consider the molecules having x-components in the range from 
Vx to Vx + dVx- Now we see that all the molecules in the 
cylinder Vx long erected on ABCD as a base which have velocities 
in the range F* to F* + dF* will cross the ^z-plane in 1 sec. For 
example, a molecule starting from the right end of the cylinder 
with a velocity Vx will just reach the surface ABCD at the end 
of 1 sec., on the assumption that its y- and z-components of 
velocity were zero and that it suffered no collisions on the way. 
Actually, collisions do occur, and the molecules have y- and z-com- 
ponents of velocity. These may, however, be disregarded, since 
there are as many molecules of a certain velocity entering the 
cylinder from neighboring regions as are leaving the cylinder at 
any given instant. 

Considering now the total number of molecules in the cylinder, 
we let the number per unit volume be N ; and since the volume 
of the cylinder is F*, the total number of molecules is iVF*. 
Then, in Eq. (4-41), which gives the distribution of the velocity 
components, we replace n by AFo; to get the following expression 
for the number of molecules that have x-components of velocity 
between F* and F» + dF»: 


dnr, = 


NVx 

Vtt Co 


e dVx 


(4-67) 
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This number is also the number of molecules in this velocity 
range that reach the base A BCD in 1 sec. To find the total 
number of molecules that cross the base per second, all that is 
necessary is to integrate over all possible velocities. Thus rj, 
the number crossing unit area per second, is 


V = 



NV. 

\/ir Co 


-Zfl 

e dF. 


Upon evaluating the integral, it is found that this number is 

Nco 


’ 2 

But Co = c; so rj may be expressed as 


V = 


Nc 


(4-68) 


(4-69) 


Thus this formula shows that the number of molecules which 
cross a unit area per second is equal to the number of molecules 
contained in a rectangular volume of the gas having a unit cross 
section and a length one-fourth the arithmetical average speed 
of the molecules. 

4-16. Evaporation of Electrons from Metals, or Thermionic 
Emission.—The phenomenon of thermionic emission of electrons 
from hot metals is accounted for in a general way as follows: The 
free electrons within the metal are conceived to have velocities of 
thermal agitatic&i that depend on the temperature of the metal. 
The electrons that move outward through the surface of the 
metal and start to leave the surface experience attractive forces 
that tend to return them to the interior. The attractive force 
is mainly the electrostatic image force due to the charge of the 
electron itself. This surface attractive force is sufficiently 
large so that at ordinary temperatures the electrons are unable 
to leave the metal. As the temperature of the metal is raised 
the velocities and energies of the free electrons are increased 
until a portion of the electrons that arrive at the metal surface 
from within are able to overcome the surface force and escape. 

Richardson^ applied the molecular theory of gases to the prob¬ 
lem of thermionic einission of electrons as early as 1901. His 

^Proc, Cambridge Phil. Soc.f 11, 286, 1901. 
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classical derivation is included here as an introduction to the 
subject, even though the resulting formula does not agree in 
detail with the modern theory. Richardson assumed that the 
perfect-gas laws may be applied to the free electrons in the metal 
and furthermore that the electrons are in thermal equilibrium 
with the metal and have a Maxwellian distribution of velocities. 
The surface attractive force is directed perpendicularly to the 
surface and is large at points very close to the surface but falls 
oflF rapidly with the distance. The electron that leaves the 
surface must give up part of its kinetic energy to overcome the 
attractive forces. This amount of energy is characteristic of 
the metal; it is called the work function of the metal and is repre¬ 
sented by the letter W when expressed in joules. It is clear that 
only those electrons arriving at the surface of the metal with a 
component of velocity normal to the surface greater than a 
definite value will be able to escape. This value of velocity is 
easily expressed in terms of the work function; for if we take the 
x-axis perpendicular to the surface of the metal, then those elec¬ 
trons escape for which 

> W (4-70) 


Here, m is the mass of the electron and Vx is its normal com¬ 
ponent of velocity when it reaches the surface. We let AT desig¬ 
nate the concentration of free electrons in the metal. We next 
apply Eq. (4-67) to give the number of electrons that arrive at 
the surface with x-components of velocity in the range from Vx 
to F* + dVx per second. 


driK, 


NVx 

a/t Co 


-If! 

e dVx 


(4-67) 


According to the inequality (4-70) only those electrons having 
values of Vx equal to or greater than \/2WJm will escape. If 
we let ry denote the number that escape per unit area per second, 
then we can find ry by integrating Eq. (4-67) from the critical 
velocity up to infinity. 
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(4-71) 
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The most probable speed co is characteristic of the temperature 
of the metal and according to Eq. (4-50) has the value \/2fc7’/m. 
Upon introducing the value of co into Eq. (4-71), we find 

The current density J carried by the emitted electrons is obtained 
at once by multiplying the number emitted per unit area per 
second by the electronic charge. Thus, 

J = nq. = Nq. Th~^ (4-73) 

Equation (4-73) may be written in the following form to eriipha- 
size the variation of the current density with the temperature: 

_ b 

J = aT^e ^ (4-74) 

Here a and b are considered to be constants for a given metal, 
since N and W in Eq. (4-73) are usually assumed to be inde¬ 
pendent of the temperature. Because of the predominant 
influence of the exponential factor on the variation of the current 
density with the temperature, Eq. (4-74) agrees fairly well with 
thermionic-emission experiments. However, more recent theories 
have shown that the factor should be modified. The modem 
theory will be discussed in connection with the detailed study of 
thermionic emission (Secs. 6-2 and 6-3). 

Problems 

1. If a quantity of neon gas weighing 0.02 kg. is confined in a volume of 
0.0012 cu. m. at a temperature of 50°C., what will be the pressure of the 
gas? Express the result in atmospheres and in millimeters of mercury. 

2. What mass of gas would be required to fill a neon sign tube to a pres¬ 
sure of 8 mm. Hg at a temperature of 25°C. if the tube has a cross section of 
40 sq. mm. and a length of 2 m.? 

3. Helium gas has a density of 0.1785 kg./cu. m. at normal atmospheric 
pressure and at a temperature of 0°C. What is the r.m.s. average velocity 
of the helium atoms under these conditions? 

4. (a) Calculate the r.m.s. velocity at a temperature of 1000®K. of the 
particles of each of the following gases.on the assumption that they obey the 
laws of perfect gases: H 2 , N 2 , Hg, and a gas consisting solely of electrons. 
(6) What is the average energy of each particle? Express in electron volts.- 

5. A liter flask contains 32 g. of O 2 . What is the molecular concentra¬ 
tion in the flask? 
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6 . (a) Calculate the molecular concentration of nitrogen gas under a 

pressure of 10“® mm. Hg and at a temperature of 80°C. (6) Under the 

conditions of part a, what is the average volume containing one molecule? 
(c) Would the results in a and b be altered if a different gas were used? 

7. Assume that 0.4 g. of He and 1.4 g. of N 2 are mixed in a discharge tube 
having a volume of 10 liters. If the temperature is 27°C., what is the 
pressure exerted by the mixture? 

8. Prove that Co is the most probable speed of the molecules when the 
distribution of speeds is given by Eq. (4-42). 

9. Consider 10 million nitrogen molecules confined in a volume and 

maintained at a temperature of 227°C. (a) Find the approximate number 

of these molecules that have speeds in the range from 599 to 601 m./sec. 
(5) Find the approximate number of the molecules that have x-components 
of velocity between 4-599 and 4601 m./sec. 

10. What is the ratio of the number of molecules in a small range of speeds 
dV taken at a speed of 2co to the number of molecules in the same range 
taken at co, on the assumption that a Maxwellian distribution exists? 

11. What fraction of the molecules in a given quantity of gas will have 
positive x-components of velocity greater than 2co at a given instant? 
Hint: The solution can be made to depend on the probability integral, 
tabulated values of which may be found in Short Table of Integrals,'' 
B. O. Pierce. 

12. (a) Calculate the mean free paths of the molecules of each of the 
gases H 2 , N 2 , and CO 2 , if the temperature is 100®C., the pressure is 10"* mm. 
Hg, and the mean free paths have the values given in Appendix III under 
standard conditions. (6) What would be the mean free path of electrons 
in each of the gases in part a? 

13. (a) The mean free path of the molecules of a certain gas at a tem¬ 
perature of 25°C. is 2.63 X 10“* m. If the radius of the molecule is 
2.56 X 10“^® m., find the pressure of the gas in millimeters of mercury. 
(b) Calculate the number of collisions per meter of path made by the mole¬ 
cule in part a. 

14. Under certain conditions the molecules in a container have a mean 
free path of 2 mm. (a) What proportion of the given number of molecules 
will be traveling, at any instant, on paths longer than 20 mm.? (b) What 
proportion of the molecules will be traveling on paths in the range from 
10 to 12 mm.? 

16. If the mean free path of electrons in oxygen under standard condi¬ 
tions is 51 X 10“® m., to how high a vacuum would one have to go in order 
that 90 per cent of the electrons emitted from an electron gun would strike 
a screen 0.15 m. away without making collisions with the oxygen molecules? 

16. A cube measuring 0.1 m. on an edge contains N 2 gas under standard 
conditions of temperature and pressure. What will be the ratio of the 
number of molecules striking 1 sq. cm. of one wall per second to the total 
number of molecules in the cube? 

17. Starting with Eq. (4-41), show that the average energy associated 
with one component of velocity is jkT per molecule. 
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18. Show that the average energy, associated with the velocity com¬ 
ponents normal to a surface, of the molecules passing through this surface 
is kT per molecule. Why is this result different from that in Prob. 17? 

19. Calculate the ratio of the number of electrons that escape from a metal 
surface to the number that arrive at the surface from the interior if the 
temperature of the metal is 2500°K. and its work function is 7.2 X 10”^® joule 
and if it is assumed that the electrons in the metal act as a perfect gas. 
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CHAPTER V 

CONDUCTION PROCESSES 


6-1. Conductivity in the Normal State.—From the discussion 
in Chap. I, it is evident that when a gas exhibits conductivity it 
must possess a number of free charge carriers. These charge 
carriers can be either electrons or ionized molecules of the gas. 
The production of these ions from neutral atoms or molecules, 
however, requires a definite amount of work or energy; and, since 
any dynamical system tends to exist in that state for which the 
potential energy is lowest, the free electrons and ionized molecules 
will soon disappear.. The various possible processes by means of 
which the ionization appears or disappears will be mentioned in 
the following sections and discussed in more detail in later sec¬ 
tions. For the present, it should be sufficient to state that the 
average life of any particular charge carrier is very short. In 
the absence, then, of some process that continually replenishes 
the supply of free ions, the gas quickly loses all its conductivity. 

We should expect that in the normal state all gases, even the 
vapors of metals, would be nonconductors. Tliis is not strictly 
true, for even under the most favorable conditions all gases con¬ 
duct electricity to some extent. Although this conductivity 
has been attributed to leakage over insulators, dust particles in 
the gas, and moisture in the gas, careful experiments have 
definitely shown that there is an appreciable leak through the 
gas. 

Evidently some processes for the production of ionization are 
active at all times, regardless of the conditions under which the 
measurements are made. Tests under every kind of condition 
have always revealed this conductivity to a greater or less degree. 
The generally accepted opinion now is that this conductivity is 
produced by two causes which are practically impossible to 
eliminate. One cause is cosmic rays falling on the earth from 
interstellar space. The other is the disintegration of minute 
quantities of radioactive substances either in the current-meas- 
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uring device itself or in other solids near by. The natural 
conductivity produced by these agents is very small indeed. 
For example, in some cases the observed conductivity can be 
completely explained as due to the radiations produced by the 
disintegration of as few as 10 or 20 radioactive atoms per 100 
sq. cm. of surface area per hour. This slight amount of ioniza¬ 
tion is sufficient, however, to initiate the breakdown of a sphere 
gap when the voltage across the gap is high enough. Without 
this ionization, breakdown would not occur except at extremely 
high voltages. Since clean, dry air has a resistivity of approxi¬ 
mately 10^® ohm-cm., which is about the same as the resistivity of 
sulphur, we can, for all practical purposes, consider gases in the 
normal state as insulators. 

6-2. Ionizing and Deionizing Agents.—Sfnee all gases nor¬ 
mally are insulators, it is obvious that when a gas becomes a 
good conductor, as it very often does, certain processes must be 
taking place that alter the amount of ionization present. Let us 
designate as ionizing agents all those means by which ionization 
can be made to appear in a gas. Conversely, let us call all those 
means by which ionization is made to disappear deionizing 
agents. We see, then, that with a gas in its normal state, as 
described above, the slight conductivity present can be attributed 
to the action of two ionizing agents, namely, cosmic rays and 
natural radioactivity. Under other conditions, other ionizing 
agents may be active—several examples will be discussed below. 
In any particular discharge, we shall always have one or more 
ionizing agents acting, as well as one or more deionizing agents. 
If this were not true, the amount of ionization present in the gas 
would continually increase or decrease. If an equilibrium con¬ 
dition is to be established, in which the net amount of ionization 
present does not change with time, we shall have to have as much 
ionization produced by the ionizing agents as is lost by the action 
of the deionizing agents. 

The more important ionizing and deionizing agents may be 
classified as follows: 

Ionizing Agents: - 

a. Cosmic Rays .—As mentioned above, these rays are con¬ 
tinually falling on the earth from interstellar space. The rays 
possess an enormous amount of energy (enough to penetrate as 
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much as 3,000 ft. of solid rock, in some cases); consequently, 
they very readily ionize the air or gas through which they pass or 
liberate secondary electrons from the solids through which they 
pass. These secondary electrons may, in turn, produce njore 
ionization. 

b. Natural Radioactivity, —All substances are contaminated 
to a very slight extent with some of the heavy naturally radio¬ 
active elements. The amount present in many cases is so minute 
that even the most refined chemical analysis will not reveal its 
presence; yet the fact that high-energy radiations are given off 
from the material is an indication of the presence of radioactive 
elements. It is the radiations given off in the disintegration of 
these elements that produce ionization in the gas. In most 
problems in conduction in gases the ionization produced by this 
means or by cosmic rays is so small in comparison with that 
produced by other agents that it can be completely ignored. 
There are circumstances, however, when no other ionizing agents 
are acting, the initiation of a spark mentioned in the last section, 
for example. Then these ionizing agents may be important. 

c. X Rays, —X ray& produce ionization in a gas in much the 
same way as cosmic rays or the radiations from radioactive 
substances can produce ionization in the gas. Whenever they 
penetrate a gas, they leave behind them an ionized path. The 
amount of ionization produced by any beam of X rays depends 
strongly on the intensity and the energy (or wave length) of 
the X rays. The process involves the conversion of the electro¬ 
magnetic energy of the X-ray beam into the potential and kinetic 
energy of an ionized atom or molecule. In this sense the process 
can be called a gaseous photoelectric effect as distinct from a 
surface photoelectric effect (see h below). 

d. Intense Electric Fields {Ionization by Collision), —This agent 
requires the presence of some auxiliary ion source; but once a 
source of ionization has been obtained, the amount of ionization 
present can be made to increase very rapidly by the application 
of a strong electric field. The mechanism here involves the 
acceleration of the charged particles by means of the electric field 
until they have sufficient energy to produce more ionization in 
colliding with neutral atoips or molecules. These new ions, also, 
can then be accelerated until they, too, produce ionization by 
collision. 
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e. High Temperatures {Thermal Ionization), —If a gas is heated 
to a sufficiently high temperature, the neutral atoms themselves 
may possess enough kinetic energy so that in colliding with one 
another some ionization may be produced. The temperatures 
necessary for this, however, are extremely high, of the order 
of 5000 or 6000®C.; consequently, this form of ionization is 
encountered only under special conditions, for example, in a 
heavy-current arc in a liigh-pressure gas. 

/. Diffusion. —Since the ionization present in a gas is due to 
atoms or molecules themselves being ionized, the charged 
particles will move about in the gas (in the absence of a strong 
electric field) in much the same way as the neutral atoms or 
molecules. Because of their thermal motions the ions can and 
will move into regions of low ionization and will increase the 
conductivity in these regions. Although the process of diffusion 
does not increase the total amount of ionization present, it does 
serve to increase the ionization in local regions, and in this sense 
it is an ionizing agent. Convection currents in the gas can be 
classed as a special type of diffusion process because its action is 
so similar to diffusion in producing ionization in some regions. 
In this process, all the moh'culcs of the gas possess a large com¬ 
ponent of velocity in the same direction, and the gas as a whole 
then seems to move. 

g. FlameSy Chemical Effects^ etc. —It has long been known that 
the gas in the neighborhood of a flame exhibits a very marked 
electrical conduej^ivity. The flame itself thus produces a con¬ 
ducting state in the gas. It is also known that in many chemical 
reactions the gases involved become ionized. Other experiments 
show that air that has been passed over moist phosphorus or that 
has been bubbled through water is also ionized. Any one of 
these processes then could be called an ionizing agent, for its 
presence produces ionization and conductivity in the gas. 

Up to now, all the ionizing agents we have been considering 
are those which can produce ionization throughout the body of 
the gas. There are certain other ionizing agents that are active 
only at surfaces. They are irnportant, nevertheless; for, of 
course, any production of free charges at the boundary of a gas 
will increase the net number of free charges in the gas and con¬ 
sequently its conductivity. In many ways the following ionizing 
agents are more important than any of the preceding—excepting 
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perhaps the electric field—for at least one of these ionizing agents 
is encountered in practically every problem of gaseous conduction. 

h. Photoelectric Emission .—All types of electromagnetic radia¬ 
tion possess a certain definite amount of energy depending upon 
the frequency or wave length of the radiation. When these rays, 
then, strike a surface or even the molecules of a gas, it is possible 
for the electromagnetic energy to be transformed into kinetic 
or potential energy in the molecules. The ability of long-wave- 
length radiation to produce heating is well known, and the ability 
of very short-wave-length (high-frequency) radiation to produce 
ionization in the gas was mentioned above. Light in the visible 
region or close to the visible region also possesses this ability. 
When light shines on some materials, it gives up its energy to 
electrons in the surface and some of these may thus gain a 
sufficient amount of energy to escape. The escape of electrons 
from a surface naturally increases the conductivity of the gas 
space adjacent to the surface. 

i. Thermionic Emission .—It has been found that when metals 
are heated to a sufficiently high temperature, they begin to emit 
electrons. For most metals, this temperature is quite high— 
of the order of 2500®C.—but with some materials it may be as 
low as 1000 or 1200®C. Apparently the effect of the heat is. to 
increase the kinetic energy of free electrons in the 'metal until 
some of them finally possess enough energy to escape from the 
surface. Under some conditions and with special materials, 
it is possible to observe the emission of positive molecular ions 
as well as electrons when heat is applied to a surface. Usually, 
however, the emission consists simply of electrons. 

j. Intense Electric Field {High-field Emission ).—When an 
intense electric field is produced right at the surface of a metal, 
we often find that electron emission takes place. The fields 
necessary for this to occur are very high—of the order of hundreds 
of millions of volts per meter—and consequently emission of this 
sort occurs only under special circumstances. The high electric 
field at the surface of a metal has the effect of reducing the 
amount of work that an electron would have to do in order to 
escape. 

k. Secondary Emission. —High-speed electrons and positive 
molecular ions have the ability to cause the emission of secondary 
electrons from the electrodes or surfaces with which they collide. 
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In some types of discharge, it is easily possible for the insulated 
walls to acquire a large positive charge due to the bombardment 
of high-speed electrons and the emission of large numbers of 
secondary electrons. Here, again, the process is one in which 
internal electrons gain sufficient energy from the incident particles 
to escape from the surface. 

Deionizing Agents: 

a. Electric Field in the Gas. —Just as an electric field can be an 
ionizing agent by moving ions into a region, so it can also be a 
deionizing agent and move ions out of any particular region. 
Any charged particle in an electric field experiences a force, and 
movements of this sort are bound to occur. Ordinarily, one 
might expect the electric field to move as many ions into a given 
region as it moves out; but when the field distribution is very 
nonuniform, the electric field will often cause ions to disappear 
from the regions where the electric intensity is highest, thus 
producing a more nearly uniform field distribution. 

b. Electric Field at Electrodes. —At electrodes in a discharge 
tube, the electric field removes ions from the gas space by 
moving them into the electrodes. When electrons are moved 
into the electrode, they pass directly into the metal; but when 
molecular Tons strike the electrode, they are neutralized and 
return to the gas as neutral atoms or molecules either by extract¬ 
ing an electron from the metal in the case of positive molecular 
ions or by giving up their excess electrons to the electrode in the 
case of negative Imolecular ions. 

c. Diffusion. —This is another process that can serve the dual 
role of either an ionizing or a deionizing agent. As a deionizing 
agent, it is one of the most important, appearing in practically 
every discharge. Wherever there is a region of high ion density, 
the normal thermal motions of the ions will result in a gradual 
decrease in ion density as the ions move out and neutral molecules 
move in. 

d. Recombination in the Gas. —Ions of opposite sign have a 
natural affinity for one another—their mutual electrostatic field 
drawing the;n together. It is not surprising, then, that when 
their thermal movements bring them near enough to each other 
they should tend to be drawn together and recombine. This 
process can occur throughout the ionized gas, and the rate at 
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which it occurs is proportional to the numbers of each kind of ion 
present. As we shall see later, however, recombination occurs 
only when the negative ions are of molecular size. Electrons 
and positive ions rarely recombine, a fact indicating that this 
process is an important deionizing agent only at relatively high 
pressures—j atm. or more—for only at pressures of this order do 
we find an appreciable number of negative molecular ions present 
in the gas. 

e. Recombination at Surfaces .—When surfaces such as bound¬ 
ing walls are in regions of high ionic density, they may accelerate 
deionization. The process essentially is one in which the wall 
acts as a reservoir holding ions of one sign on its surface until 

IONIZING AGENTS 
Thermionic ^ 
emission 


Fig. 5-1 

ions of the other sign have a chance to come up and combine 
with them to form neutral atoms or molecules. Unlike recom¬ 
bination in the gas, this process can go on at any pressure and 
is important at all pressures at which an appreciable number of 
positive ions is obtained. In equilibrium, we shall find equal 
numbers of positive and negative ions (or electrons) coming up 
to the wall and recombining there. 

These, then, are the more important ionizing and deionizing 
agents. In order to see how they might enter the calculations 
for any particular discharge, let us examine a few typical dis¬ 
charges and see which agents would have to be taken into 
consideration. 

Let us consider first an ordinary high-vacuum rectifier or triode 
such as is in every radio set. Here there is but one ionizing 
agent, namely, thermionic emission^ and only one deionizing 
agent—the electric field. Incidentally, the electric field will 
appear as a deionizing agent in every discharge, for it is only by 
applying an electric field that we can measure a current. In 
this case, we might represent conditions as in Fig. 6-1. 

If we now allow a little gas in the tube, the situation is altered 
considerably. This situation, which is encountered in tubes like 
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the 866 or in any thyratron, is represented in Fig. 5-2. Here 
we find two principal ionizing agents, namely, thermionic emission 
and the electric fields the latter producing ionization by collision. 
The deionizing agents are the electric field, as before, and, in 
addition, diffusion which causes ions to move out from the space 
between the electrodes and recombine on the walls. Hence, 
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Fio. 5-2.—Gas-filled rectifier. 


recombination on walls is also a deionizing agent. One might ask 
why diffusion and recombination on walls are not important in 
the case of the high-vacuum rectifier, also. It is true that 
initially some diffusion takes place to the walls; but since the 
number of positive ions present in this tube is insignificant, no 
recombination occurs at the walls, and the walls soon charge up 
to a high enough negative potential effectively to stop all further 
diffusion toward the walls. 
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Fio. 5-3.—High-vacuum phototube. 

Figure 5-3 represents the case of a high-vacuum phototube. 
The situation here is essentially the same as in the high-vacuum 
rectifier except that instead of thermionic emission as the ionizing 
agent we have photoelectric emission. As before, the electric 
field is the only deionizing agent. 

The gas-filled phototube (Fig. 5-4) is analogous to the gas- 
filled rectifier; for here, also, we have ionization by collision due 
to the electric field in addition to the primary photoelectric 
emission. The deionizing agents are exactly the same, namely, 
diffusion in the gas, recombination on the walls, and the electric 
field at the electrode moving ions out of the gas space. 
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The case of a neon sign is only slightly different. In Fig. 5-5 
the various ionizing and deionizing agents are indicated. We 
notice that in this case, as before, we have ionization by collision 
occurring in the gas; but now we do not have a cathode that is 
maintained in an emitting state by some external agency such 
as the thermionic or photoelectric cathode. Instead, the positive 
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Fig. 6-4.—Gas-filled phototube. 


ions generated by ionization by collision in the gas strike the 
cathode and liberate secondary electrons. In addition to the 
secondary emission that is occurring at the cathode, there is 
probably some photoelectric emission the light for which comes 
from the discharge itself. The electric field, diffusion, and 
recombination on the walls account for the deionization in this 
case, as in several of the preceding illustrations. 


IONIZING AGENTS 

Electric field . 

(Ionization by 
collision) 
Photoelectric 
emission 

Secondary emission 
by positive ion 
bombardment 


A 


J_ DEIONIZING AGENTS 

^ —. Electric field 

/ "Diffusion 
y , ' Recombination 
on walls 


Fig. 5-5.—Neon sign. 


The discharges discussed thus far all have had one principal 
characteristic in common—they are all low-pressure discharges. 
If we consider a high-pressure discharge such as an arc in air, 
we might represent the various ionizing and deionizing agents 
as shown in Fig. 5-6. In this case, we have electron emission 
from the cathode due to cither a thermionic-emission effect or a 
high-field effect, depending upon the type of cathode material 
used—thermionic emission in the case of cathodes such as carbon 
or tungsten and high-field emission in the case of cathodes such 
as copper or aluminum. In either case, the energy for cathode 
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emission comes from the discharge itself. In the gas space, we 
have ionization due to the electric field as in other discharges 
but, in addition, a certain amount of thermal ionization; for, in 
the case of a high-pressure arc, the current densities and the 
energy input per unit volume of the arc are so high that the gas 
temperature easily reaches a temperature sufficient for thermal 
ionization. In regard to the deionizing agents, we see that again 
the electric field is active at both electrodes and diffusion is 
moving ions out of the discharge region; but now, since the walls 
are not necessarily close to the arc, we may have an appreciable 
amount of recombination in the gas as well as recombination on 
the walls. 

I0N/2/N6A6ENTS 
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emission 

Fiq. 5-6.—Arc in air. 

These few illustrations should be sufficient to show the variety 
of combinations of ionizing and deionizing agents that are 
possible in any particular discharge. We shall leave it to the 
reader to analyze all the other illustrations that have, no doubt, 
occurred to him. There are two important facts that we must 
bear in mind iq studying gaseous discharges. One is that in 
every discharge we shall have at least one ionizing agent and at 
least one deionizing agent acting. The other is that the charac¬ 
teristics of all discharges are determined by the kinds of ionizing 
and deionizing agents’acting. Whenever we change the number 
or efficiency of the various ionizing or deionizing agents acting, 
we materially change the characteristics of the discharge. This 
latter point is especially important, for the design of a gas- 
discharge apparatus for any specific application is based upon it. 
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CHAPTER VI 


ELECTRON EMISSION: THEORY AND TYPICAL 
APPLICATIONS^ 

6-1. Thermionic Emission: Qualitative Observations and 
Theories.—The emission of electrons from hot bodies is a subject 
of considerable importance, not o?ily because of the presence of 
the effect in certain arc discharges, but also because of the 
immense use of the phenomenon in radio and control tubes. 
The effect was observed by Edison as early as 1883 but was 
unexplained until the results of 
the brilliant investigations of O. 

W. Richardson and his coworkers 
were published starting in 1901. 

The view held by Richardson at 
that time, namely, that the elec¬ 
trons move out of the hot metal 
into the surrounding space in the 
same way that molecules of a 
liquid move out into the sur¬ 
rounding vapor, is still essentially correct. However, his view 
that the electrons inside the metal behave like a perfect gas in 
equilibrium with the metal atoms has given way to the treat¬ 
ment of the free electron atmosphere in the metal by means of 
the quantum-mechanical statistics developed by Fermi, Dirac, 
and others. 

The factors involved in electron emission from hot cathodes 
could, be studied experimentally by means of the diode tube and 
circuit shown in Fig. 6-1. Tests would show that the electron 
current I collected by the cold plate would be a function of the 
voltage E of the anode battery and of the temperature T of the 
cathode. In a general form, therefore, 

I ^mT) 

If cathodes of different materials, but of identical shape, were 

^ General references for Chap. VI will be found on p. 224. 
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Fio. 6-1.—High-vacuum diode. 
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used, it would be found that the material of the cathode would 
have a profound influence on the current I in certain ranges of 
applied voltage E but would have little effect in other ranges. 

Suppose that the temperature of the cathode in the tube in 
Fig. 6-1 is maintained constant at a value Ti while the voltage 
E is varied. The curve A BCD in Fig. 6-2 shows the relation 

between E and I that results. One 
of the interesting features of this 
curve is the intercept with the verti¬ 
cal axis, which shows that some elec¬ 
trons reach the plate even though 
there is no accelerating electric field 
directed toward the plate. Another 
interesting feature of the curve is the 
saturation region from C to D. If a 
test is carried out at a higher cathode 
temperature 7^2, it will be found that the saturation current is 
higher and that a higher anode voltage is required to produce satu¬ 
ration as shown by the upper curve in Fig. 6-2. The natural infer¬ 
ence is that in the saturation region, as CZ), the anode voltage is 
high enough to cause all the elec¬ 
trons emitted from the cathode to 
be collected at the plate, whereas in 
the region AB a portion of the 
emitted electi'ons return to the 
cathode. 

A qualitative'explanation of the 
behavior exhibited in the range A to 
B can readily be developed by as¬ 
suming the presence at any instant 
of a cloud of electrons between the 
cathode and plate as shown in Fig. 

6-1. The electron cloud, or space 
charge, is considered to be suffi¬ 
ciently dense to cause the electric in¬ 
tensity just outside the cathode to urge the electrons back toward 
the cathode.^ The postulated conditions can best be explained by 
reference to the curves in Fig. 6-3. The dotted curves show the 
variation of potential and intensity with no space charge in the 
gap, and the solid curves sho^v the variations when sufficient 



FiO. 6-3.—Curves showing the 
effect of space charge on the 
potentials and intensities in ^ 
parallel-plane diode. 
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space charge is present to reverse the intensity at the cathode. 
Under this condition the emitted electrons are in a retarding field 
until they reach the plane at Xm. At this point the electrons are 
in a region of minimum potential of the value Em volts negative 
with respect to the cathode. Therefore, an electron leaving the 
cathode and already free of the surface attractive forces of the 
cathode would still need a kinetic energy at least equal to EmQe 
in order to reach the point Xm and subsequently the plate. The 
general picture of the conditions near the cathode, therefore, 
should include the outgoing stream of electrons having velocities 
(and energies) distributed through a wide range from zero upward, 
and the incoming stream of electrons composed of those which 
failed to surmount the negative potential hump Em- If a larger 
plate voltage E were impressed, it could be argued that Xm and 
Em would decrease and that conse¬ 
quently the plate current would 
increase. If the plate voltage were 
increased to the point at which Em 
becomes zero, then there would no 
longer be a retarding field at the 
cathode, and all the electrons that 
are emitted would reach the plate. 

This corresponds to the saturated 
condition as at C in Fig. 6-2. The 
complete mathematical analysis of 
the problem of the electron motions 
and concentrations as a function of 
the plate potential is difficult, but solutions based on simplifying 
assumptions will be discussed in Sec. 6-7. 

Suppose now that the apparatus of Fig. 6-1 is used to investi¬ 
gate the variation of the plate current / as a function of the 
cathode temperature for a constant plate voltage Ei. The 
resulting relation is shown graphically in Fig. 6-4. A second 
curve is shown for a higher anode voltage E^- In the ranges 
KH and KL in the curves an increase of anode voltage produces 
an insignificant increase in the current density. This is the 
region of saturation previously discussed. In the regions where 
the curves bend over toward the horizontal, it is evident that 
the voltage is not Jiigh enough to produce saturation; t.e., the 
space charge is the factor limiting the current. 



Fia. G-4.—Current density at 
the cathode as a function of the 
cathode temperature for tungsten. 
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It is convenient to refer to the saturation portions, such as 
C-D in Fig. 6-2 and KH in Fig. 6-4, as conditions of temperature- 
limited emission; the current in situations in which the space 
charge is the predominant factor is called space-charge-limited 
current, 

6-2. Theory of Electrons in Metals and of the Thermionic 
Emission of Electrons.—In Sec. 4-15 the free electrons in a metal 
were treated like the particles of a perfect gas, and the relation 
for the temperature-limited emission current was derived on 
the basis of Maxwell’s distribution laws. Tests have shown 
that the emitted electrons have a Maxwellian distribution, a fact 
tending to confirm the assumptions concerning the electrons in 
the metal. However, an attempt to-extend the electron theory 
of metals to explain their thermal properties, for example, their 
specific heats, led to failure, for the values of the specific heat 
showed that the free electrons did not share the heat energy 
in the same way as would a perfect gas in equilibrium with the 
metal atoms. Thus, although the classical theory could ade¬ 
quately describe the motions of the electrons in high vacuum, 
it was inadequate for the description of the motions of the elec¬ 
trons in a metal. 

The classical theory is based on the assumption that the con¬ 
centration of electrons is so small that the potential energy of two 
adjacent electrons by virtue of their electric charge at the average 
spacing is small compared with their average kinetic energy. 
This means that, if a potential energy of one one-hundredth of 
the kinetic energy is permitted, then at room temperature the 
concentration of electrons would be limited to 10^® and at 
3000®K. the concentration would be limited to 10^® electrons/cu. 
m.^ The concentration of electrons in the emitted current in 
high-vacuum tubes is within these limits,® and so the classical 
laws apply. If, however, we assume that one valence electron 
of each metal atom is sufficiently ‘‘free'’ to be a part of the elec¬ 
tron gas, then we find that the electron concentration in the 
metal becomes so high* that the assumptions underlying the 

^Klemperer, Otto, **Einfuhrung in die Elektronik,’’ p. 68, Verlag 
Julius Springer, Berlin, 1933. 

* Reimann, a. L., Thermionic Emission,” pp. 38-41, John Wiley & Sons, 
Inc., New York, 1934. 

* Strictly speaking, both the concentration and the mass of the particles 
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classical laws no longer are valid. For example, a unit volume 
(1 cu. m.) of tungsten, which has an atomic weight of 0.184 kg. 
and a density of 1.91 X 10^ kg./cu. m., would contain 6.3 X 10^® 
electrons on the assumption of one free electron per atom. 

The way out of the diflSculty was found by Fermi, and at the 
same time by Dirac, who applied the Pauli exclusion principle 
to the statistics of groups of particles. The Pauli exclusion 
principle had previously been applied to the specification (or 
statement) of the permissible quantum states of an electron in an 
atom. Fermi and Dirac extended the application of the principle 
to the permissible energy states of the particles of a gas. The 
resulting statistical laws for electrons, together with their 
applications to the problem of thermionic emission, will be 
outlined in the following paragraphs,' and a comparison will be 
made between the Fermi-Dirac distribution laws and MaxwelFs 
distribution laws. 


In terms of the distribution of the speeds of the electrons, the Fermi-Dirac 
distribution law may be expressed as follows: 


dnv 


Sirm^n 

h^N 



dV 


(6-1) 


In this expression, dny is the number of electrons, out of a total number n, 
that have speeds between V and V dV. N is the concentration of the 
electrons, h is Planck’s constant equal to 6.62 X 10“®^ joule-sec., and IF* is a 
constant. The value of the constant Wi must be consistent with the require¬ 
ment that the integration of Eq. (6-1) over all values of V should give the 
total number of electrons, t.e., n. Fermi showed that, to a first approxi¬ 
mation, 



( 6 - 2 ) 


subject to the condition that Wi >> kT. As an example to show that this 
condition is fulfilled for thermionic emitters, we calculate Wi for the electrons 
in tungpsten on the assumption of one free electron per atom, t.e., 

AT = 6.3 X 10»® 


determine the departure from the classical distribution laws. A gas that 
departs from the classical laws is called a degenerate gas. The electron gas 
in the metal is such a gas, but ordinary gases do not become degenerate even 
near their condensation point. 

' For a detailed treatment, see K. K. Darrow, Rev. Mod. Pkys., 1, 90-154, 
1929. Also see general reference 6-1, Chap. V, and general reference 6-3. 
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Then, Eq. (6-2) gives Wi = 9.23 X 10“^® joule or 6.76 electron volts. Even 
at 3000°K. the value of kT is only 0.26 electron volt, and so the condition on 
Wi is satisfied. 

One of the striking features of the Fermi-Dirac distribution law is that 
even at absolute zero the electrons are distributed through a range of ener¬ 
gies. This is a complete departure from the classical theory and results 
from the occupancy by the electrons of all of the lowest permissible quantum- 
energy states. Inasmuch as the Pauli exclusion principle permits only a 
limited number of electrons to occupy each discrete energy level the avail¬ 
able levels are filled to a rather high energy, resulting in the energy distribu¬ 
tion at absolute zero. To examine the form of the distribution function at 
absolute zero, we let T approach zero in Eq. (6-1) and note that the exponen- 



Velocitv F multiply scale values by 10^ for m per sec. 

Fig. 6-5.—Fermi and Maxwellian distributions for the speeds of the electrons in 1 
cu. mm. of tungsten, assuming n = 6.3 X 10^® electrons and AF =* 10"® m./sec. 

tial term approaches zero or infinity depending on the value of JmF* relative 
to Wi. If less than IF*, the exponential term is zero, and the dis¬ 

tribution reduces to 


dnv 


FMF 

h^N 


T » 0 
imV^ < Wi 


(6-3) 


For values of JmF* greater than Wi the exponential term becomes infinite, 
and the right side of (6-1) is zero. Thus at absolute zero the distribution 
curve increases in proportion to the squares of the speeds according to (6-3) 
up to a certain maximum, then drops suddenly to zero. This behavior is 
shown by the solid curve in Fig. 6-5, which has been drawn for 1 cu. mm. of 
tungsten on the basis N = 6.3 X 10**; therefore n = 6.3 X 10‘®. The 
curve m calculated for finite increments A 7 and Any by analogy with Fig. 
4-8 (Sec. 4-11). The figure shows that the numbers of electrons in the 
range AF increases with F up to a maximum value at F«* =* y/2Wilnh then 
drops suddenly to zero and remains at zero. We note that Wi is the energy 
corresponding to this maximum speed; hence, Wi is the maximum kinetic 
energy that an electron can have at absolute zero. 
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The effect of the temperature on the distribution of electron speeds can be 
shown by using Eq. (6-1) to calculate a curve for the velocity distribution in 
a particular case. The curve that results for tungsten at 3000°K. is shown 
by the dotted line in Fig. 6-5. It is seen that the effect of the temperature 
increase is to reduce the numbers of electrons having speeds slightly below 
Vm and to increase the speeds of some of the electrons to values above Fm, 
while most of the curve remains the same as at T = 0°K. 

Though the Fermi-Dirac laws apply to the electrons in metals, it is instruc¬ 
tive to compare these laws with the corresponding Maxwellian laws. For 
this purpose the value of Co given by Eq. (4-50) is substituted into Eq. 
(4-42) to yield the following form of Maxwell’s law: 

(«■« 

This equation is used to plot the Maxwellian curv^e for electrons at 3000° K. 
The curve that results (Fig. 6-5) falls at much lower values of speed than the 
Fermfturve. Thus, Maxwell’s law gives an average energy of the electrons 
far below that given by the Fermi law. 

Although the curves in Fig. 6-5 show that the two distributions are 
actually quite different, an examination of the equations for the curves will 
show a marked similarity for large values of F. For example, if the value of 
|mF* is greater than about 1.1 IF*, then in Eq. (6-1) for the Fermi curve the 
exponential term is large compared with unity. Upon dropping unity from 
the denominator of the right-hand side of Eq. (6-1) the relation becomes 

dny = C (exp exp ( - dV (6-5) 

where C is a constant. It will be noticed that the variation with F in Eq. 
(6-5) is the same as for the Maxwellian distribution. However, the tem¬ 
perature variations are different for the two distribution laws. We shall 
show in what follows that the energy distribution of the electrons emitted 
thermionically as given by the Fermi laws is also in agreement with the 
Maxwellian energy distribution but that the temperature variation of the 
emission is different in the two cases. 

The thermionic emission from a metal can be calculated by the same 
method as that used in Sec. 4-15 if the distribution of velocity components is 
known. Nordheim^ has shown that according to the Fermi-Dirac laws 
the number of electrons in a unit volume having velocity components in the 
range dVx is given by 

, 47rm*fcT, ~ (iwiF*2 _ Wt)“| ta 

dnvx = — log 1 -b exp- ^ - I dF, (6-6) 

' The number of electrons drjVr that strike unit area of a surface per second 
with velocity components in the range dF, will be the number dnr. given by 


^Phynk. Z., 80,177, 1929. 
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Eq. (6-6) multiplied by F, (see Sec. 4-14). 


duvm = 


Airm^kT . 


1 -f exp I 


The direction of the x-axis is taken to be normal to the surface. To simplify 
the discussion we can restate the distribution given by Eq. (6-7) in terms 
of the kinetic energy Wx associated with the x-component of velocity, t.c., 
in terms of 

Wx - hmVx^ 

Then Eq. (6-7) transforms into the following: 

AirmkT, V. . 

To examine this distribution function, we first inquire as to its form at 
absolute zero. In the range where Wx < Wi^ as T approaches zero, the 
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Fio. 6-6.—Fermi energy distributions for **normal” energies of electrons Crossing 
a surface in tungsten. AWx “ 10“* e.v. 


exponential term in (6-8) becomes large compared with unity. Up)on drop¬ 
ping unity from the bracketed term, the equation reduces to 

dvw. = ^ - W.) dW, 

Thus dnwx is a linear function of Wx of negative slope for Wx < Wi. For 
values of Wx > Wi, the logarithmic function in (6-8) approaches zero as T 
approaches zero, and the whole function approaches zero. Thus the curve 
for T *» 0 is a straight line of negative slope which halts abruptly at the axis 
of abscissas at IF, * Wi (see Fig. 6-6). This conforms with the interpreta¬ 
tion of 1F< as fhe maximum kinetic energy that an electron can have at abso¬ 
lute zero. 

When Eq. (6-8) is used to plot the distribution in energy of the electrons 
that cross a siuface in tungsten at an elevated temperature (3(XX)®K.), we 
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find a remarkably small change in the curve. The curve no longer termi¬ 
nates at TT* *= Wi but instead extends out to higher values of Wx (Fig. 6-6). 
The successive magnifications of the curve shown in the figure permit an 
extension of the curve out to a Wx of about 11 e.v. It is these higher energy 
electrons that are involved in thermionic emission. 

To show the distribution of the higher energy electrons more clearly the 
curves for T * 0 and T = SOOO^K. have been plotted to a logarithmic scale 
of ordinates in Fig. 6-7. For comparison, a curve for the corresponding 
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Fio. 6-7.—Fermi and Maxwellian energy distributions for electrons crossing a 
surface. AWx = 10”^ e.v. 


Maxwellian distribution is also shown. This is obtained from Eq. (4-67) 
by changing the variable to Wxj giving 


It is at once apparent from Fig. 6-7 that the higher energy electrons in the 
Fermi-Dirac distribution have the same distribution in energy as those 
which follow the Maxwellian distribution law. To confirm this observation, 
we can examine the form of Eq. (6-8) for values of Wx greater than about 


\.2Wi, For all practical cases the term exp - ^ - - in Eq. (6-8) will 


be a small quantity, for is small compared with Wi. Then it is possible 
to apply the following series 


log (1 + ®) = ® ~ ^ ^ + • • • where ar> < 1 


to the log function in Eq. (6-8). Since the terms decrease very rapidly, we 
save only the first term, with the result that to a high degree of 
approximation 
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Upon comparison of (6-11) with (6-10), it is seen that when the temperature 
is constant both have the same form of variation with Wx but that the func¬ 
tions of the temperature are different in the two expressions. It is not 
difficult to show^ that the Fermi theory predicts the emission of electrons 
whose energies have a Maxwellian distribution. 

The method already used in Sec. 4-15 can be used to apply the Fermi 
theory to the calculation of the thermionic emission. Let the x-axis be 
normal to the surface, and let Wa be the value of JwF*®, i.e., the “perpen¬ 
dicular’' energy that an electron needs before it can just overcome the surface 
attractive forces. Clearly, Wa must be larger than Wi] otherwise, the 
metal would be losing electrons even when cold. If Wa is greater than 
\.2Wi^ then the approximate equation (6-11) will give the distribution of the 
electrons involved in the emission problem. The number being emitted 
per unit area per second equals the integrated value of Eq. (6-11) from the 
critical energy Wa to infinity, thus: 

47rmkT Wi { Wx\.„r 

This integrates directly to give 


V 


— 7 ^ exp I 


Wa - irA 
kT ) 


(6-13) 


This number can be interpreted in terms of the Fermi-Dirac curve in Fig. 
6-6 as being all the electrons represented by the shaded area under the curve 
from IFa out to infinity. 

Multiplication of Kq. (6-13) by the charge on an electron, ge, gives the 
saturation current density of the emitted electrons 

_ Ainnk’^qt ^ ( Wa — ia\A\ 

J. = —^ exp - ) (6-14) 

This is usually written in the simpler form 

J. = AoT^exp (6-15) 


^ At a constant temperature, Eq. (6-11) may be written 



Wz must exceed Wa before any electrons are emitted. However, the 
emitted electrons have an energy (Wx — Wa), since they lose an energy Wa 
at the boundary. The emitted electrons therefore have a distribution in 
energy given by 

dnw. = C exp dW, [W,<W, 

This is of the same form of energy distribution as the Maxwellian distribu¬ 
tion [Eq. (6-10)], but the number of emitted electrons is different from that 
given by the classical laws. 
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where 

^ _ 4irmk^qe 

“ h* 

and 

0O9« — Wa — Wi 

When Eq. (6-15) is compared with the result based on MaxwelFs laws 
[Eq. (4-74)], the difference in the temperature factor is obvious. The pre¬ 
dominant influence of the temperature, however, is contained in the expo¬ 
nential term, which is the same in both equations. The expression for the 
thermionic-emission current (6-15) has also been derived on the basis of 
thermodynamical arguments by Richardson and Dushman, and the latter 
obtained a value of Ao in 1923 which was the same as that given by Eq. 
(6-16) except for a factor of The fac tor of J arose because Dushman did 
not take into account the electron spin, which was, however, unknown at 
that time. 

The value of the universal constant Ao as given by Eq. (6-16) is 
1.204 X 10*^ amp./(m.2)(deg.2), or 120.4 amp./(cm.2)(deg.*). The theory 
outlined above is unable to predict values of the quantity {Wa — Wi) for a 
particular metal. The value of Way we recall, is the critical normal energy 
needed for an electron to escape from the surface forces, and Wi is the maxi¬ 
mum energy of any of the electrons hi T — 0®K. The difference {Wa — Wi) 
is called the net work function of the metal. Thus, we see by studying Eq. 
(6-15) that </>o is the net work function expressed in electron volts. The 
quantity Wa is designated the outer work function and Wi the inner work 
function. By comparison with the early Richardson equations in Sec. 4-15, 
we note that the work function lb defined there is analogous to Way the 
outer work function, but that it occupies the same position in the earlier 
emission equation as the net work function {Wa — lb,) does in Eq. (6-14). 


Table 6-1 


Metal 

Number of 
electrons per 
atom (assumed) 

Inner work i 
function lb, 
(calculated), 

e.v. 

1 Net work 
function 
(observed), 

e.v. 

Outer work 
function Tba 
(calculated), 
e.v. 

W 

1 

5.75 

4.5 

10.25 

W 

2 

9.1 

4.5 

13.6 

Ni : 

2 

11.7 

5 

16.7 

Ni 

3 

15.3 

5 

20.3 

K 

1 

2.1 I 

1.8 

3.9 


(6-16) 

(6-17) 


The net work function can be measured by experimental determinations 
of the thermionic current (see Sec. 6-3). The value of the inner work func¬ 
tion Wi depends on the number of free electrons per unit volume according 
to Eq. (6-2). Although this number of electrons is not known with cer- 
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tainty, there is evidence that indicates that in most metals there are one to 
three free electrons per atom. A few calculated values of Wi and observed 
values of together with the value of Wa that would be required to satisfy 
Eq. (6-15), are given in Table 6-1. To facilitate comparisons, the work 
functions are all expressed in electron volts. This table shows the order of 
magnitude of the values obtained. Experiments on the diffraction of beams 
of electrons impinging on the surfaces of metallic crystals, as originated by 
Davisson and Germer^ and subsequently carried out by Rupp* and others, 
lead to independently determined values of Wa. For nickel, for example, 
Davisson and Germer find Wa = 18 volts and Rupp finds Wa = 16.5 volts. 
These experiments do not give great accuracy in the values of Wa, but the 
results obtained are in satisfactory agreement with the values in Table 6-1 
for the assumption of two free electrons per atom. 

The outer work function represents the work necessary to free the electron 
from the surface attractive forces. The approximate variation of the 

attractive force / on an electron is 
shown in the upper part of Fig. 6-8. 
In the region from C to D the force is 
simply the “image” force caused by 
the attraction between the electron 
and its “induced” charge on the sur¬ 
face of the metal. In the region 
ABC the force on the electron is 
partly image force and is partly de¬ 
pendent on the electrical state of the 
surface layers of atoms of the metal. 
The surface atoms may be electrical¬ 
ly polarized by the adjacent atoms 
and hence may have an effect on the 
force curve. Thus the force curve 
may be expected to depend on the 
nature and spacing of the atoms of 
the metal. The lower curve in Fig. 6-8 shows how the potential energy 
of an electron would vary if calculated from the work done against the 
attractive forces in carrying an electron from the inside of the metal to 

the point in question, i.c., by IF “ ^ f The asymptote Wa represents 

the outer work function. Since an important portion of the force curve 
{ABC) depends on the kind of metal, the value of W a would be expected to 
vary from metal to metal. 

In Fig. 6-8 the inner work function has been plotted as the ordinate Wi. 
Thus the net work function can be shown in the diagram as the differ¬ 
ence between Wa and Wi. The electrons which are thermally emitted are 
those which approach the surface with energy greater than Wa» 

^Phys, Rev., 80,705, 1927. 

’Ann. PhyHk., 1, 801, 1929; 6, 453, 1930. 


' Cafhode 

looSi r\r- 



0 5 10 15x10’® 

X, Distance from cathode.mm. 
Fig. 6-8.—Attractive force and poten¬ 
tial energy curves for an electron near a 
metallic cathode. 
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6-3. Temperature-limited Emission.—To make an experi¬ 
mental test of Eq. (6-15), it is necessary to measure the tempera¬ 
ture-limited current emitted from a thermionic cathode as a 
function of temperature and then to test the data for conformity 
with the equation. The equation is altered slightly for this 
purpose by replacing 0og«/fc by a new constant 6o, thus: 

J. = (6-18) 

Then bo is related to <^o by the following: 

bo = I* <^>0 = ll,600<#>o (6-19) 

where </)o is the net work function in electron volts as defined in 
the preceding section. 

The values of the constants A and bo in Eq. (6-18) have been 
determined experimentally for various clean metals under high- 
vacuum conditions. These constants can easily be evaluated 
from observations of cathode temperature and saturation cur¬ 
rent density by a graphical method. Thus Eq. (6-18) can be 
transformed into 

logic J, - 2 logic T = logic A - 2 ^f 

Therefore, if (logio — 2 logio T) is plotted as a function of 
1/r, a straight line should result that has an intercept of logio A 
and a slope of —6o/2.303. This straight line is often called a 
Richardson line. 

The experiments are very diflBcult to make in such a manner 
that accurate and consistent values of A and bo are obtained. 
The greatest difficulty lies in eliminating adsorbed gases and 
other impurities from the metal surfaces. In many cases the 
temperature range over which the emission current can be 
measured is rather limited. As a result of these diflSculties the 
values of the thermionic constants reported by different workers 
cover a range of values. The following table of values for clean 
metals has been taken from the book by Reimann^ except as 
noted: 


' General reference 6-1. 
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Table 6-2.— Thermionic Constants of Clean Metals 


Metal 

A, amp./(ni.*) 
(deg.>) 

</>o e.v. 

Melting 
point, 
deg. K. 

Calculated 
emission at 
melting point 
(amp./sq. m.) 

Platinum. 

(17,000 X 10^ 

< 170 X 10^ 

6.27* 
5.4 t 
5.32t 
5.03 

2028 

4.6 X 10"* 

Nickel. 

i 32 X 10^ 

1,380 X 10^ 
60 X 10^ 

1 1725 

8.4 X 10-* 

Tungsten. 

4.53 

3655 

456 X 10* 

Carbon. 

30 X 10^ 

4.34§ 

4.33 

Copper. 

65 X 10^ 

1356 

9.8 X 10“« 

Molybdenum. 

65 X 10^ 

4.15 

2895 

27.7 X 10* 

Tantalum. 

60 X 10* 

4.1 

3300 

361 X 10* 

Thorium. 

70 X 10* 

3.38 

2118 

2.88 X 10* 

Barium. 

60 X 10* 

2.11 

1123 

2.72 X 10* 

Cesium. 

162 X 10* 

1.81 

299.4 

5.1 X 10-*« 

1 


♦ Du Briooe, L, a., Phya. Rev.^ 32 , 961, 1928. 
t Van V^elzer, H. L.. Pky$. Rev., 44 , 831, 1933. 
t Whitnet, L. V., Phya. Rev., 50, 1154, 1936. 

( Reimann, a. L., Proc. Phya. Soc. (London), 50 , 496, 1938. 


Additional data on the work function of various metals have been 
compiled by Becker.^ 

We note that the values of A in Tabic 6-2 vary considerably 
from the theoretical value of 120.4 X 10^ derived in the preceding 
section. One explanation of the differences has been offered on 
the basis of the reflection of the electrons at the interface between 
metal and vacuum, in accordance with the wave theory of the 
electron. The result would be a reduction in the electron current 
and a reduction in the value of the constant A. The experi¬ 
mental values of A are, however, both smaller and larger than 
4o; and this fact, together with theoretical calculations of the 
probable electron reflection,^ lead to the conclusion that this 
effect is insufficient to explain the difference observed. Another 
explanation is found in the possibility of a variation of the work 
function with the temperature. An increase of the work function 
with the temperature would lead to a value of A smaller than 
Ao, whereas A decrease would produce the opposite effect. The 
work fimction would need to increase only about 6 parts per 

^ General reference 6-3. 

* General reference 6-1, pp. 30, 252. 
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100,000 per degree to reduce A from 120 X 10^ to 60 X 10^. 
There is some evidence^ that the temperature variation of the 
work function is of the right order of magnitude to account for 
the observed values of A. 

The table above also gives the melting point and calculated 
electron emission at the melting point for the various metals. 
These figures show that tungsten, molybdenum, and tantalum 
give high emissions at their melting points. Of these, tungsten 
is the metal that has been used for the cathode in practical 
radio tubes. At present the use of tungsten cathodes is largely 
limited to high-power radio tubes, high-voltage high-vacuum 
rectifier tubes, and hot-cathode X-ray tubes. 

6-4. Electron Emission from Composite Surfaces: Practical 
Emitters, a. Thorium on Tungsten and Other Atomic-film 
Emitters .—An important class of emitters is that in which a 
metallic core is covered with an extremely thin film of an electro¬ 
positive metal. This type of surface was discovered by Lang¬ 
muir and Rogers^ in 1913. They found that a tungsten filament 
containing from 1 to 2 per cent of thoria (Th 02 ) gave a high 
electron emission after suitable heat-treatment. Langmuir later 
showed that the wire surface was partly or wholly covered 
with a monatomic layer of adsorbed thorium atoms or ions. 
The electron emission was found to depend considerably on the 
state of the surface, especially on the amount of thorium on the 
surface. The emission increased as the amount of thorium on 
the surface increased; but a maximum emission was soon reached, 
and further addition of thorium to the surface gave a decreased 
emission. Similar results were later obtained wnth thorium on 
molybdenum, and with the alkali metals deposited by evapora¬ 
tion onto tungsten. Values of the emission constants in Richard- 
son^s equation [Eq. (6-15)] for various surfaces corresponding to 
the condition of maximum emission are given in the following 
table. The values obtained in different experiments are subject 
to considerable variation; for example, Nottingham^ obtained 
values of (f)o ranging from 2.38 to 2.83 for thoriated tungsten, 
with corresponding values of A ranging from 0.56 to 10.2 
amp./(cm.^) (deg. 2 ). 

^ Rbimann, a. L., Proc. Roy. Soc.^ 163A, 499, 1937. Becker, J, A., and 
W. H. Brattain, Phys. Rev., 45, 694, 1934. 

» Phya. Rev., 4, 544, 1914. 

*Phy8. Rev., 41 , 793, 1932. 
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Table 6-3* 


Surface 

A, amp./ 
(cm.*) (deg.*) 

<^o, e.v. 

Thorium on tungsten (W-Th). 

3.0 

2.63 

Thorium on molybdenum (Mo-Th). 

1.5 

2.59 

Barium on tungsten (W-Ba). 

1.5 

1.56 

Cesium on tungsten (W-Cs). 

3.2 

1.36 

Barium on oxygenated tungsten (W-O-Ba). 

0.18 

1.34 

Cesium on oxygenated tungsten (W-O-Cs). 

0.003 

0.72 



♦ General reference 6-1, Chap. III. 


The procedure in the producticHi of a thoriated tungsten 
cathode is essentially as follows: The tube is first prepared in 
the usual way. The glass bulb is degassed by baking while the 
vacuum pumps are connected, and the electrodes and filament 
are also outgassed by heating. A layer of magnesium or other 
“getter^' is then deposited on the glass wall by evaporating a 
small pellet within the tube. The tube is sealed off immediately 
after thus removing traces of oxygen and other active gases. 
Then the filament,^ which contains about 1.5 per cent of Th02, 
is heated to 2800°K. for 1 or 2 min. This causes the reduction 
of a small percentage of the Th02 to metallic Th. If any 
metallic thorium appears on the surface daring this process, it 
quickly evaporates and is lost. The second operation consists in 
holding the filament at a temperature of 2100 to 2200°K. for a 
period of aboiA 15 to 30 min. This is known as the activation 
period, for tests show that the electron emission increases during 
this period and approaches a steady value. The filament is now 
fully activated and is ready for use. At an operating tempera¬ 
ture of about 1900°K. the emitting surface is quite stable, and 
the filament may be operated for long periods of time. 

The investigations^ of Langmuir and Becker and their 
coworkers have thrown considerable light on the physical 

^ The tungsten wire is usually given a preliminary heat-treatment in a 
hydrocarbon vapor such as naphthalene. This results in a chemical change 
of some of the outer surface to tungsten carbide. Such a ‘‘carbonized’^ 
filament has'improved characteristics in that the evaporation of thorium is 
less than for the ordinary filament (see general reference 6-6, p. 34). 

•General reference 6-1, Chap. Ill; general reference 6-5, Chap. IV. 
BraIttain, W. H., and J. A. Becker, Phya. Rev.^ 43, 428, 1933. Langmuir, 
L, /. Franklin Inatf 217, 543, 1934. 
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processes involved in the activation and on the surface condition 
of this emitter. The processes involved include (1) reduction 
of Th 02 , (2) diffusionof metallic thorium to the surface, (3) 
migration of thorium over the surface, and (4) the removal of 
thorium from the surface by evaporation. The reduction of 
thoria takes place at temperatures over 2600®K. The manner 
in which the thorium comes to the surface during activation 
has been made clear by recent studies of the surfaces by the 
electron microscope.^ In this method the electrons emitted 
from a small area of the surface to be investigated are accelerated 
through an electron-lens arrangement (see Sec. 3-8) and focused 
on a fluorescent screen or a photographic plate. In this way a 
detailed observation can be made of the sources of the electrons. 
Bruche and Mahl found that the activation was accompanied by 
the appearance of thorium at discrete pointj^ on the surface of the 
tungsten. Ahearn and Becker found that an activation at 1500 
to 1800°K. also resulted in the arrival of the thorium at discrete 
points on the surface; the boiling out of the thorium was termed 
a thorium eruption.The electron images showed that the 
thorium spread out on the surface and the surface density of 
thorium decreased as the film spread out. By comparing the 
electron images with photomicrographs, they developed the 
hypothesis that the thoria is distributed through the tungsten 
crystals in small pores. These pores are conceived to deliver 
approximately all their thorium to the surface when an opening 
to the surface develops. The eruptions were observed on the 
tungsten crystal faces but appeared about equally often on the 
grain boundaries. This observation agrees with previous experi¬ 
ments which showed that a fine-grained structure of the filament 
facilitated activation. 

Although there is still some disagreement, it appears that the 
fully activated surface corresponds to a monatomic layer of 
thorium atoms or ions which covers about 70 per cent of the 
surface. The thorium is held on the surface with forces so 
strong that appreciable evaporation does not begin until a 
temperature of about 2100°K. is reached. However, the thorium 
has some freedom to migrate over the surface down to as low a 
temperature as 1600°K. This was proved by an experiment of 

* Bruche, E., and H. Mahl, Z. tech. Physik, 16, 623, 1935. Ahearn, 
A. J., and J. A. Becker, Phys. Rev.^ 64 , 448, 1938. 
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Brattain and Becker^ in which thorium was evaporated from an 
external source and allowed to deposit on one side of a flat tung¬ 
sten ribbon. After 30 hr. operation at 1600®K. the electron 
emission from both sides of the ribbon was nearly equal, showing 
that the thorium had spread nearly uniformly over the surface. 

In the range of temperature from 2000 to 2300®K. the rate of 
arrival of thorium on the surface is more rapid than the evapora¬ 
tion, and hence this range may be called the activating range. 
If a filament is held at an activating temperature, the surface 
layer of thorium builds up until an approximately monatomic 



1500 2000 2500 3000 

7^ - Temperoif u re , ° K 


Fio, 6-9.—Electron emission from thoriated tungsten, thorium, and tungsten. 
O indicates the operating temperature range, A the activating, D the deactivat¬ 
ing, and R the reducing ranges. {After Bruche, E., and H. Mahl, Z. tech. Physik, 
16 , 624, 1935.) 

* 

layer is reached. The arrival of additional thorium on the sur¬ 
face would tend to produce deeper layers, but the outer atoms of 
deeper layers evaporate much more readily than the first layer. 
Thus an equilibrium surface condition is reached which corre¬ 
sponds to a nearly monatomic layer. Above 2300°K. the 
evaporation of thorium is usually more rapid than the replenish¬ 
ment, so that a deactivation ensues. Below 2000°K. the rates 
of arrival and evaporation are both small, but a slight preponder¬ 
ance of diffusion in the operating range helps to maintain the 
surface. The various ranges of temperature are related to the 
emission f/om tungsten and tungsten partly or wholly covered 
with thorium in Fig. 6-9. The numbers on the transition curve 
between W-Th and pure W refer to the portion of the surface 
* Loc. cit. 
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of tungsten covered with thorium expressed as a fraction of the 
covering for maximum emission. 

It is interesting to note that the work function of a thoriated 
filament (2.6 volts) is much below that of tungsten (4.5 volts) 
and is below that of thorium itself (3.4 volts). Thus the emis¬ 
sion from thoriated tungsten is higher than that from thorium 
(Fig. 6-9). The marked reduction of the work function must be 
caused by the effect of the electropositive thorium layer on the 
electrons as they emerge from the surface. Thus the forces on 



Fig. 6-10. —(a) Ideallized force and energy curves caused by an ion layer. 
(6) Schematic diagram showing the effect of au ion layer on the potential energy 
of an electron near the surface. 

the electrons caused by the thorium layer must be predominantly 
outward, i.e., opposite to the image forces. Such forces could be 
accounted for if at least a part of the adsorbed thorium is ionized, 
a view held by Becker and also by de Boer.^ An idealized picture 
of the conditions is obtained if the layer of ions is considered as a 
uniform, extended sheet of positive charge, with a corresponding 
sheet of negative charge on the metal surface. An electron 
passing through such a layer from left to right will experience a 
force / and will lose an amount of potential energy ATT as illus¬ 
trated in Fig. 6-lOa. This will tend to reduce the work function 
of the surface as shown in Fig. 6-106. The assumed curve for 
the base metal is here reproduced (see Fig. 6-8), and it is assumed 
that the ion layer is situated in a region of strong image forces. 


^ General reference 6-12, p. 110. 
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An alternative view regarding the condition of the surface was 
advanced by Langmuir and is held by Reimann.^ According to 
this view the adsorbed atoms are neutral but electrically dis¬ 
torted, so that, on the average, the electrons are closer to the 
base metal than the positive nucleus. Thus a dipole is formed 
with its positive end outward. A layer of such dipoles will act 
to reduce the work function of the surface in much the same way 
as explained above for a layer of ions. 

The behavior of thin layers of barium on tungsten is very 
similar to that of thorium on tungsten. Layers of cesium on 



Fio. 6-11.—Electron emission from tungsten and oxygenated tungsten in the 
presence of saturated cesium vapor, and from pure tungsten and oxygenated 
tungsten. Ti, is the bulb temperature, {Langmuir, /., Ind. Eng. Chem., 22 , 
392, 1930.) 

tungsten behaye in a somewhat similar way, also, but with an 
added complication. Since metallic cesium melts at 26°C., it 
has a high vapor pressure at room temperatures. Therefore, a 
bulb containing cesium metal will contain cesium vapor whose 
atomic concentration depends markedly on the bulb temperature. 
Thus the rate of arrival of the cesium atoms on the filament sur¬ 
face will also depend on the bulb temperature. The net result 
is that the thermionic properties of the filament depend not 
only on the filament temperature but on the bulb temperature 
as well. This is brought out in the curves in Fig. 6-11. 

Though a monatomic layer of oxygen reduces the thermionic 
emission of tungsten by a large factor, a surface prepared by 
depositing cesium on the oxygenated tungsten has a very high 
emission. Furthermore, the affinity of the surface for the 

1 General reference 6-1, pp. ISOff. 
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cesium atoms is increased, so that the filament may be operated 
at a higher temperature. Surfaces similar to W-O-Cs are not 
important industrially as thermionic emitters but find their main 
use as photoelectric and secondary-emission cathodes (see 
Secs. 6-10 and 6-13). 

6. Oxide-coated Electron Emitters .—The development of the 
oxide-coated cathode started with the discovery by Wehnelt^ in 
1903 that the emission from oxides of the alkaline earth metals, 
for example, barium oxide or calcium oxide, was copious even at 
relatively low temperatures. It was not until about 1914, 
however, that the Western Electric Company began to make 
tubes with oxide-coated cathodes for use in the telephone indus¬ 
try. At present, practically all receiving types of radio tubes 
have the oxide-coated cathodes. 

The many variable factors entering into the preparation of 
oxide-coated cathodes results in corresponding differences in 
manufacturing techniques. In one method a ribbon or wire of 
nickel or nickel alloy is coated with a water suspension of a 
mixture of barium and strontium carbonates and is then sub¬ 
jected to a preliminary heating in an atmosphere of carbon 
dioxide. This coating process is repeated until the desired thick¬ 
ness is obtained. The filament is next mounted in the tube, 
and the evacuation is begun. After partial evacuation the 
cathode is heated to a dull red heat to convert the carbonates to 
the oxides. The resulting carbon dioxide together with water 
vapor and other residual gases is driven off by this treatment. 
A test at this stage usually shows a relatively small electron 
emission. A so-called activation treatment is used to increase 
the emission. One such process consists in heating the cathode 
to about 1500°K. and at the same time impressing a voltage of 
about 150 volts on the anode through a suitable protective resist¬ 
ance. When the emission current builds up, the temperature of 
the cathode is reduced. The evacuation is completed at this 
stage, and the tube is sealed off. The cathode is ready for 
operation at a temperature of 900 to 1100°K. 

The most important factors that affect the emission of the 
oxide-coated cathode are the core material, the coating materials, 
and the activation process employed. Core materials that have 
been used include nickel, tungsten, molybdenum, an alloy of 

1 Ann. Phyaik, U, 425, 1904. 
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platinum with 5 per cent nickel, and an alloy of cobalt, nickel, 
iron, and titanium called KoneL Both the particle size of the 
coating materials and the proportions of the constituents have a 
bearing on the emission. In general, the smaller particle sizes 
give more uniform emitting surfaces and increase the emission.^ 
Different proportions of BaO and SrO have been investigated; 
about equal part« of the oxides give the best emissions. 

There are two predominant factors in the activation process, 
(1) the heat-treatment and (2) the emission current drawn during 
activation. The experiments of Lowry^ show that heat-treat¬ 
ment alone is sufficient to activate cathodes having Konel and 
platinum-iridium alloy cores; but other investigators find that 
the activation is considerably facilitated by drawing emission 
currents when the core material is a platinum alloy. 

The phenomena associated with the emission from oxide- 
coated cathodes are exceedingly complex, and there is as yet no 
general agreement on explanations of some of the effects obtained. 
Lowry's experiments led him to conclude that the electrons were 
emitted from the core into the pores of the oxide and that they 
diffused through these pores, finally being reemitted from the 
outer surface of the oxide. A layer of Ba atoms® or ions adsorbed 
at the core could conceivably account for such an emission. The 
activation'by heat-treatment, according to this view, took place 
by the reduction of some of the oxide at the surface of the core 
metal, the barium being thus liberated. Later experiments^ 
including electron-microscope studies® lead to the view that the 
electron emission is conditioned by free barium both on the outer 
surface of the oxide and dispersed through the oxide. The 
activation consists in the reduction of the barium at the core 
with subsequent dispersal outward by diffusion. The effect of 
emission current during activation is considered to arise from 
the electrolysis of the oxide with concomitant deposition of 
barium on the core and a resulting increase in the supply of 

* Benjamin, M., R. J. Buck, and R. O. Jenkins, Soc. Proc. [London), 
60 , 345, 1938. 

* Lowry, E. F., Phy9. Rev., 86, 1367, 1930. 

* Both Ba and Sr may be present,'but reference will be made only to Ba. 

* See genetal reference 6-1, Chap. IV, and article's by J. P. Blewett, J. App, 
Phy., 10 , 668, 831, 1939. 

» Heinze, W., and S. Wagbner, Z. tech. Phyaik, 17 , 645, 1936; 20 , 16, 

1930 . 
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barium available for outward diffusion. The main type of con¬ 
duction through the coating is assumed to be electronic, only a 
small proportion being electrolytic. The principal effect of the 
activation is postulated to be the formation of a layer of adsorbed 
barium on the outer surface of the oxide crystals, which produces 
a strong lowering of the work function in much the same fashion 
as described for thorium on tungsten. Another effect is the 
dispersal of free barium through the oxide, which increases its 
conductivity. 

A very low pressure of oxygen is sufficient to destroy the 
activation of an oxide-coated '-athode. This is understandable, 
for the free barium would be converted to the oxide. 

There are several difficulties connected with tests of Richard- 
son^s law as applied to coated cathodes. One is that there is a 
large uncertainty regarding the temperature scale for the different 
cathodes. Another is found in the failure of these cathodes to 
show a definite saturation current with increasing voltage. The 
results of different investigators can rarely be directly compared 
because there are wide differences in the preparation of the 
cathodes. The results presented by Arnold^ in 1920 indicated 
the following as an average value of the emission constants for 
BaO and SrO mixtures on platinum-alloy cores as used by the 
Western Electric Company: 

A = 0.47 amp./(cm.2)(deg.2) = 1.70 volts 

By 1929 the average constants for filaments of the same company 
were reported^ to be as follows: 

A = 0.01 amp./(cm.2)(deg.<^o = 1.0 volt 

Values of work function below 1 volt have been reported, for 
example, by Thompson,^ who found 

A = 0.03 amp./(cm.2)(deg.“) <f>o = 0.75 volt 

This cathode gives an emission of the order of 5 amp./sq. cm. at 
1000°K. 

c. Cathode Structures, Cathode Efficiency, and Effect of Operating 
Conditions ,—The simplest type of cathode is the filamentary 
type, consisting of a straight filament, or sometimes of an inverted 

1 Arnold, H. D., Phys. Rev., 16, 70, 1920. 

* Davisson, C., ‘international Critical Tables,” vol. VI, p. 53, 1929. 

• Thompson, B. J., Phys. Rev., 36,^ 1415, 1801, 1930. 
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V or W or other similar forms. When it is desirable to use 
alternating current for heating the cathode, without producing 
a corresponding disturbance in the electron stream, the uni¬ 
potential or indirectly heated cathode is employed. Figure 6-12o 
shows the essential features of two cathodes of this type. The 
tungsten heater wire is insulated from the electron-emitting 
nickel sleeve by an insulating coating on the wire. This is the 
most common cathode in use in modern receiving tubes, because 
of its freedom from electrical interference, its adaptability to 
various circuit arrangements, and its advantages over the 
filamentary type in the design of the tube itself. 


/ heater tvire 


Niche! sleeve-i 
(oxide- coated) 


J 


Cathode 

connection.^ 


'''Heater connections 
Fiq. 6-12a.—Indirectly 
heated cathodes. 


,, Oxide coated strip, 
wound edgewise 


Cylindrical 

heatshietd 



Alternative 
form of heat 
shield 


Fiq. 6-126. —Sketch showing the 
principle of the heat-shielded cathode 
useful in gaseous discharge tubes. 


The cathode shown in Fig. 6-126 is fitted with a polished 
cylindrical heat shield. This reflects a portion of the heat 
radiated from the cathode spiral back toward the spiral again, 
thus conserving heat. The coated spiral itself is arranged in a 
form to conserve heat. Such cathodes are useful only in the 
gaseous- or vapor-discharge tubes, where the electrons can take 
part in the conduction even though emitted into slots or internally 
reentrant portions of the cathode surface. As will be clear after 
the treatment in Sec. 6-5, such portions would be prevented from 
emitting in a high-vacuum tube by the negative space charge that 
would collect and by the lack of an accelerating field at the 
cathode surface. Both the indirectly heated and the heat- 
shielded cathodes require a relatively long time to reach oper¬ 
ating temperature. In large heat-shielded cathodes the heating 
time may be several minutes. 
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An important consideration in the application of hot cathodes 
to electronic devices is the cost of the power required to produce 
a desired electron emission. To facilitate such comparisons, it is 
convenient to use the so-called “cathode efficiency,'^ defined as 
the ratio of the saturation emission to the cathode heating power. 
The units in the ratio should be stated, for example, in milli- 
amperes per watt. 


Cathode efficiency = 


saturation emission current 
cathode heating power 


( 6 - 21 ) 


Table 6-4 gives the range of cathode efficiencies found in com¬ 
mercial tubes. The values of the cathode efficiency would be 


Table 6-4 


Cathode 

Approx, oper¬ 
ating temper¬ 
ature, deg. K. 

-j 

Cathode effi¬ 
ciency, 
ma./watts 

Heating power, 
watts/sq. cm. 
of cathode 
surface 

Pure tungsten*. 

2450-2500 

2- 6 

70 

Thoriated tungsten *. 

1900 

25- 80 

20 

Oxide-coated . 

900-1100 

40-2000 

2.3-6 


* General reference 6-7, Chap. VII. 
t Dubhman, S., Elec. Eng., 53, 1054, 1934. 

X Thompson, B. J., Phye. Rev., 36, 1415, 1801, 1930. 

{ Patai E., and G. Frank, Z. tech. Phyeik, 16, 254, 1935. 

expected to vary especially widely for oxide-coated cathodes 
because of the variations in the surface properties previously 
discussed. These surfaces also show variations in their heat 
cmissivities which also directly affect the cathode efficiency. The 
design of the cathode has much to do with the cathode efficiency; 
for example, the heat losses from the ends of the cathodes depend 
on the design. Higher cathode efficiencies can be obtained by 
raising the operating temperature, but at the expense of a shorter 
life. For example Davisson^ gives a most probable life of 
20,000 hr. for the Western Electric coated filament when operated 
at lOOO^K. with a cathode efficiency of 24 ma./watt, whereas the 
life is 7,400 hr. when operated at a temperature of 1100°K. with a 
cathode efficiency of 53 ma./watt. 

It has been mentioned already that oxygen adsorbed on tung¬ 
sten filaments reduces the emission enormously. The active 
^ General reference 6-4, p. 427. 
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thoriated-tungsten and oxide filaments have a very strong 
affinity for oxygen, and these surfaces are deactivated, or 
‘^poisoned,” by oxygen and water vapor and sometimes by carbon 
dioxide. Pressures of these gases of about 0.001 mm. Hg d!re 
sufficient to poison these cathodes, so that they must be operated 
in an extremely high vacuum. Inert gases, such as argon and 
neon, and mercury vapor have little effect on thermionic cathodes 
unless there is a discharge in the tube. Then the emitters may 
disintegrate or they may not, depending on the energy of the 
positive ions striking the cathode. HulP has shown that 
thoriated-tungsten cathodes have fairly long lives in such gaseous- 
discharge tubes if the positive-ion energies are kept below 

definite values^ for example, 27 e.v. 
for Ne, 25 e.v. for A, and 22 e.v. for 
Hg. 

In most vacuum tubes, there is at 
least a small production of positive 
ions by impact of the electrons with 
the neutral gas atoms. Tungsten 
filaments are best able to with¬ 
stand the resulting positive-ion 
bombardment in h i g h-v o 11 a g e 
tubes. Thoriated-tungsten cath¬ 
odes are used in intermediate-volt¬ 
age power tubes, say up to 5,000-volt 
tubes; and oxide-coated cathodes are used in receiving tubes, in 
hot-cathode gaseous light sources, and in gaseous rectifiers and 
thyratrons. 

6-6. Contact Difference of Potential. —Let two metals A and 
B be joined at J as shown in Fig. 6-13. Experiments show that 
electrons cross the junction J in the direction from the metal 
having the lower work function into the metal having the higher 
work function until an equilibrium is set up. If metal A has the 
smaUer work function metal A will become positively charged, 
and B will become negatively charged. 

The lower portion of Fig. 6-13.shows the changes in the poten¬ 
tial energy^! an electron carried along the line CAjBD from 
metal A to B and back into A. Starting with an electron at an 
arbitrary zero of energy at point A, the electron will gain an 

» Hull, A. W., Tran$. A.I E.E,, 47, 763, 1928. 



Fio. 6-13.—The relation of the 
work functions of two metals 
to their contact difference of 
potential. 
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energy (t}A e.v. when it leaves A and moves out to point A' just 
outside the metal surface, say 10“^ cm. from the surface. As the 
electron moves from A' to B', it will gain an energy V electron 
volts due to the electrostatic field intensity F between A' and B'. 
From B' to B the loss in potential energy is <t)B- If the change in 
energy of the electron from B through the junction to D is 
negligibly small, then we must have, since the energy at C and 
at D must be identical, 

<t>A A- V — (t>B 0 
or 

V = <t>B - (l>A ( 6 - 22 ) 

This states that the contact difference of potential between two metals 
equals the difference between their net work functions. The above 
analysis neglects the Peltier e.m.f. at the junction J, which is 
usually small (1 per cent or less) compared with <I>b — <l>Ay unless 
the two work functions are nearly equal. 

Experiments designed to check Eq. (6-22) have not been 
altogether successful, although a fair agreement is found. The 
experiments are difficult because (1) it is hard to obtain a per¬ 
fectly clean surface free of adsorbed gases, (2) different crystal 
faces of the same element may exhibit values of the work function 
differing by as much as 0.3 to 0.4 volt, and (3) the work function 
may vary with the temperature. The contact potentials of a 
series of 43 metals were measured with respect to a standard 
metal by Klein and Lange. ^ They made their measurements in 
an argon atmosphere at room temperature, and most of the 
metals were cleaned by grinding as the test proceeded. The 
contact potentials varied with time after each experiment started, 
but after 2 to 30 min. they approached a constant value. A few 
of their results for the work functions of metals deduced from 
these measurements and based on </> = 4.52 e.v. for mercury are 
shown in Table 6-5. 

A comparison of these values with those obtained by ther¬ 
mionic tests (Table 6-2) shows differences of 0.1 to 0.8 volt, some 
values being higher and some lower. 

The relation between contact potential difference and work 
function has been applied^ to the study of the changes in the work 
function of oxide-coated cathodes during activation. A practical 

‘ Klein, O., and E. Lange, Z. Elektrochemiei 44, 542, 1938. 

* Heinzb, W., and S. Wagener, Z. Physiky 110, 164, 1938. 
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result of the contact potential difference between the electrodes 
of diodes and triodes is its effect on the space-charge-limited 
current (see Sec. 6-7). 


Table 6-5. —Work Functions Based on Contact Potential Tests 


Metal 

Hg. 

Pt. 

Mo 

Cu. 

W. 

m.. 

Ta. 

Zn. 

Th. 

Ba. 

Na. 

K.. 


Work Function, 
e.v. 

.... 4.52 
.... 4.52 
.... 4.48 
.... 4.46 
.... 4.38 
.... 4.32 
.... 3.96 
.... 3.66 
.... 3.46 
.... 1.73 
.... 1.6 
.... 1.6 


6-6. The Schottky Effect. Field Emission, a. The Schottky 
Effect ,—The slight increase in the saturation electron current 
as the anode voltage is increased (see C to D, Fig. 6-2) was first 
treated theoretically by Schottky.^ His theory has been found 
to hold quite accurately for pure metal cathodes, but modifica¬ 
tions of the theory are necessary for atomic-film and oxide-coated 
cathodes. 

Schottky considered that in the saturation region the anode 
potential would‘cause an accelerating electric intensity at the 
cathode surface. This field intensity would result in a force on 
the electron in an outward direction from the metal surface, 
i,e.y opposed to the image force and surface polarization force. 
Thus, the force diagram in Fig. 6-8 must be modified to include 
the force caused by the electric field. If the metal surface is 
assumed to be smooth, then the intensity and hence the force 
will be a constant, as shown in the force diagram in Fig. 6-14. 
The original force curve ABCD is therefore changed in the 
presence of the electric field to the curve FGH, This new curve 
goes through zero at the point X6 where the image force is just 
equal to the force caused by the external field. At all points to 
the right of xo the electron experiences a net force away from the 


^Phynk. Z., 15, 872, 1914. 
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surface. Hence, to become free, the electron needs only to reach 
the plane at a: = xo. 

Let us consider what effect this state of affairs has on the 
energy diagram. The line OT shows the energy of the electron 
caused by the external field at any value of x. These values 
must be subtracted from the potential-energy curve for zero 
electric field to give the final curve LM. This curve has a 



Fiq. 6-14.—The effect of an external electric field on the force and energy curves. 


maximum value at Xo, for it is at this point that the net force 
curve passes through zero. The net effect, then, is to lower the 
outer work function from Wa to TT'. The net work function will, 
of course, be reduced by the same amount. 

To put these ideas in mathematical form: We may consider 
first that the distance Xo is determined by the equality of the 
external force caused by the field and the image force, on the 
assumption that xo is not too small; thus, by using Eqs. (2-5) 
and (2-40), 




IGTreXo^ 


(6-23) 


The reduction in the work function AW may be considered as 
arising in two portions, (1) the reduction in the work caused by 
the external field from x = 0 to x = Xo, which has the value 
FqeXo'f and (2) the reduction caused by the fact that the electron 
does not need to overcome the image forces from Xo out to infinity. 
The first portion is represented by the vertical distance MN 
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in the energy diagram (Fig. 6-14), and the second by NS, Thus, 
the total reduction is 

+ (6.24) 

Upon integrating, and eliminating Xq by using Eq. (6-23), we find 

it' - raSi (e-25) 


This reduction in the work function will have an effect on the 
eii^ission current; using the form of Eq. (6-15), we find the emis¬ 
sion current in an accelerating field to be 


or 


J, = exp ^ {<l>o - 3.99 X IQ-* ) j 


(6-26) 

(6-27) 


This equation can be tested experimentally by plotting the 
logarithm of the current density against the square root of the 
electric intensity at the cathode. A straight-line relation shows 
agreement with Eq. (6-27). Such straight lines have been 
obtained for tungsten filaments for fields up to 10® volts/m. when 
the wires have a small crystal structure and a very smooth 
surface. When the surface is slightly rough, there are deviations 
from the theoretical line caused by the variation of the intensity 
over the ^‘hills'' and ‘^alleys'' of the surface. Even sub- 
microscopic roughnesses may cause such deviations; for at a 
field of 10® volts/m. the value of Xo, on the assumption of a 
smooth surface, is 1.9 X 10“® mm. 

The deviations in the curves for atomic-film and oxide-coated 
cathodes are greater than for pure metals. These large devia¬ 
tions have been quite satisfactorily explained^ in terms of patches 
on the surface which have a work function different from that on 
the rest of the surface. 

The most important application of the Schottky equation 
(6-27) is in the deduction of the true work functions of the metals 
from theii^ Richardson lines. As already defined, the work 
function refers to the work of extraction when the external 

^ See, for example, general reference 6-3. 
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field is zero. Equation ^(6-27) must be used to reduce the 
observed saturation current to the value that would be obtained 
with zero external field at the cathode surface. This can readily 
be done for pure metals, but the correction is quite uncertain for 
composite cathodes. 

b. Field Emission ,—When the field intensity is raised at the 
surface of a metallic cathode in a high vacuum to the order of 
10® volts/m., an electron emission appears that is nearly inde¬ 
pendent of the temperature. It is observed at room temperature 
and hence is sometimes called cold-cathode emission but more 
generally field emission. At first, it was thought that the 
Schottky law would account for these currents; for if the field 
intensity is raised high enough, Eq. (6-27) shows that the current 
varies much more rapidly with the field intensity than with the 
temperature. However, the experiments of Millikan and 
Eyring^ and of Ahearn^ showed that cathodes of tungsten and 
molybdenum gave field currents which were independent of 
temperature to an accuracy of 5 per cent from 300 to 1100°K. 
Their results could be represented by an equation of the form 

/ = B exp I) (6-28) 

where B and D are constants that depend on the kind of metal 
and its previous treatment. 

The theory developed by Fowler and Nordheim,® who used a 
wave-mechanical approach to the problem, gave as a result an 
equation similar to (6-28), as follows: 

I - aF^ exp (6-29) 

Here, a and D are constants, and the exponential factor provides 
the major part of the variation with intensity. According to 
Fowler and Nordheim^s theory, an electron that approaches an 
energy barrier, or hill, as shown by curve LM in Fig. 6-14, 
has a finite chance of escaping even though its energy is less than 
that of the top of the hill. The effect of an increase in external 
field is to lower the hill and make it narrower. The decrease in 

^Phys. Rev., 27, 51, 1926. 

*Phy8. Rev., 44, 277, 1933. 

*Proc, Roy, Soc. {London), 119, 173, 1928. 
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height is most important in thermionic emission, and the decrease 
in width of the hill is considered to l5e sufficient to account for 
the field emission. The experiments cited above gave results 
that agreed in form with the theoretical results, but quantitative 
agreement was not obtained. The failure to obtain a quantita¬ 
tive check of the theory was ascribed to the influence of sub- 
microscopic roughnesses, perhaps in the form of protuberances or 
ciystal edges in the form of ridges, on the actual electric intensity 
at the metal surface. Such roughnesses would need to increase 
the intensity by a factor of about 70, and investigators have not 
agreed whether such a large factor is reasonable. 

The experiments are usually carried out with a very sharp 
point adjacent to a plane surface or with a wire of about 0.02 
ram. diameter arranged down the center of a cylindrical anode. 
With unconditioned metals for the cathode, appreciable field- 
emission currents are obtained with fields of the order of 10^ to 
5 X 10^ volts/m. Outgassing by high-temperature treatment 
increases the intensity at which the currents become measurable 
to the order of 8 X 10^ volts/m. At these high fields the currents 
may follow a stable voltage-current curve for a certain range of 
voltage and then jump suddenly to a current as much as 10^ or 
10^ times as high as before. This behavior has been called a 
breakdown^ although the discharge after the breakdown follows 
a stable voltage-current curve. With carefully conditioned 
tungsten electrodes, fields as high as 5 X 10* volts/m. have been 
obtained. 

Electron-micBoscope observations throw some light on the 
phenomenon. tJsing a magnification factor of about 200,000, 
Muller^ obtained electron images of the field currents from a 
single crystal point. The emission was observed to come from 
minute regions of the order of lO"*^^ sq. cm. in area, and the 

radius^' of the extremity of the point was about 5 X 10”® cm. 
The observed current density was about 10® amp./sq. cm. 

The experiments of Beams* indicated that a surface of impure 
mercury in a high vacuum (near the freezing point of Hg) gave 
a field emission starting at 3.5 X 10^ volts/m. whereas a pure 
surface required an intensity of .18 X 10^ volts/m. 

^ For example, by A. J. Ahearn, Phj/8, Rev.^ 60, 238, 1936. 

* MOller, E. W., Z. Physik., 106, 641, 1937. 

»PAyf. Rev., 44, 803, 1933. 
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Special precautions must be taken to eliminate field emission 
from the electrodes of high-voltage high-vacuum tubes, such 
as kenetron rectifiers and Coolidge X-ray tubes, for the currents 
of 30 to 100 ma. that may build up would be destructive to the 
tube. The electron currents that result sometimes strike the 
glass walls, as manifested by the resulting fluorescent light, and 
actually give rise to destructive heating of the bulb. Field 
emission is also important in the theory of some types of arc 
(see Chap. XI). 

6-7. Space-charge-limited or -controlled Electron Currents.— 

The important applications of electron tubes depend on the 
control of the current through the tube by means of potentials 
impressed on one or more electrodes inside the tube. In the 
case of the two-element tube, or diode, the useful region of con¬ 
trol is illustrated by the range from ^ to in Fig. 6-2. This 
range has been discussed in a preliminary way in Sec. 6-1 where 
reference was made to the difficulty of the complete problem. 
Treatment of a simplified case will, however, give an insight into 
the role played by the space charge in the control of the electron 
current by the anode voltage. Theiefore, consider Fig. 6-15 in 
which a parallel-plate anode and cathode, assumed infinite in 
extent, are separated by a distance d. It is further postulated 
that the electrons are just able to emerge from the cathode; i,e., 
they emerge with a zero initial velocity. Consider now that 
the anode voltage Ei is held constant and that the cathode 
temperature is slowly increased. While the cathode temperature 
is still low, the electron emission will be small. The electron 
current density will be very small, and the quantity of charge 
between the plates at any instant will not be sufficient to disturb 
the uniform field. The electrons emerging from the cathode will 
be in an accelerating field which will carry them to the anode. 
As the cathode temperature is increased, the rate of emission of 
electrons increases enormously, as shown in Fig. 6-4. This 
increased electron current will result in sufficient space charge to 
disturb the field, tending toward the potential distribution shown 
in Fig. 6-3, marked ^'with space charge.^’ However, under the 
assumption of zero initial velocity of the electrons, the field could 
not be changed to the extent shown in Fig. 6-3, since the electrons 
would return to the cathode in the retarding field. Therefore, as 
the temperature is raised, the current will increase until the 
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electric intensity at the cathode approaches zero. A further 
increase in the supply of electrons cannot increase the space 
current, and it may be said that a condition of space-charge- 
limited emission has been reached. In what follows, it will be 
assumed that a very large supply of electrons is available at the 
cathode and, therefore, that the field intensity is practically zero 
at the cathode. 

To express the effect of the space charge on the potential distribution 
between the plates, we‘ require the one-dimensional form of Poisson’s 
equation. This can be derived by applying Gauss’s theorem to the elemen¬ 
tary box cut from the right cylinder in Fig. 6-15 by the planes x and x + dx. 
The electric intensity everywhere on the narrow sides of the box is tangential 
to the surface; therefore, the integration in Qauss’s law, i.e., in 

closed surface 

J* f cos {F,n) da (2-32) 

need be carried out only over the two ends of the box. If we consider an 
arbitrary electric intensity of magnitude -\-F in the positive axlirection at 



Fio. 6-15.—Parallel-plane Fio. 6-16.—Side view of 

diode. elementary box. 


plane x, then the intensity at plane x dx Ib F ^ dx (Fig. 5-16). In 

accordance with convention, we take an outward component of intensity 
as positive so that Eq. (2-32) reduces to 

where p is the volume density of charge in the elementary volume, and the 
charge enclosed in the box is p dx. This simplifies to dF/dx » p/s; and, by 
making use of ^e relation between intensity and potential (Eq. (2-22>], we 
may write the required form of Poisson’s equation 


d^E 

^ 5 * 


p 

c 


( 6 - 80 ) 
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Returning now to the space-charge problem, we let 

p = volume density of charge at the plane x (Fig. 6-15). 

E = potential at the plane x, referred to zero potential at the 
cathode. 

Qe == value of the charge of the electron (+1.6 X 10~^® 
coulomb). 

V = velocity of the electrons at the plane x. 

J = current density, which is the same at any cross section in 
the steady state. 

The emitted electrons are assumed to start from rest, so that 
the velocity of an electron at x is given by 


V = 



(3-7) 


The moving electrons constitute a space charge of density p 
which is moving with a velocity F, parallel to the x-axis, so that 
the current density is given by 


J = pF (6-31) 

The variables p and F can be eliminated by combining (6-31), 
(3-7), and (6-30), giving the following differential equation: 


d^E 

dx'^ 



(6-32) 


This may be integrated by multiplying through by 2 with 


the following result: 


(“)‘" - T te)‘ 

The integration constant K is zero, for E is zero at the cathode, 
and we have postulated a great enough supply of electrons at the 


cathode to make the intensity 




zero. The variables in 


(6-33) are separable, and a second integration yields 



(6-34) 


The integration constant is again zero, for the potential was tak^n 
to be zero at the cathode. Since the current flow is electronic, 
the current density J in the +x-direction will be negative, thus 
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accounting for the minus sign in Eq. (6-34). This equation 
shows how the potential varies between the electrodes. The 
curve starts with a horizontal slope at the cathode and then rises 
as the four-thirds power of the distance. 

A more useful result is obtained if Eq. (6-34) is solved for the 
current density in terms of the potential at the anode Ei and 
the separation d. Thus, we find the magnitude of the current 
density to be given by the following relation: 

Thus, the current varies as the three-halves power of the anode 
voltage and inversely as the square of the spacing. This shows 
that in order to drive electron currents across the space-charge 
region at reasonably low voltages the spacing between the 
cathode and anode must be small. 

The foregoing theory applies with slight modification to the 
analogous case of positive-ion motions through a region of 
positive-ion space charge; in fact, the theory originally was 
developed for this case by Child. ^ 

If the effect of the initial velocities is taken into account, 
the resulting relation between the current and the anode voltage 
is modified somewhat. This problem has been attacked by 
Langmuir^ and others. The initial velocities of the emitted 
electrons are assumed to be distributed according to Maxwell's 
law. Experimental tests on this point can readily be made, 
and the tests shOw that the assumption is in accord with the 
facts. The effect of the initial velocities is to cause a minimum 
in the potential-distribution curve as shown in Fig. 6-3. Experi¬ 
mental tests, as well as theoretical calculations, show that the 
negative minimum potential Em and also its distance from the 
cathode Xm become smaller as the anode voltage is increased. 

The expression given by Langmuir® for the current-voltage 
relation is as follows: 


J == 


2.335 X 10-\Ei - Em)^ 
(d - Xm^ 


1 + 


Ti 


40.3(£i - Em)^^ 


(6-36) 


^Phys. Rev., 92, 492, 1911. 

* Langmuir, I., Phys. Rev., 21, 419, 1923. 

* General reference 6-13, pp. 2S9ff.; general reference 6-3, Eqs. (86), 
(87), and (88). 
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This is the same as the approximate form (6-35) except that the 
potential and anode distance are measured from the potential 
minimum and the bracketed correction factor has been added. 
The magnitude of Em is given in Eq. (6-41) below, and Xm has 
the algebraic value 

= 1.09 X (6-37) 

fi is a function of log {J»/J); a few corresponding values are 
given in Table 6-6. 


Table 6-6.—Values of 


1 

log-y 

0 

0.30 

0.60 

- 


1.60 

2.40 

4.5 

10 

15 

25 


0 

-0.979 

-1.312 


-1.881 

-2.117 

-2.404 

-2.544 

-2.553 

-2.554 


The order of magnitude of Em and Xm can be seen from the 
values in Table 6-7. These were calculated from Eqs. (6-41) 
and (6-37) for the parallel-plate case, assuming a separation 


Table 6-7.— Effect of Initial Velocities on Space-charge-limited 

Currents 


Jy amp./sq. m. 

Emy volts 

Xmj mm. 

Elf volts 

JU. 

J [by Eq. 

(6r35)l, 
amp./sq. m. 

1,000 

-0.235 

0.0203 

1,196 

0.336 

964 

200 

-0.58 i 

0.057 

399 

0.0672 

186 

40 

-0.94 

0.146 

130 

0.01344 

34.6 

8 

-1.27 

0.347 

40.3 

0.00269 

6.0 

2 

-1.58 

0.697 

13.1 

0.000672 

1.11 


d of 0.01 m. The cathode is assumed to be tungsten at a 
temperature of 2500°K., for which the saturation-current density 
is 2,975 amp./sq. m. For convenience in making the calcula¬ 
tions the value of J was set at five different arbitrary values. 
In addition to giving the values of Em and Xmy the table also 
gives Elf calculated from Eq. (6-36), the ratio of the assumed 
current to the saturation current, and the current density cal¬ 
culated by the approximate equation (6-35). The table shows 
that the currents calculated by the more accurate methods are 
higher than those calculated by*Eq, (6-35), the percentage 
difference being larger for smaller values of current. Therefore, 
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the current changes less rapidly with the voltage than predicted 
by the three-halves-power law, especially at low anode voltages. 
This effect increases with the temperature of the cathode. 

The presence of the minimum in the potential curve gives rise 
to a retarding field from the surface of the cathode out to the 
point X = Xm - The electrons emitted from the cathode must 
have energies greater than just sufficient to become free of the 
metal, for they must expend energy to overcome the retarding 
field. The extra energy required is Em e.v. per electron. Many 
of the electrons that become free of the metal will not have 
enough energy to reach Xmy and these willTbe turned back. Thus 
the concentration of electrons will be greatest at the metal surface 
and will decrease out to Beyond Xm the concentration 
decreases again, but here it is controlled by the space-charge 
conditions in the accelerating field. A precise formulation of the 
relative concentrations of electrons at the cathode and at 
X = Xm can be obtained by applying Boltzmann^s general rela¬ 
tion^ for the effect of a field of force on the concentration of gas 
particles, which may be written 


El 

N, 


e 


(6-38) 


In this equation, Ni and N 2 are the concentrations at region 1 
and region 2, W is the energy required to carry a particle from 
2 to 1 against the forces of the field, and k and T have their 
usual significance. To apply this relation to the case in hand, 
let Nc be the electron concentration at the cathode and Nm the 
concentration at x = Xm; then, 

AT 

^ = e (6-39) 


if Qe represents the magnitude of the electronic charge and Em is 
the algebraic value of the potential at Xm. Now, the current 
density of electrons leaving the cathode is proportional to iVc, 
and the current density passing Xm (hence, reaching the anode) 
is proportional t6 Nml therefore, Eq. (6-39) yields the expression 

7 

4- = c (6-40) 

J 9 

^Lobb, L. B., ^‘Kinetic Theory*of Gases,'' 2d ed., p. 92, McGraw-Hill 
Book Company, Inc., New York, 1934. 
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since the current leaving the cathode is the saturation current. 
Solving Eq. (6-40) for Em, we find that 

„ kT. J, -T . J, /« 

~ i: 7 ■ 5^41 7 

An expression for the space-charge-limited current from a 
cylindrical cathode to a concentric cylindrical anode on the 
assumption of zero initial velocities was derived by Langmuir. 
The current for a length L of the cylinders is given by 


I 


Sire 

" 9 “ 


\ m 


= 1.47 X 10-^ 


LEii 


(6-42) 


The symbol Va stands for the inner radius of the anode cylinder, 
and is a complicated function of the ratio of Va to the cathode 
radius Vc. The values of may be read from a curvea few 
values are given in Table 6-8. 


Table 6-8 


Ta/rc . 


2.0 




40 

100 

200 


00 

. 





1.072 

1.095 






The equation for coaxial cylinders again gives a current pro¬ 
portional to the three-halves power of the cathode-to-anode 
voltage; furthermore, it can be shown that a three-halves-power 
law holds for any geometrical arrangement as long as the current 
is entirely controlled by space charge. 

Equation (6-42) is important not only because it is used in the 
design of coaxial cylinder diodes but because it is used as the 
basis for the study of cylindrical tubes containing grids, as well. 
The equation is also used as an approximation in calculations 
pertaining to tubes having V-shaped filaments and an oval 
cylindrical anode. 

The initial velocities of the electrons produce less deviation 
from Eq. (6-42) than those calculated for the parallel-plate case. 
However, a similar minimum in the potential curve appears in 
this case, also. 

Other factors that produce deviations frpm the three-halves- 
power law are the contact potential between anode and cathode, 

^ See general reference 6-13, p. 247. 
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the effect of the potential fall along the filament caused by the 
heating current, and the voltage drop through the oxide coating 
of oxide cathode tubes. 

6-8. Typical Applications of the High-vacuum Diode: Recti¬ 
fiers; Voltmeters.—The principal useful feature of the diode is 


its ability to pass a current in one direc¬ 
tion and to prevent passage of current in 
R the opposite direction. This gives the 
^Filctmenl diode its ability to rectify alternating 
rwWRTi heating currents. This feature of rectification 
tmnsfbrmer j ^ Fleming in 1904 

2 ) for the reception of radio signals, and 


Fiq. 6-17.—Half-wave recti¬ 
fier circuit. 


it is still an important use of the tube. 
The diode is also used for the rectifica¬ 


tion of alternating current for power purposes, although the gas¬ 
eous diode, mercury-arc rectifier, and ignitron (see Chap. XI) are 
more important in this field. 

The circuit shown in Fig. 6-17 may be used for obtaining a 
rectified direct current from the source of alternating voltage 
The circuit is a series circuit of three elements: the alternator, 
the load resistance jB, and the di- ^ 
ode. If we let e represent the in- ^ 
stantaneous e.m.f. of the alternator, :> 
i the instantaneous value of the cur- 
rent, and Cd the instantaneous e.m.f. 
of the diode, then, using Kirchhoff^s t 
e.m.f. law, we can write o 

e — iR — Cd — 0 ^ 

That is, the sum of the e.m.fs. Fio. 6-18.—Current and voltage 
taken around the circuit is zero, wave forms for a half-wave rectifier. 

The manner in which these e.m.fs. add to zero may be seen in 
Fig. 6-18. In this figure the alternator e.m.f. e has been repre¬ 
sented as a sine function of the time. The diode conducts current 
during the hal^ cycle while e is positive, since its anode is positive 
with respect to its cathode, but acts as an insulator while e is 
negative. During the nonconducting half cycle, the voltage 
across the diode rises to its highest value, marked Einv in the 
figure. This maximum inverse peak voltage must be limited to 
a safe value in accordance with the rating of the tube. If the 
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relation between ed and i were linear, then the current would 
consist of half cycles of a sine curve. In general, however, the 
relation between ed and i is nonlinear and is instead given approxi¬ 
mately by the three-halves-power law: 

i = kcd^ 

The nonlinear nature of this relation greatly increases the diffi¬ 
culty of calculations pertaining to a circuit containing a diode. 
On the other hand, this nonlinear characteristic has a useful 
application in one method of detection of radio signals. 



Fig. 6-19.—Construction of the current wave form for a half-wave rectifier. 

The general problem presented by the diode rectifier circuit 
in Fig. 6-17 can be stated as follows: With a given alternating 
voltage e, a given load resistance i?, and a known relation between 
the current i and the diode e.m.f. Cd, (a) what will be the average 
value of the current ?, and (b) what is the wave form of the 
current t? Because of the fact that the relation between t and 
ed is often known only in an empirical form as a result of an 
experimental test, it follows that a graphical analysis is the most 
satisfactory approach to the problem. Let the experimental 
curve relating z and Cd be plotted as in Fig. 6-19. Then a straight 
line can be drawn to show the variation of the e.m.f. of the load 
resistance with the current. If corresponding abscissas of these 
two curves are added, the resulting curve will show the variation 
of the total back or counter e.m.f. with the current. The dotted 
curve in Fig. 6-19 gives this relationship. In order to find the 
current wave form, all that is necessary is to use the dotted curve 
to find values of current corresponding to the alternator voltage 



176 


ELECTRON EMISSION 


[Chap. VI 


at any instant. A convenient way of getting this result graphi¬ 
cally is shown. The alternator voltage e is first plotted as a 
function of time, with the same e.m.f. scale as before but with 
a time scale in the downward direction from the origin. Then a 
time scale is laid out along the x-axis. The current curve is 
obtained by a point-by-point construction as follows: Take the 
instant a on the e.m.f. curve, for example. The current at this 
instant is found by projecting upward to the dotted curve, 
point / being thus obtained. This value of current is then 
projected horizontally to give the current at the instant a in 
the current curve, point/'. In this way the whole current wave 
form can be traced out. Further analysis could be made to 
find the average value of the current. 



Fig. 6-20.—Circuit diagram of a peak voltmeter. 

The method given above could be used to study such important 
features of a rectifier as its efficiency and the variation of the 
average voltage across the resistance as the resistance is varied. 
The method fails if the circuit contains inductive or capacitive 
circuit elementgj The general problem is one of the solution of an 
electrical network containing a nonlinear element. The analysis 
of such circuits is outside the scope of this text. 

The circuit of Fig. 6-17 can be used to measure alternating 
voltages. For this application the meter marked I would 
be a sensitive microammeter, and the resistance R would be 
made quite high. The advantage of this arrangement over an 
ordinary dynamometer or iron-vane type voltmeter is that the 
power consumed is relatively small and that higher frequencies 
can be applied to the device. However, the reading of the 
instrument tends to be proportional to the average value of the 
wave rather than to the r.m.s. value. This limitation can be 
reduced and the sensitivity can be increased by special methods 
described in texts on radio engineering. 

The peak value of an alternating-voltage wave can be meas¬ 
ured with the circuit depicted in Fig. 6-20. Let us assume that 
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if terminals A and B are short-circuited and if the potential 
divider P is adjusted so that V reads zero, then the microammeter 
will read zero. If, now, an alternating voltage is impressed 
across AB^ the resulting rectified current will deflect the micro¬ 
ammeter; but if the slider S is adjusted so that V equals the peak 
value of the voltage wave from A to J5, the rectified current will 
fall to zero. This is called the slide-hack voltmeter, because of 
the method of manipulation. C\ and C 2 are high-frequency 
by-pass condensers. This voltmete'r cannot be used with 
accuracy^ when the peak voltage is below a few volts. At higher 
values of voltage the accuracy is better, but the method suffers 
the disadvantage that a battery voltage at least equal to the 
highest peak voltage to be measured must be available. 

6-9. Grid Control of Electron Space-current: The High- 
vacuum Triode.—The fact that a third electrode in a high- 
vacuum thermionic tube will control the current was discovered 
by L. deForest in 1907. This electrode usually takes the form 
of a lattice or mesh of fine wires mounted between the cathode 
and anode and is called the grid. Such a tube is called a high- 
vacuum triode. 

The internal action of the triode is similar to that of the diode, 
for in both tubes the current is controlled by the electrode volt¬ 
ages in accordance with the space-charge requirements. The 
space-charge conditions in the parallel-plane diode at any instant 
can be shown schematically as in Fig. 6-21a. The space charge 
in the region between the cathode and the plane of the potential 
minimum just outside the cathode (at Xm) has been omitted from 
the figure; therefore, all the space charges shown are in an 
accelerating field and are moving toward the anode. A simple 
consideration will show that this space charge must be the com¬ 
plementary charge of the anode charge; i.c., the space charge 
between Xm. and the anode must be equal in magnitude to the 
positive charge on the anode. This is obvious if one considers a 
Gaussian surface with one end in the anode and one end at the 
plane Xm, where the intensity is zero and with the sides normal to 
the plane of the electrodes. An analysis of the results in Sec. 
6-7 will show that when the anode voltage of the diode is increased 
there are two results which cooperate to increase the anode cur- 

iSee C. B. Aiken and L. C. Birdsall, Trans. A.I.E.E., 67, 171, 1938, 
for a study of the precision of the slide-back voltmeter. 
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rent: one is an increased velocity of the electrons at any plane, 
and the other is an increased space-charge density at the same 
plane. 

Now, let us insert a grid of fine parallel wires between the 
cathode and anode as in Fig. 6-216, and let the grid be at cathode 
potential. The grid will partly shield the cathode-to-grid region 
from the influence of the anode, thus lowering the intensity in 
this region and raising the intensity between the grid and anode. 
The cathode-to-grid region may be considered in terms of an 
equivalent diode with a spacing equal to the cathode-grid spacing 
which produces field intensities approximately equal to those 
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Fig. 6-21.—Charge distributions in the diode and triode. Ec = cathode-to-grid 
'potential. Eb = cathode-to-anode potential. 


actually present in this region. An analysis of the equations 
for the diode (Sec. 6-7) will show that if the intensities are 
decreased then the accompanying space-charge-controlled current 
is decreased, also. As a result, we conclude that the effect of the 
grid will be to decrease the current through the triode below 
what it was for the diode in Fig. 6-21a. The only effect of the 
increased intensities in the grid-to-anode region is to accelerate 
the electron stream and thereby reduce the space-charge con¬ 
centration in the grid-to-anode space. 

Another way of viewing the effect of the grid is to consider the 
induced charge on the grid. This negative induced charge on 
the grid (Fig. 6-215) combined with the negative space charge 
forms the complementary charge of that on the anode. Thus 
the space charge is less dense than it was in the diode, and in the 
important region between the cathode and the grid the intensity 
is less; as a result, the current carried by the electrons is much 
reduced but is not eliminated entirely. 
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When the grid is charged positively, as shown in Fig. 6-21c, 
the space-charge density is increased, and the electron current 
leaving the cathode is increased. The electron stream is col¬ 
lected partly by the grid and partly by the anode, giving rise to 
a grid current as well as an anode current. 

A small change in grid potential, as from zero to 5 volts (see 
Fig. 6-216 and c) can produce a relatively large change in the 
current. A theoretical analysis^ shows that if the greater portion 
of the space charge is close to the cathode, as usually is the case, 
then the effects of the grid and anode potentials are linearly 
superposable, with the result that the electron current leaving the 
cathode can be given by the functional relation 

I = + Eb) (6-43) 

where Ec is the cathode-to-grid potential, Eb is the cathode-to- 
anode (plate) potential, and /x is a coefficient of the tube called 
the amplification factor. An empirical form of the function is as 
follows: 

1 = BiixEo + EbY (6-44) 

where B and n are constants for a given tube. There is theo¬ 
retical support for a value of f for n, derived by an extension of 
the theory for the diode. However, experimentally determined 
values of n vary from 1.2 to 2. The value n = 1 is often 
employed in Eq. (6-44) to yield a form amenable to mathematical 
calculation. 

An interesting result of Eq. (6-44) is that current continues to 
flow through the tube for negative grid voltages as long as nEc is 
less than Eb, i.e., as long as the quantity in the parenthesis 
remains positive. Interpreted physically, this means that, if 
the grid is not too far negative, it will allow electrons to pass 
through between its meshes. The field of the anode reaches 
through between the grid wires to produce an accelerating field 
near the cathode, and electrons are guided toward the anode by 
this field. The regions on the anode where the electrons strike 
can be nicely illustrated by means of a demonstration triode* 
which has a coating of fluorescent material on its anode. As 

' Van Dbr Bijl, H. J., ‘‘The Thermionic Vacuum Tube and Its Appli¬ 
cations,'' McGraw-Hill Book Company, Inc., New York, 1920; see general 
references 6-2 and 6-7 for detailed accounts. 

* Westinghouse type WLr787. 
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Fig. 6-22a.—A demonstration triode with —150 volts on the grid. 



Fio. 6-225.—The demonstration triode with sero volts on the grid. 
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shown in Fig. 6-22 the filament consists of a row of six vertical 
wires, and the grid consists of a rectangle fitted with horizontal 
cross wires. The anode is in the* rear. In Fig. 6-22a the grid 
is at a negative potential of 150 volts, but the anode voltage of 
400 volts is sufficient to develop a plate current of 40 The 
resulting fluorescence on the plate is rather faint, but the repelling 
action of the grid on the electron stream can be clearly seen. 
In Fig. 6-226 the grid voltage has been reduced to zero so that the 
anode current is much increased. This condition corresponds 
roughly to that in Fig. 6-216. Electrons passing near the grid 
are still repelled so that the regions where the electrons strike 
the anode consist of bands which extend the full width of the 
anode. When the grid potential is made positive, the bands 
become wider and finally overlap. A detailed study of the paths 
of the electrons within the tube would involve the construction 
of field maps showing the intensity lines and equipotential sur¬ 
faces. 

The amplification factor g in Eq. (6-44) gives a measure of the 
relative effect of a voltage on the grid and a voltage on the plate 
on the electron current through the tube. The grid is close to 
the cathode and has a greater effect on the dense space-charge 
region near the cathode than does the plate, and so a change of a 
few volts in the grid potential produces the same change in the 
current as a much larger change in the plate potential. There¬ 
fore, M is greater than unity and in commercial triodes ranges 
from 3 to 100. Changes in the structure of a triode that increase 
its fjL are the following: (1) an increase in the grid-wire diameter, 
(2) a closer spacing of the grid wires, and (3) a decrease in the 
spacing from cathode to grid. 

In certain special forms of grid, cathode, and plate structures the value of 
fx can be calculated from theoretical formulas.^ These formulas are based 
on the following considerations: In the absence of space charge, a grid volt¬ 
age Ee acting in conjunction with a plate voltage Eb will produce a charge Q 
on the cathode given by the equation 

Q = Ck,Ec -H CkpEb (6-45) 

where the capacitance coefficients Ckg and C*p are dependent only on the 
geometry of the tube. To apply this equation, we postulate that the plate 
and grid voltages have the same relative effect on the space-charge-limited 
current as they do on the cathode charge in the absence of space charge. 

‘ General reference 6-2, p. 178. 
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This assumption will seem more plausible when one reflects that in one sense 
the space charge replaces the charge Q which would be present on the cathode 
in the absence of space charge. For if we think of a gradual introduction of 
the space charge into the field, we see that the cathode charge starts at the 
value Q and finally drops to zero when the current is completely space- 
charge-controlled. The cathode charge is actually not quite zero but would 
be zero if an equivalent cathode were imagined located at the plane of mini¬ 
mum potential at x*. To find the relative effect of the grid and anode poten¬ 
tials from Eq. (6-45), we divide by Cjtp. 


The coeflBcient of Ee is identified with the m of the trio^ie. 



(6-46) 


(6-47) 


The capacitance coefficients can be calculated from the geometry of the 
tube in certain cases, and formulas for m obtained in this way agree satis¬ 
factorily with the measured value of m- An expression* that applies to a 
concentric-cylinder filamentary triode with a helical grid follows; 


A* = 


2irNri log ~ — log cosh rrND 

_Ti_ 

log coth ttND 


(^ 48 ) 


where N is the number of grid wires per unit length of grid, ri is the radius of 
the grid helix, r 2 is the inner radius of the anode, and D is the diameter of 
the grid wires. Whep tND is less than 0.4, i.e., when the diameter of a grid 
wire is less than 12,5 per cent of the grid-wire spacing (center to center), then 
the formula reduces to the following approximate form: 



This is accurate to 5 per cent when /x is greater than 2. 

In circuits employing the triode, the utilization device is 
placed in the plate connection so that it carries the plate current. 
In these applications, therefore, the functional relation of most 
interest is thgit between the plate current h and the control 
voltages, grid voltage Ee and plate voltage Eb. If the electron 
current collected by the grid is negligible, then Eq. (6-44) can 
be applied. 

Ib = B{fxEc + Eh)^ 

^ VoGDES, F. B., and F. R. Eldbb, Phys. Rev., 24, 688, 1924. 


(6-60) 



Sec. 6-9] 


THE HIOH-VACUUM TRIODE 


183 


The assumption regarding negligible grid current will be satisfied 
in the important region of negative grid voltages where the grid 
potential is more negative than about 1 volt with respect to the 
cathode. As already mentioned, the more accurate forms of 
Eq. (6-50) often lead to mathematical difficulties in circuit 
problems. Therefore, various approximate methods and methods 
of graphical analysis are often employed. The usual procedure is 
to represent the relation between plate current and grid and 
plate voltages by a series of characteristic curves in which the 


relation between two of the 
variables is shown in a curve 
and the third is used as an 
adjustable parameter. 




^^-Plate voltage, volfs 


Fig. 6-23.—Circuit for the Fig. 6-24.—Plate characteriatics of a 

determination of triodo char- triode (type 76). Ec = cathode-to^ 
acteristics. grid voltage. 


The essential features of a circuit which may be used to obtain 
the data for the characteristic curves are shown in Fig. 6-23. 
The tube shown has an indirectly heated cathode. The grid 
and plate voltages should be made controllable, for example, 
by means of potential-dividing rheostats. When the triode has 
a filamentary cathode heated with direct current, it is customary 
to measure grid and plate voltages with respect to the negative 
end of the filament; thus, in Fig. 6-23 the connection at K would 
be made to the negative end of the filament. 

The relation between plate current and plate voltage, called 
the plate characteristic, is shown in Fig. 6-24. These curves refer 
to a small receiving type of triode having a m of about 14 and a 
cylindrical structure as shown in the figure. A study uf Fig. 6-24 
shows that the characteristic curves are quite similar for the 
different fixed grid voltages except in the region of positive grid 
voltages. 
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The relation between plate current and grid voltage with the 
plate voltage as the parameter is shown in Fig. 6-25a. The 
technical name of this type of curve is the transfer characteristic 
between the grid and plate. This name applies, in general, to 
any curve between the current to one electrode and the variation 
in the potential of another electrode while all remaining electrodes 
are maintained at specified constant potentials. 



(a) 



(type 76). Eb = cathode-to-anode voltage. 

The grid-current characteristics are shown in Fig. 6-256, in 
which positive grid currents are plotted in milliamperes and 
negative grid currents in microamperes. In the region of positive 
grid potentials the grid currents are largely dependent on the 
electron paths in the electric field between the electrodes. For 
convenience,'" we may divide the positive grid potentials into 
two classes, (1) those less than the plate potential, and (2) those 
greater than the plate potential. For potentials in class 1 the 
electrons are in an accelerating field from cathode to grid and 
again from the grid toward the plate. The electrons are acceler¬ 
ated along the lines of electric intensity as explained in Chap. Ill; 
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but the electrons tend to leave the convex sides of curved inten¬ 
sity lines because of their inertia. This fact, coupled with the 
small projected area of the grid relative to the plate area, accounts 
for a fairly small grid current relative to plate current. For the 
tube in Fig. 6-25, for example, the grid collects less than one-third 
as many electrons as the plate when both have the same positive 
potential and collects a lesser proportion when the grid potential 
is not so high as that of the plate. When the grid potential is 
higher than that of the plate (class 2), the electrons are in a 
retarding field from grid to plate; t.e., they are accelerated toward 
the grid in all parts of the tube. Thus, electrons that miss the 
grid wires in their flight away from the cathode may or may not 
strike the plate. Of course, the energy corresponding to their 
component of velocity normal to the plate is the only part that 
is useful in overcoming the retarding field. The less energetic 
electrons will describe parabolalike curves which miss the plate 
and finally terminate on the grid. Therefore, as the grid poten¬ 
tial exceeds the plate potential the grid current will increase at an 
accelerating rate while at the same time the plate current 
increases at a lesser rate or even begins to fall off. This is 
evident in the /& curves for Eh = 10 volts and for Eh = 2 volts 
in Fig. 6-25a. When the electrode voltages exceed 10 or 20 
volts, a complicating phenomenon arises caused by the secondary 
emission of electrons from the grid and plate by virtue of the 
electron impacts. This type of emission will be discussed in the 
following section. 

The most important region of operation of the type of triode 
under discussion is with negative grid potentials. The curves 
in Fig. 6-256 show that in this region the grid currents are very 
small, at most a few tenths of a microampere. Therefore, a 
variation of the grid voltage produced, say by a radio signal, 
is accompanied by only a negligible power input to the grid of 
the tube. At the same time the grid causes variations in the 
plate current which may serve to control relatively large amounts 
of power. It is this property of controlling the current in the 
plate circuit by means of a negligible power input to the grid 
which has made possible such extensive application of the grid- 
controlled tube. 

Although the negative grid currents are small, they are objec¬ 
tionable if the grid circuit contains a high resistance, say over 
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1.5 megohms for the small tube under discussion. The negative 
grid currents can originate in three ways, (1) by positive ions 
flowing toward the grid, (2) by leakage over the insulation, and 
(3) by electron emission from the grid wires. An appreciable 
amount of gas remains in the tube even in the best possible 
vacuum, so that the electrons will occasionally encounter a gas 
molecule with sufficient energy to ionize the molecule. The 
resulting positive ion either will be collected by the negative 
grid or will travel to the cathode. An increase in plate current 
will cause an increase in the positive-ion current. Since the 
positive-ion current decreases as the vacuum i^ improved, a test 
of the negative grid current is often employed to indicate the 
vacuum conditions in a tube. Although electron emission from 
the grid is usually negligible, it must be considered when very 
small grid currents are sought. This emission can arise by the 
following processes: photoelectric effect caused by the light from 
the cathode or by soft X rays from the anode, thermionic emis¬ 
sion, and electron release by positive-ion bombardment of 
the grid. The most important causes of negative grid current 
usually are the positive-ion current and the leakage current. 
In Fig. 6-256 the curves show that the current is mostly positive- 
ion ^current, since the grid current goes nearly to zero when the 
plate current goes to zero. Special tubes, called electrometer 
tubes, are designed.to have very low negative grid currents of the 
order of 10~^^ to amp. These tubes can be used in suitable 
circuits to measure currents as small as 10“^^ amp. 

In this section, we have seen that the effect of the grid on the 
electron stream is much larger than that of the plate. The 
amplification factor /x has been interpreted in two ways, (1) in 
terms of the geometry of the tube [Eq. (6-47)] and (2) in terms 
of the current-voltage relations [Eq. (6-44)]. The forms of the 
experimentally determined curves between the plate current 
and the control voltages, as well as between the grid current and 
the grid and plate voltages, have been discussed. Methods of 
applying these ^curves to the solution of typical tube circuits will 
be presented in Sec. 6-11. 

6-10. Secondary-electron Emission Caused by Electron 
Impact. —Although the emission of secondary electrons from 
metals by electron impact was discovered about 1900, the effect 
began to receive inore attention when it was found tb produce 
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undesirable variations in the characteristics and behavior of 
thermionic tubes. More recently, the effect has been put to 
work in devices used in television; examples are the electron 
multiplier and the iconoscope. 

A simple experiment on a thermionic triode will demonstrate 
the phenomenon, although this test is not suitable for quantita¬ 
tive measurements. Let the grid of the triode shown in Fig. 
6-26 be fixed at a high positive potential, and let the cathode 
temperature be so low that the grid collects a small temperature- 
limited emission current. Then the plate current is observed 
as the plate potential is varied from zero up to that of the grid. 
As shown schematically in the circuit diagram in Fig. 6-26, a 
primary electron P may release 
a secondary electron S at the 
plate, and S will be accelerated 
toward the grid, thus adding to 
the grid current. At the same 
time, the effect of the emission 
of the secondary electron S is to 
reduce the net plate current Ip. 

This effect begins to be notice¬ 
able in the plate-current curve 
at A . Some tubes yield a curve 
like OABCD. The zero value of 
plate current at B in this curve 
is explained by an emission of one secondary electron for 
every primary electron that strikes the plate. The plate cur¬ 
rent is negative when more than one secondary electron 
is emitted for each primary electron. When the plate potential 
approaches the grid potential, the field strength between the grid 
and plate decreases, until finally there is no force attracting the 
secondary electrons toward the grid. Then the plate current 
rises rapidly as shown at D, since the secondary electrons fall 
back into the plate. Sometimes the curve obtained is similar to 
OAFD. In this case the ratio between secondary electrons and 
primary electrons does not reach unity; hence, the plate current 
remains positive. 

In typical tests designed to produce quantitative results an 
electron beam passes through one or more apertures and then 
falls on the surface to be investigated. This surface is sur- 



Fig. 6-26.—Curves showing the 
effect of secondary emission on the 
plate current. 
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rounded by a nearly closed conductor which collects all the 
secondary electrons and any of the primary electrons that may 
be reflected. This arrangement may be used to measure the 
distribution of the energies of the secondary electrons, and a 
modified arrangement is used to study the angles at which the 
secondary electrons are emitted. Their energy distribution 
is very nearly Maxwellian, having a broad maximum at a few 
electron volts energy, say 2 to 10 e.v. An interesting feature of 
these results is the fact that the energy distribution is inde¬ 
pendent of the energy of the incident primary beam, at least 



from 40 to 1,000 e.v. primary-electron energy, except for a 
small group of electrons that have energies close to the primary- 
electron energy. These are interpreted to be primary electrons 
that have been reflected without loss of energy. Actually, it is 
only on the basis of the energies that the secondary electrons 
can be distinguished from reflected primary electrons. The 
angular distribution tests showed th^t most secondary electrons 
were emitted nojmal to the surface and that the numbers at other 
angles decreased according to the cosine law. Both the energy 
distribution and angular distribution were found to be nearly 
independent of the angle of incidence of the primary electrons. 

Of particular interest are the results on the number of secondary 
electrons emitted per incident primary electron. This number is 
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influenced by the energy of the primary electrons, the kind of 
metal, and the condition of its surface. Thus, outgassing the 
metal may decrease the secondary emission by a factor of 2 or 3. 
Results showing the effect of primary-electron energy on the 
secondary-electron yield are shown in Fig. 6-27 for a few repre¬ 
sentative surfaces.^ A typical curve goes through a broad 
maximum at 300 to 1,000 volts. The curves for several pure 
metals not shown in the figure are similar to those given for 
Mo, Ni, and Ta. Thus, the curve for tungsten is close to that for 
tantalum; the curve for copper is slightly above that for nickel, 
and that for iron is slightly lower. The composite silver-cesium 
oxide-cesium surfaces give the greatest secondary-electron yields 
of any yet discovered. 

No definite relation between the secondary emissions of pure 
metals and their thermionic work functions has been found. In 
fact, recent workers^ find that the secondary emission from 
low-work-function metals such as Li, Mg, and Ba depends to a 
greater extent on the condition of the surface than was formerly 
believed. Though experiments on composite surfaces are not in 
general agreement, they show that a relatively large change, 
say 2 volts, in the work function of a given type of surface, for 
example, W-Th, has little effect (10 to 30 per cent) on the 
secondary emission. 

The experimental results described in the foregoing para¬ 
graphs, together with the results of experiments on the passage 
of electrons through thin metal foils, have led to the following 
interpretation of the phenomenon: The incident electron pene¬ 
trates into the metal crystal lattice and may impart some of its 
energy to one of the bound electrons of the metal. This electron 
has some chance of starting off in the direction of the metal 
surface; and if it is not absorbed or deflected from its path by 
the metal atoms, it will emerge as a secondary electron. Accord¬ 
ing to this view the secondary electrons originate at a depth of 
3 to 15 atomic diameters for 500-volt primary electrons. When 
the primary electrons have higher energies, they penetrate more 
deeply, but they transfer most energy to the bound electrons near 
the end of their path. Fewer secondary electrons emerge 

^ See summary by R. KoUath, Physik. Z., 38 , 202, 1937. 

* Bruining, H., and J. H. de Boer, Physica, 6, 17, 1938. Bruininq, H., 
Physica, 5 , 901, 913, 1938. Kollath, R., Ann, Phyaik^ 33 , 285, 1938. 
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because there is more chance for absorption and scattering before 
they reach the surface. 

The grid of a transmitting triode may reach positive potentials of 200 volts 
or more. Most metals will emit 1.1 to 1.4 secondary electrons per primary 
electron when bombarded with 200-volt electrons. If the plate of the triode 
is at a higher potential than the grid, then the plate collects the secondary 
electrons from the grid, and the grid current will be reversed. This action 
is exactly the same as that discussed in connection with Fig. 6-26 except 
that the roles of plate and grid are interchanged. This phenomenon can 
cause blocking of the transmitter tube if the- circuit is such that a negative 
grid current tends to keep the grid potential positive. Another trouble¬ 
some effect caused by secondary-electron current in a screen-grid tube will 
be discussed in the following section. 


L/ghf Grrd 

Secondary 
\ electron 
• ■ emitter 



ml m^I m^ImlX 

ABODE 


r6)-Multi*slage multiplier 


fa)-Single-stage multiplier 

Fig, 6 - 28 ,—Electron multipliers. 


The fact that one primary electron can yield more than one secondary 
electron makes it pjossible to design a secondary emission amplifier, or 
electron multiplier,^ Figure 6-28a shows one scheme of amplification applied 
to photoelectric currents. The photoelectric surface A emits electrons, 
which are accelerated toward the grid by the field. A fraction of these 
primary electrons are collected by the grid, but the major portion pass 
through and strike the plate P, If each electron striking P knocks out eight 
or nine secondary electrons that return to the grid, then the current 7 may 
be as much as six times the original photoelectric current. The amplifi¬ 
cation obtainable can be increased by the scheme shown in Fig. 6-286. In 
this device the photoelectrons emitted from surface A are accelerated 
toward the secondary emitter B by an accelerating voltage impressed on 
electrode B, The secondary electrons from B are again accelerated toward 
C by a voltage impressed between B and'C, etc., until the current at collector 
F ism* times the original current, where m is the multiplying factor of each 
secondary emitter. The electrons must pass from surface to surface in 
well-defined beams formed by methods already discussed in Chap. III. 
Multipliers having an over-all amplification as high as 10* to 10^ have been 


1 Zworykin, V. K., G. A. Morton, and L. Malteb, Proc. LR.E,, 24, 
361, 1936. J, R. Pierce, Bell Lab. Rec,, 16, 306, 1938. 



SBC. 6-11] APPLICATIONS OF GRIDECONTROLLED TUBES 191 

built on this principle. The output currents are limiteci to a few milli- 
amperes, however, on account of the disturbing effect of space charge. 

Secondary electrons are also emitted from insulating surfaces 
bombarded with electrons; but experiments on this effect are 
difficult, and little is known about the details of the process. 
When the number of secondary electrons emitted is less than the 
number of primary electrons, the insulating surface will acquire 
a negative charge. In conse¬ 
quence, the number of primary 
electrons reaching the surface is 
decreased, and positive ions in 
the discharge will be attracted 
toward the surface. When an 
equilibrium exists, the positive- 
ion current plus the secondary- 
electron current will just equal 
the primary-electron current. 

A different situation occurs 
when the number of secondary 
electrons exceeds the number of 
impinging electrons. Then the 
insulating surface becomes posi¬ 
tively charged so that the pri¬ 
mary electrons are accelerated 
toward the surface. As a re¬ 
sult, there is extra heating where 
the primary electrons strike. 

This heating has been observed 
on the glass walls of high-volt¬ 
age high-vacuum tubes and is 
occasionally so intense that a 
hole is melted in the glass. The spots where the electrons strike 
are indicated by the blue or green fluorescence on the glass. 

6-11. Multigrid Thermionic Tubes; Applications of Grid- 
controlled Tubes.—The triode suffers the disadvantage, especially 
in radio-frequency circuits, that the capacitance between the 
grid and plate promotes undesirable oscillations in the associated 
circuits. This capacitance is reduced to a very small value in 
the screen-grid tube, or tetrode^ by interposing a screen grid 
between the control grid gi and the plate P as shown in Fig. 6-29a. 



Plate 

B=Electrodes to aid 
beam formation 

/ 92' 9^id 

\.gj=Controt grid 


(c)- Beoim lube 



fa>-Tetrode 

Fig. 6-29.—Schematic diagrams of 
multigrid high-vacuum tubes. 
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In some designs the screen grid has.a fine mesh and nearly sur¬ 
rounds the plate. The screen grid is held at a positive potential 
of the order of one-third of the plate potential, with the result 
that the action of the electrons in the region from cathode to 
screen is the same as that in the cathode-to-plate space of the 
triode. Part of the electrons are collected by the screen, but 
ordinarily the larger portion travel to the plate. The course of 
the plate-current-plate-voltage curve for this tube is shown in 
curve OCDS in Fig. 6-30. The peculiar dip in the curve is 
explained by the effect of the secondary electrons released from 
the plate. When the plate potential isdess than the screen-grid 
potential the secondary electrons emitted by the plate are 



Fig. 6-30.—Plato characteristics of multigrid tubes. All electrode potentials 
are fixed except the plate potential. 

collected by the screen grid and thus add to the screen current 
and reduce the pfate current (see region D, Fig. 6-30). When 
the plate potential exceeds the screen potential by a few volts, 
the secondary electrons return to the plate; consequently, the 
plate current rises suddenly as in the range DS, At still higher 
plate potentials the plate current is nearly constant, because 
the screen grid shields the space-charge region near the cathode 
from the influence of the plate. 

The falling portion CD corresponds to a negative variational 
resistance. This is called the dynatron region of the tetrode 
characteristic. It can be used in the generation of oscillations 
in much the same fashion as by the use of the falling character¬ 
istic of the arc (see Sec. 11-6). 

The distorted region CDS in the tetrode characteristic limits 
the range of linear amplification and is undesirable. The dis¬ 
torting effect of the secondary electrons is reduced in the pentode ^ 
or five-electrode tube, by inserting a third grid gz, called the 
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suppressor grid, as shown in Fig. 6-296. This grid is connected 
to the cathode as shown. As a result, a secondary electron 
emitted from the plate is in a field that forces the electron back 
to the plate. The plate characteristic that results is shown in 
Fig. 6-30. The suppressor grid has a rather wide mesh so that 
the main electron stream passes between the grid wires; further¬ 
more, there is not too much retarding action, for the potential in 
the space between the suppressor-grid wires is not far below the 
plate potential. A potential drop of 10 or 15 volts from plate to 
the plane of the suppressor is sufficient to drive nearly all the 
secondary electrons back to the plate. 

An action similar to that of the suppressor grid is obtained in 
the beam tube (Fig. 6-29c) by the effect of a dense space charge 
between its screen grid and its plate. By careful design the 
electrons are constrained to travel between the meshes of 
the control grid and the screen grid in well-defined beams. The 
space-charge effect is enhanced by the greater distance from 
screen to plate than in the ordinary tetrode. When the plate 
potential is less than the screen potential, there is enough space 
charge between the screen and the plate to produce a potential 
minimum in this region, and thereby the field distribution needed 
to drive secondary electrons back into the plate is produced. 
The resulting plate characteristic is shown in Fig. 6-30. 

Multigrid tubes are used in much the same way as triodes; z.e., 
the current through a load resistance or impedance in the plate 
circuit is controlled by the variations of the control-grid potential. 
In these tubes the amplification factor ix is defined to be the ratio 
of an increment in plate voltage Acb to the change in the grid 
voltage in the opposite direction Acc required to keep the plate 
current constant, while all other electrode voltages are held 
constant. Thus, the amplification factor can be expressed as 
follows:^ 

_ Acb (ih constant; all other elec-\ ..v 
^ ” Acc \ trode voltages constant / 

For reasonably high plate potentials, i.e., in region GH in Fig. 

^ Equation (6-51) is consistent with Eq. (6-50); for if in Eq. (6-50) is 
constant, then fxEe + Eh is constant. In terms of corresponding changes 
in Ec and Eb then, /x AEe must equal AEb to keep h constant. Therefore, 

« AEb/AEe for constant h- Eqpuation (6-51) is identical with this result 
but is written in pf the instantaneous voltages cj, and e®. 
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6-30, the plate current of the tetrode, pentode, or beam tube 
changes only slightly as the plate potential changes. The 
control grid, on the other hand, can control the plate current in 
the same proportion as in a triode. Consequently, the amplifica¬ 
tion factor of these tubes is generally high (order of 100 to 1,500). 

The tubes discussed thus far have control grids with equal 
spacings between the grid wires so that the grid controls the 
electron flow equally all along the cathode. If, however, the 
grid-wire spacing is wide along part of the cathode and narrow 

along the rest, the control is 
nonuniform. As a result, a 
much higher negative grid 
voltage is needed to stop all 
the electrons. Moreover, the 
amplification factor of the 
tube will not be a* definite 
quantity but will depend on 
the magnitude of the plate 
current. Such tubes, called 
variabh-mUy or supercontroly tubes, are used where the adjustable 
p is desirable as in volume control in radio receivers. 

Important applications of grid-controlled tubes are made in 
amplifiers as used in radio receivers and long telephone-line 
repeaters; in oscillators as found in radio transmitters and in 
carrier-current telephony; in modulators as used in radio teleph¬ 
ony; in demodulators, or detectors, as found in radio receivers, 
and in electronic instruments such as the vacuum-tube voltmeter. 
Since the treatment of these diverse applications is beyond the 
scope of this book, we shall content ourselves with the graphical 
analysis and an introductory mathematical analysis of a simple 
amplifier circuit and with a qualitative examination of other 
typical applications. 

A typical amplifier circuit using a pentode tube is shown in 
Fig. 6-31. A triode, tetrode, or beam tube can be used in place 
of the pentode, and the method of analysis to be described applies 
equally well when any of these tubes is used. The input signal 
voltage Cg is considered to be a sinusoidal alternating-voltage 
source of negligible internal impedance. The battery supplies 
the negative grid bias, and battery JEb supplies both the screen- 
grid and plate circuits. The loa^d Resistance it is placed in the 
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6-31.—Fundamental 
circuit. 
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plate circuit, so that variations in the plate current % caused by 
changes in the control-grid voltage will produce corresponding 
variations in voltage across R. When this output voltage is 
utilized to actuate the grid of another amplifier tube or to 
operate a high impedance device like a cathode-ray oscillograph, 
then the amplifier is called a voltage amplifier. In other cases 
the load resistance R represents the utilization device itself, 
such as a loud-speaker; and in this event the purpose of the 
amplifier is to develop as much alternating power in R as is con¬ 
sistent with limitations of available signal voltage and per¬ 
missible distortion. 



/5'^p”Actual plate poienfioil,volts Time,periods 


Fig. 6-32.—Graphical analysis of the amplifier circuit in Fig. 6-31. 

The amplifying circuit in Fig. 6-31 can be analyzed graphically 
with the aid of the family of plate characteristics for the tube in 
question. Characteristics of this type are given in the tube 
manufacturers^ handbooks,^ and a typical set for a pentode is 
shown in Fig. 6-32. It will be convenient to begin the analysis 
with a discussion of the variation of the actual plate potential, 
eKPf with the instantaneous plate current 4. Applying Kirch- 
hoff^s e.m.f. law to the plate circuit, we can write 

ckp “ Eb — ibR (6-52) 

This is the equation of the straight line ML in Fig. 6-32. We note 

^ For example, “Receiving Tube Manual,RCA Mfg. Co., Harrison, 
N.J. issued annually. 
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that point M must be at the plate battery voltage Eb- The 
slope of the line can be found by locating point L on the current 
axis, as follows: At point L the actual plate potential is zero, or, 
in effect, the plate battery voltage is all consumed across the 
resistance R, Consequently, the ordinate of L is EbIR- The 
line ML, called the load line,^ can be used to aid the solution of a 
variety of problems relating to the amplifier. For example, 
suppose Eb is 360 volts, R is 4,000 ohms, and Ec is —15 volt, 
and we desire to find the value of the plate current ih when the 
vsignal voltage is zero. The load line in Fig. 6-32 corresponds to 
the given values of Eb and R; therefore^, the point 0, where the 
plate characteristic for Ec = —15 volt intersects the load line, 
gives the required plate current for zero signal voltage. At this 
point the actual plate potential is 210 volts, the voltage drop 
across R is 150 volts, and the plate current is 37.5 ma. Point 
0 is called the operating point of the amplifier. 

An important question, namely. What is the shape of the 
output voltage wave corresponding to a given input voltage?, 
can now be answered. For if the control-grid voltage is varied, 
the plate current and potential must vary along the line ML 
in order to satisfy Kirchhoff^s e.m.f. law. Consequently, the 
plate current at any value of instantaneous grid potential is 
found at the intersection of the plate characteristic for this grid 
potential with the load line. For example, when the grid poten¬ 
tial of the amplifier changes to —20 volt, the plate current will 
be 25 ma., and the voltage okp will be 260 volts, as shown by the 
intersection at W in Fig. 6-32. Likewise, if the grid potential 
changes to —10 volt, then the plate current is 49 ma. and the 
voltage ckp will be 160 volts as shown at point X, A study of 
Fig. 6-32 will show that for small signals a condition obtains in 
which the plate current is a linear function of the grid voltage. 
This condition holds as long as the range of operation along the 
line covers regions where equal increments in the grid voltage 
give equidistant intersection points of plate characteristic with 
the load line. This criterion is approximately satisfied by the 
range WX in Fig. 6-32. Therefore, a sinusoidal grid voltage 
having a peak value of 5 volts will produce a plate-current wave 
as shown at the right in Fig. 6-32. The pulsations in the current 
are sinusoidal and vary between the ordinates corresponding to 

^ Sometimes called the resistance line (see Sec. 10-8). 
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points X and W with the frequency of the signal. There will be 
a corresponding variation of voltage across load resistance R. 
This voltage wave is illustrated in the top part of Fig. 6-32, 
where the peak of the wave is located by the vertical projection 
from point X and the minimum is similarly located from point W. 
The remainder of the wave is constructed as a sinusoid. The 
waves of total grid voltage, plate current, and voltage across 
the load are drawn on a common time axis in Fig. 6-33. The 
conventions as to polarity and symbols used in Fig. 6-33 are 



Fiq. 6-33.—Potential and current waves in an amplifier circuit. 

those customarily employed. The meaning of the double¬ 
subscript symbols for voltages is evident from an examination 
of Fig. 6-31. Then the signal voltage can be written as follows: 

eg — Eg sin (6-53) 

The useful part of the voltage wave across the load resistor is the 
alternating component, which is given by 

€p = Ep sin (wt — tt) (6-54) 

A study of Figs. 6-32 and 6-33 will clarify the reason for the 
180-deg. phase angle between eg and ep. The ratio of the output 
voltage to the signal voltage is called the voltage amplification 
of the amplifier; and, in terms of the symbols adopted above, we 
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have 

E 

Voltage amplification = ^ (6-55) 

Eg 

The voltage amplification in the amplifier discussed above is 
^or 10.* 

When the load resistance is a device like a loud-speaker, we are 
interested in the alternating power developed therein. If we 
limit the discussion to the small-signal case, we see from Fig. 
6-336 that the plate current can be expressed as 

it = Ih Ip sin o)t. (6-56) 

The total instantaneous power has the value 

p = ih^R = Ib^R -f- 2 IbIpR sin 0)1 + Ip^R sin^ o)t (6-57) 

The average power P will be the af^erage of the instantaneous 
power over a complete cycle. The second term on the right in 
Eq. (6-57) drops out in the averaging process, and as a result we 
find 

T 2 /? 

P = hm + ^ (6-58) 

The first term on the right may be associated with the average 
plate current /&, and the second term with the alternating com¬ 
ponent, so that the second term represents the useful power 
output, Po, Therefore 

' T 

Po = ^ (6-59) 

Since the power input to the grid of the amplifier is very small, 
it is possible to realize a large gain in the available power at the 
signal frequency. 

It is instructive to study the way in which the power supplied 
by the plate battery is consumed in the amplifier circuit. Obvi¬ 
ously, part of this power is consumed in the resistance R as 
given by Eq. (6-58), and part is consumed in the tube itself. 
By appealing to the law of conservation of energy, we can say 
that the power Pt consumed in the tube is the difference between 
the power supplied by the battery and that consumed in the 
resistance R, thus: 

* The amplification factor m of the tube employed in the analysis above is 
approximately 180, and it should be noted that the voltage amplification 
developed in the amplifier is considerably below this figure. 
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I 

Pt = EbU - h^R - ^ (6-60) 

This power is expended in accelerating the electrons toward the 
plate but is finally liberated as heat developed in the plate by 
the electron impacts on the surface of the plate. It is interesting 
to note that, as the output power ^Ip^R increases, the power 
supplied by the battery stays constant, whereas the power 
expended in the tube decreases. In one sense, the conversion 
of battery power into the alternating form occurs at the expense 
of the power going to the tube itself. 

The foregoing discussion has been based on the assumption 
of small signals, which give a nearly linear relation between 
plate current and grid voltage. The following analysis will show 
how the behavior of the amplifier may be predicted when the 
signal voltage is increased: Let the signal voltage wave have a 
peak of 15 volts and the other conditions remain the same. The 
operation will take place along the same load line ML as before 
but will extend to the intersections with the plate characteristics 
for grid voltages Ec = 0 and Ec = —30 volt. These intersec¬ 
tions obviously locate the positive and negative peaks of the 
plate-current wave. A third point is known; for when eg = 0, 
the operation is at point 0. The intermediate intersection points 
are used to locate additional points on the plate-current wave in 
the following way: The intermediate grid voltages at the inter¬ 
sections in the graph are used to find the corresponding instants 
of time on the signal wave. Thus since the signal voltage wave is 
eg = 15 sin w<, we can easily find that for Ec = —10 volt, for 
example, egis +5 volts; and this value occurs at a time of 0.054 


Table 6-9 


Ecy volts 

volts 

Corresponding times, 
periods 

Corresponding plate 
current, ma. 

0 

+15 

0.25 

75 

- 6 

+10 

0.116, 0.384 

63 

-10 

+ 5 

0.054, 0.446 

49 

-16 

0 

0,0.5, 1.0 

37 

-20 

- 6 

0.554, 0.946 

25 

-26 

-10 

0.616, 0.884 

14.5 

-30 

-16 

0.75 

6 
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period after t = 0, and again at 0.446 period. Other values are 
given in column 3 of Table 6-9. The table also shows the 
corresponding plate currents read from Fig. 6-32. 

The plate current is now known at enough instants on the 
cycle so that a wave can be plotted, as shown in Fig. 6-34. This 
wave is seen to be slightly distorted, the bottom half being 
slightly flat-topped, whereas the upper half wave is nearly 
sinusoidal. In this example, the distortion has the effect of 
raising the average value of the plate current above the value at 
point 0, although in other cases the opposite result is found. 

The graphical analysis de¬ 
scribed above can be used to 
study the effect of changes in 
the plate battery voltage, load 
resistance, or operating point 
on the output of the amplifier. 
In the following discussion an 
introduction to the analytical 
treatment of amplifiers is pre¬ 
sented. For more extended 
treatments the reader is re¬ 
ferred to texts on radio engi¬ 
neering and on vacuum-tube applications.^ 

The instantaneous plate current is a function of the grid 
potential Cc and the plate potential c*, and so may be expressed 
in the general form, 

ib = f(ecy€b) (6-61) 

An approximate expression for the plate current is obtained by 
expanding u in a Taylor^s series about the operating point and 
neglecting second order and higher terms, thus: 



Fio. 6-34.- 


Ti me. periods 
-Plate current wave form. 


+ + ( 6 ^ 2 ) 

where h is the plate current at the operating point, and eg and Cp 
are the variable components of grid and plate potential. Usually 
we are concerned with the variable component of plate current, 

‘Terman, F. E., ''Radio Engineering,” 2d ed., McGraw-Hill Book 
Company, Inc., New York, 1937. Reich, H. J., "Theory and Application 
of Electron Tubes,” McGraw-Hill Book Company, Inc., New York, 1939. 
General reference 6-2. 
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ipf which, from Eq. (6-62), is given by 

• I dib //% ct*i\ 

In this equation, dibldCc and dibjdei, are the partial derivatives 
evaluated at the operating point. 

A consideration of Eq. (6-63) shows that these partial deriva¬ 
tives have the dimensions of conductance and, in fact, are defined 
to be the tube conductances^ as follows: 

Grid-plate transconductance = Gpg = ^ (6-64) 

OCc 

Plate conductance = Gp = ^ (6-65) 

OCb 

Then Eq. (6-63) may be written as follows: 

tp = GpyCg + GpCp (6-66) 

This equation is useful in the analysis of tube circuits in which 
operation is limited to nearly linear portions of the tube charac¬ 
teristics. In such cases the equation is a good approximation, 
and the neglect of the higher order terms in Taylor's series does 
not introduce serious error. 

As indicated in Eq. (6-64), the transconductance Gpg can be 
evaluated by taking the slope of the ib vs. Cc curve at the oper¬ 
ating point. For example, consider the tube of Fig. 6-25, and 
choose as an operating point Eb = 200 and Ec = —10 volt. 
Then the value of Gpg is found as the slope of the transfer charac¬ 
teristic at this point, expressed in amperes per volt or mhos. 
At the point chosen this slope is 1,520 X 10“® mho. Similarly, 
the plate conductance Gp is the slope of the plate characteristic 
at Eb = 200 and Ec = —10 in Fig. 6-24 and is found to be 
107 X 10““* mho. In the neighborhood of this operating point, 
therefore, the variable component of plate current is given by 

ip = 0.00152e, + 0.000107cp 

The application of Eq. (6-66) to the simple amplifier in Fig. 
6-31 will lead to a formula for the voltage amplification developed 
by the amplifier. The voltage Cp arises by virtue of the current 
ip through the load resistance 72, thus: 


cp — —' 72t'p 


(6-67) 
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Combining Eqs. (6-66) and (6-67) and solving for tp, we find 

G pg€g 


tv = 


1 +Gplt 


(6-68) 


To find the output voltage, we multiply Eq. (6-68) by iJ, with 
the result that 


€p — 


RG pg^g 


1 +GpH 

and the voltage amplification is obtained, 


ejp ^ 


RGp 


1 GpR 


(6-69) 


(6-70) 


As an example of the application of this equation, we use the tube 
constants evaluated above, choose a load resistance of 40,000 
ohms, and calculate a voltage-amplification ratio of 11.5. 

To show the relation that exists between the tube conductances 
and its amplification factor, we express the variable part of the 
plate current as follows [see Eqs. (6-50) and (6-61)]: 

ib = /(m^c + et) (6-71) 

Upon calculating the tube conductances by the application of 
Eqs. (6-64) and (6-65), we obtain 


Gp, = 1^; = M/'Ue. + e,) (6-72) 

and 

= It = 


Dividing (6-72) by (6-73), we 6nd that 



(6-74) 


Thus, the tube coefficients Gpg, G„ and /x are related by Eq. 
(6-74); and if two of the coefficients are known, the third can be 
calculated. 

An alternative form of Eq. (6-70) is obtained if we divide 
numerator and denominator by G, and replace GpgfG, by m 
and 1/Gp by Rp. 


Bm 

Bp Rp + R 


(6-76) 
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In this equation, Rp is termed the plate resistdncey and, as 
indicated above, it is defined as the reciprocal of the plate 
conductance. 



Crp 


(6-76) 


Thus we see that the voltage amplification of the amplifier can 
be expressed in terms of the tube coefficients Gpg and Gp or in 
terms of m and Rp. 

If we divide the numerator and denominator of Eq. (6-75) 
by Ry we get 


Bp ^ fX 

Cg 1 + (Rp/R) 


(6-77) 



Fig. 6-35.—Circuit diagram 
of a modulated amplifier. 


From this equation, we see that when R is large compared with R 
the voltage amplification of the ampli¬ 
fier approaches the amplification factor 
of the tube. However, the maximum 
permissible value of R is often limited 
by practical considerations. 

A second important application of 
grid-controlled tubes is in the produc¬ 
tion of modulated waves. Reference 
to Fig. 6-35 will aid the following 
qualitative discussion of the principle 
of operation of a typical amplitude modulator. The high-fre¬ 
quency, or carriery voltage Cc is impressed in the grid circuit. A 
low-frequency voltage, which we designate as the voice-frequency 
voltage Bvy is impressed in the plate circuit. The grid bias is 
made sufficiently negative so that the plate current flows only 
during part of the time. The plate current is determined by the 
simultaneous action of waves Cc and (see Fig. 6-36), and the 
resulting wave of u is shown at c. When the circuit is properly 
adjusted, the output current io will have the desired modulated 
form shown at d. 

A third important application of grid-controlled tubes is in 
oscillator circuits that take energy from a d.c. source and deliver 
alternating power. In this respect the oscillator is very similar 
to the amplifier, but it is different in that the grid alternating volt¬ 
age is obtained from the oscillating circuit. This can be accom¬ 
plished in a variety of ways; the principal features of a common 
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method are shown in Fig. 6-37a. When this circuit is properly 
adjusted, the tube maintains a steady alternating current around 
the loop CLhLe> Under ordinary conditions the circulating cur- 




IU1/ U U U li u u u u u u u 


^Time 

Fig. 6-36.—Wave forms in a modulator circuit. 



modification. 

rent in this loop is large compared with the plate current u, so that 
the alternating voltages from K to B and from K to N are nearly 
sinusoidal. The waves of plate potential and grid potential 
ejca are shown in Fig. d-88a and b for a t}rpioal condition of 
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operation. These two potentials serve to determine the instan¬ 
taneous plate current ib, and its variation is shown at c. Plate 
current flows for only a fraction of the period because the grid 
bias is large. The grid potential becomes positive at its peak, 
and so grid current flows as shown at d. The dip in the top of 
the plate-current wave arises because the instantaneous plate 




Fig. — W'ave forma in an oscillator circuit. 

potential drops so low" at this instant that the grid potential is 
nearly the same as the plate potential. The resulting grid 
current serves to reduce the electron stream going to the plate. 

A brief qualitative discussion of the manner in which the tube 
maintains the oscillations will be of interest. A study of the 
circuit and of Fig. 6-38 will show that the pulse of plate current 
comes at a time when the voltage of the oscillating-circuit con¬ 
denser C is near its maximum. The pulse of current may be 
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Fiq. 6-39.—Triode voltmeter circuit. 


thought of as sending a pulse of charge through the tube which 
divides at point K in the circuit, with part of the pulse passing 
through Lc and going to charge condenser C to a still higher 
voltage, while the remainder returns through Lb to the battery 
Eb. The added energy in condenser C corresponding to the 
added charge is dissipated in maintaining the oscillation during 
the next cycle. In the steady state, then, the battery Eb 
delivers energy to condenser C which in turn delivers the energy 
to the oscillating circuit. 

The oscillator of Fig. 6-37a will also function, but with reduced 
efficiency, when the bias voltage Ec is so small that plate current 

flows during the whole cycle. 
When the amplitude of the oscil¬ 
lations is small, the behavior of 
the oscillator in Fig. 6-37a may 
be predicted by mathematical 
analysis; however, the practical 
circuits such as those shown in 
Fig. 6-376 are more often designed 
by semiempirical methods. 

Triodes are frequently used in voltmeter circuits. The triode 
voltmeter suffers some of the disadvantages of the diode volt¬ 
meter, but it has the advantage of a very high input impedance. 
The principle of a common form of triode voltmeter is shown in 
Fig. 6-39. The grid bias Ec is large enough so that the plate 
current is low on the curved part of the Ec-h characteristic. The 
effect of an input voltage is to raise the average plate current 
read by the d.c. meter MA, The readings of the milliammeter 
can be standardized in terms of known input voltages. The 
input resistance Bg can be made very high, say 3 megohms, or 
can be dispensed with entirely if there is a d.c. path through the 
source of input voltage. This voltmeter, therefore, draws a 
negligible power from the test circuit. 

6-12. Photoelectric Electron Emission.—The observations of 
Hertz in 1887 oli the effect that ultraviolet light produced on the 
sparking distance between gaps in his famous experiments on 
electric waves led up to the experiments of Hallwachs. Hall- 
wachs, in 1888, published an account of the first direct experi¬ 
ments which showed that negative electricity was given off from 
metals when ultraviolet light shines on the metal surface. Elster 
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and Geitel subsequently (1889) prepared surfaces of sodium and 
potassium amalgam that were sensitive to ordinary visible 
radiation. 

An experimental arrangement for studying the photoelectric 
effect is shown in Fig. 6-40. Experiments show that the photo¬ 
electric effect consists in the emission of electrons from the 
sensitive surface under the influence of the light or radiation 
striking the surface. In the apparatus in Fig. 6-40 the emitted 
electrons are collected by the positively charged grid or wire 
collector and cause a current in the external circuit. The mag¬ 
nitude of this current is found to depend on several conditions 
of the experiment including the 
following: (1) the magnitude 
and polarity of the collector 
voltage Ej (2) the intensity and 
wave-length characteristics of 
the incident radiation, (3) the 
.material and condition of the 
sensitive surface, and (4) 
the type and pressure of the 
residual gas in the tube. After 
a brief account of the experi¬ 
mental results,^ we shall discuss their theoretical implications. 

a. Experimental Observations ,—If the collector-to-cathode volt¬ 
age impressed on a highly evacuated photoelectric tube such as 
that shown in Fig. 6-40 is varied, a current-voltage curve results 
that is similar to curve A in Fig. 6-41. A considerably different 
type of curve is obtained (curve B, Fig. 6-41) when the collector 
is made in the shape of a sphere with a small hole that allows 
light to enter and strike a small centrally located cathode. The 
curve shows that in this case practically all the electrons reach 
the anode even with zero potential difference. 

Tests of the relation of the photoelectric current to the inten¬ 
sity of the incident light show that under suitable testing con¬ 
ditions the current is directly proportional to the light intensity. 
This linear relation holds over remarkably wide ranges of current, 
especially with the high-vacuum photoelectric tube. 

Suppose that radiation including a narrow band of wave 
lengths but of constant intensity is allowed to fall on a photo- 

^ For extended discussions, see general references 6-8 and 6-4. 


Sensitive surface 



Fiq. 6-40.—Photoelectric tube and 
circuit. 
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electric tube and the resulting current is observed for various 
parts of the spectrum. The results of this experiment are 
plotted in the form of a spectral distribution curve, which relates 



Fio. 6-41.—Current-voltage curves with constant illumination. E represents 
the cathode-to-anode voltage corrected for contact potential difference. 

the current per unit power in the incident radiation to the wave 
length or the frequency.^ 

Typical spectral distribution cur\"cs obtained with ordinary 
light at normal incidence are shown in Fig. 6-42. When the 


Scale of wavelengths, microns 
1.0 080.7 0J6 05 0.4 05 


UHra'Viokt- 



2 4 6 8 10 12 14 

V- Frequchcy,cy:les per sec. (multiply scale values by 10 
Fio. 6-42.—Spectral distribution curves for clean metals. {Data for K by 
R, Suhrmann and H. Theiaaing, Z, Phyaik, 62 , 467, 1928; f&r Ag a/id Au aee 
general reference's^ p. 42.) 


experiment is performed with polarized light, it is found that 
the results depend on the angle of incidence and also on the 
position of the plane of polarization. 


' The relation between the wave length X and the frequency v is I'X — c, 
where c is the velocity of light. 
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The curves in Fig. 6-42 show that the kind of metal of the 
cathode has an important effect on the emission. The alkali 
metals and alkaline earth metals alone are sensitive in the region of 
visible light. Slight contaminations, either in the form of 
thin surface layers of metal atoms or of adsorbed gases, have an 
important effect on the spectral distribution curve. 

The current through a photoelectric tube can be increased by 
the introduction of an inert gas at a low pressure. The character¬ 
istics of tubes prepared in this manner will be discussed in 
Sec. 6-13. 

h. Theory of the Photoelectric Emission of Electrons .—A study 
of the velocities of the emitted electrons is particularly helpful 
toward gaining an understanding of the process by which the 
electrons are released. The maximum velocity of the emitted 
electrons can be calculated if the negative potential needed to 
stop all the electrons is known {Emy Fig. 6-41). Under this 
condition the initial kinetic energy of the fastest electron is just 
equal to the energy given up by the electron in the opposing 
electric field, and therefore 

= Err^qe (6-78) 

where V is the initial velocity of the fastest electrons and m is the 
electronic mass. 

Tests using the method described above produced an unex¬ 
pected result. It was found that the initial velocity of the 
electrons depended, not on the intensity of the light, but only 
on the frequency of the light. According to the wave theory of 
light, one might assume that a more intense light, f.c., light having 
a higher wave amplitude, would impart a greater energy to the 
electron. This difficulty was overcome by the introduction of 
the quantum theory of radiation. This led to the prediction by 
Einstein, in 1905, that the energy with which the most energetic 
electrons are emitted is related only to the frequency of the light 
by the simple relation 

iniF2 hv -W (6-79) 

In this expression, v is the frequency of the light, IF is a constant 
for a given surface, and h is Planck\s constant.^ This simple 
linear relation has been amply tested experimentally. It has 
been found to be accurate over wide ranges of frequency. 

^ h - 6.62 X 10“*^ joule-sec. 
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According to the quantum theory of radiation, light consists 
of discrete, elementary units of radiation called photons. The 
photons seem to have a dual aspect, in that they have both the 
characteristics of a particle and the characteristics of a wave. 
The frequency of the light is associated with the wave character 
of the photons. The photons of a given frequency all have the 
same energy, but for different frequencies the energy is given 
by the relation 

Energy = Ap 

The intensity of the light depends on the product of the number 
of photons striking the surface per second by the energy of each 
photon. 

. Equation (6-79) is therefore interpreted to mean that a photon 
having an energy hv impinges on the surface and as a consequence 
of its absorption imparts all this energy to one of the free electrons 
in the surface layers of atoms. The electron loses part of this 
energy W in emerging from the surface, and the remainder Ls 
accounted for by its initial kinetic energy The energy W 

is assumed tb be required to overcome the same surface attractive 
forces that played so important a role in thermionic emission. 
Therefore, the energy W can be identified as the net work func¬ 
tion of the surface. By measuring the retarding potential Em, 
and thus the maximum initial energy, for a known light frequency, 
it is possible to determine the work function W. Values meas¬ 
ured in this way have been found to agree with the values obtained 
by thermionic tests for clean metals. The work functions of 
many substances can be measured by the photoelectric method 
when it would be impossible to raise the temperature of the 
material enough to use the thermionic method. 

Equation (6-79) also gives a simple explanation of the threshold 
frequency vq. The frequency vo is obviously that which makes 
the energy of the photon just equal to the work function, thus: 

hvo = W <6-80) 

Therefore, a low value of work function is accompanied by a 
low frequency at which the photoelectric effect starts. Most 
metals have values of vo in the ultraviolet region, but the alkali 
metals have values of vo that fall in the visible part of the spec¬ 
trum. The work functions obtained by photoelectric tests for 
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various clean surfaces and the corresponding threshold frequen¬ 
cies and wave lengths are given in Table 6-10. 


Table 6-10.—Typical Values* op Wobk Functions Measured by the 
Photoelectric Method 


Surface 

Sym¬ 

bol 

Work 
function, 
volts 

»'o, 

cycles/sec. 

Xo, 

microns t 

Color 
region of 

Vo 

Tungsten. 

W 

4.58 

11.2 X 10‘^ 

0.268 

Ultraviolet 

Cadmium. 

Cd 

4.07 

9.95 X 10'* 

0.301 

Ultraviolet 

Thorium. 

Th 

3.38 

8.25 X 10'* 

0.364 

Ultraviolet 

Lithium. 

Li 

2 2 

5.37 X 10'* 

0.558 

Yellow 

Sodium. 

Na 

1.9 

4.64 X 10'* 

0.647 

Orange 

Potassium. 

K 

1.8 

4.4 X 10'* 

0.682 

Red 

Rubidium. 

Rb 

1.8 

4.4 X 10'* 

0.682 

Red 


* For individual observations, see general reference 6-8, p. 75, and general reference 6-3, 
Table IV. 

11 micron ■■ 10~* m. — 10"* cm. 


The alkali metals are extremely difficult to prepare in a gas- 
free condition, and the values of their work function reported by 
different observers differ by as much as 0.4 volt. 

Thus far, the possible effect of the temperature of the emitting 
surface has been ignored. In the discussion of the distribution 
in energy of the free electrons according to the Fermi-Dirac laws 
(Sec. 6-2), we noted that an increase in temperature caused the 
energies of some of the electrons to be raised above the character¬ 
istic energy Wi. Thus it would be expected that a lower thresh¬ 
old frequency vq would be observed as the temperature was 
increased, for some of the electrons have thermal energies suffi¬ 
cient partly to overcome the work function. However, we saw in 
Fig. 6-6 that the change in the distribution curve was relatively 
slight for a large change in the temperature. The detailed 
theory worked out by Fowler^ showed that the simpler theory 
already discussed was strictly true only at absolute zero. His 
theory showed that at higher temperatures the spectral dis¬ 
tribution curve should approach the axis of abscissas tangentially 
so that the threshold frequency would not be a definite quantity. 
However, Fowler devised a method of analysis of the experi¬ 
mental results that gave the true threshold frequency, i.e., that 

^Phy8, 88 , 46, 1931. General reference 6-8, pp. 241j(f. 
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which would be obtained at absolute zero. At room temperature 
the correction is small, but at about 1000®K. the changes in the 
apparent threshold are of the order of 5 per cent so that ample 
experimental verification of the theory has been possible. 

An important question from a practical viewpoint concerns 
the relation between the yield of photoelectrons and the intensity 
of the incident light. We have seen that the frequency must be 
above the threshold value Po for the particular surface before an 
appreciable number of electrons are released. All the photons 
of light having a higher frequency than' vq have sufficient energy 
to cause the ejection of an electron. There are, however, several 
reasons why we should not expect every incident photon to 
release an electron. In the first place, only a part of the incident 
radiation is absorbed. Furthermore, many of the electrons 
excited by the absorbed photons will have inwardly directed 
velocities and will take no part in the emission. Another reason 
lies in the fact that some of the photons are able to penetrate 
several atomic layers before they transfer their energy to an 
electron. An electron that receives its energy at an appreciable 
depth will not be so likely to escape, for it may experience 
collisions causing energy losses or inward deviations in its path. 

The data in Fig. 6-42 make it possible to calculate the number 
of electrons actyally emitted compared with the number of 
incident photons'. Let us take potassium as an example at a 
frequency of 7.75 X 10^^ sec.“^ where its emission is maximum, 
i.e., 64.5 X 10“® amp./watt. A current of 64.5 X 10^® amp. 
corresponds to 4,03 X 10^^ electrons per second, and 1 watt 
corresponds to l/hv photons per second or 1.95 X 10'* photons 
per second. Therefore, each photon produces, on the average, 
2.06 X 10“"® electron; or, in other words, it requires 4,850 incident 
photons to release 1 electron. The ratio of the number of 
electrons to the number of incident photons is called the quantum 
yield. Maximum values of quantum yield as high as 0.0715 have 
been obtained, f.e., 1 electron for every 14 photons. 

As the frequency is increased, the energy of a single photon 
increases, so that the number of photons in a beam of unit 
intensity decreases. On this basis, it might be expected that 
the electron yield would decrease as the frequency is increased. 
This is actually observed for potassium (Fig. 6-42) and the other 
alkali metals over certain ranges of frequency. 
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A complete theory of the quantum yield would, however, need 
to take all the complex processes of photon absorption and 
electron excitation into account, and attempts in this direction 
have met with only partial success. 

6-13. Photoelectric Tubes and Their Application.—Photo¬ 
electric cathodes composed of a single clean metal are utilized 
for special purposes, but the majority of phototubes have alkali- 
metal-covered cathodes whose surfaces are specially prepared 
with the object of increasing their sensitivity or of extending their 
color range. These special methods of preparation can be 
classified as follows: (1) exposure to a glow discharge in hydrogen, 

(2) exposure to gases containing sulphur, or sulphur and oxygen, 

(3) the formation of thin films of the sensitive metal on a base 
metal, and (4) the formation of composite cathodes consisting of 
a thin film of the alkali metal on a layer of its oxide which, in 
turn, is formed on an oxide of a base metal. In methods 1 and 2 
the gas can be pumped out after the surface has been treated and 
the alkali-metal surface so formed has a sensitivity many times 
(order of 5 to 25 times) that of the pure metal. Moreover, the 
threshold frequeue}" is reduced, a fact indicating a reduction in 
the work function of the surface. When method 3 is used, i.c., 
when a thin film of an alkali metal is d(‘posited on a supporting 
metal such as silver, the work function decreases as the film is 
made thicker but then increases again. The minimum work 
function is obtained with films of the order of one or two atoms 
deep. The photoelectric emission passes through a maximum 
when the film is about five atoms deep. The behavior of the 
work function is very similar to the corresponding variation of 
the work function of thorium on tungsten, measured thermioni- 
cally, though the maximum emissions occur for quite different 
film thicknesses in the two cases. The most common example 
of a composite cathode prepared by method 4 consists of a layer 
of cesium deposited on oxidized silver. This cathode is indicated 
by the symbol Ag-CsO-Cs, although the chemical form of the 
oxides in the intermediate layer is not known with certainty. 

The preparation of the sensitive surfaces described in the 
foregoing paragraph is an art rather than a science,^ and different 
tubes made by the same process differ givatly as to sensitivity 

^ For details of techniques, see general reference 6-8, Chap. XII, general 
reference 6-6, p. 185, and general reference 6-11, Chaps. IV, V. 
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and threshold. Therefore, spectral distribution curves, such 
as those .shown in Fig. 6-43 for various sensitive surfaces, are 
subject to wide variations. It should be noted that the curves in 
Fig. 6-43 are plotted against wave length rather than frequency 
as in Fig. 6-42. Thus, the threshold frequency corresponds to 
the longest wave length to which the surface will respond. 

The form of spectral distribution curve that is most desirable 
in a given application depends on the function of the photo¬ 
electric tube. If the tube is to be used in the measurement of 
illumination, its spectral curve should as nearly as possible match 
the spectral response curve of the human ^ye. For maximum 



Wc»velengfh. microns 


Fio. 6-43.—Spectral distribution curves. Nat pure sodium; Na-S: sodium 
sensitized with sulphur; K-H: potassium sensitized in a hydrogen glow discharge; 
Ag-CsO-Cs: cesium, deposited on oxidized silver. (General reference 6-10.) 

response to light from a given source, say a tungsten lamp, the 
phototube should respond to the range of wave lengths received 
from the lamp. 

The relative response of the average human eye to light of 
different wave lengths is shown in Fig. 6-44 and is labeled ‘‘visual 
sensitivity curve.” A comparison of the visual sensitivity curve 
with the spectral curves for various photoelectric surfaces shows 
that a single tube is unlikely to give a response closely similar to 
that of the eye. An Na-S or a C.s-Mg surface together with a 
suitable light filter gives a satisfactory response. 

Figure 6-44 also shows the spectral energy distribution curve 
for a tungsten lamp operated at a color temperature' of 2870°K. 
This curve clearly illustrates why a phototube must be sensitive 

^ A tungsten lamp has a color temperature of 2870®K. when it radiates 
light within the visible range which has the same spectral distribution as 
that radiated by a black body at 2870‘’K. 
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in the red and infrared regions if it is to have a high sensitivity 
to light from a tungsten lamp. The Ag-CsO-Cs surfaces are 
sensitive over a considerable portion of the long-wave-length 
region and consequently have good sensitivity to this light. 

The general shape of the current-voltage curve for a vacuum 
phototube and the curves for a tube containing one of the inert 


JOO' 


>-5 

i 


40 



h- 

LU 

_J 

o 

> 

Ijj 

D 

-J 

CO 

^ -J 
Z UJ 
D >■ 

UJ 

o 

2 

< 

ex 

O 

a 

a: 




-Infrd'n 









l\ 


_ 











r 


Energy disfribufion curve 
(Tunasfen at2d70 W 



s. 







7 ^ 



1 





_J 

/ 


'^sua 

/sen 

s/ftv 

ityc 

'jrve 

_ 





0 




_ 

_ 

_ 

_ 

_ 


_ 





03 0.4 0.5 0.6 0.7 0.8 0.9 I.O 1.1 1.2 1.3 1.4 1.5 1.6 
Wavelength.microns 

Fio. 6-44.—Visual sensitivity curve and energy distribution curve for the radi¬ 
ation from a tungsten lamp. {General reference 6-11, pp. 26, 29.) 


gases under three different gas pressures are shown in Fig. 6-45. 
The curve for the vacuum photoelectric tube is typical of that 
in which the anode consists of a small wire. At low voltages, 
some of the emitted electrons do not strike the anode wire but, 
instead, travel around the wire in paths resembling hyperbolas. 
As the voltage is increased, the paths change to spirals which 



C--1_ L- .... 
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£7" Volts between onode ond cathode 

Fig. 6-45.—Current-voltage curves for gas-filled and vacuum phototubes. 


converge on the wire, so that finally all the emitted electrons are 
collected. The current densities are so small that the space 
charge, which played such an important part in the case of 
thermionic currents, has little effect. 

The increase in the current through the gas-filled tubes shown 
in Fig. 6-45 is caused by the ionization of the gas which results 






216 


ELECTRON EMISSION 


[Chap. VI 


from collisions of electrons with the gas atoms. As shown in the 
figure, the pressure of the gas must be adjusted to rather a 
critical value, for too high or too low a pressure will result in a 
reduction in the current. The theory fundamental to the 
amplification of the photoelectric current by gas ionization will be 
considered in detail in Sec. 8-5. This method of increasing the 
sensitivity is used in practical gas-filled photoelectric tubes, and 
results in a magnification of sensitivity of 5 to 10 times that 
obtainable with the vacuum phototube. A greater increase in 
sensitivity cannot be used because a glow,discharge starts in 
the tube when the voltage is increased beyond the safe value. 
This glow discharge is detrimental to the sensitive surface; and 



JST-Volts 

Fig. C-46. —Voltage-current curves for an argon-filled phototube. 


furthermore, the current in the glowing condition is no longer 
controlled by the light (see Sec. 8-5). The glow voltage depends 
somewhat on the intensity of the light, as shown in Fig. 6-46. 
The straight lines in the diagram should be disregarded for the 
present. As indicated by the dotted line at the right, the glow 
voltage decreases as the illumination is increased. 

The sensitivity rating of a phototube is defined as the ratio of 
its current response to the light flux entering the tube when it is 
illuminated with light from a tungsten filament at a color temper'- 
alure of 2870°K. The sensitivity is usually stated in micro¬ 
amperes per lumen. ^ Obviously, this sensitivity rating gives 

^ The units used for measuring the light are those used in illuminating 
engineering and depend on the visual response of the human eye. The 
quantity of light, or the luminous fluXf is measured in lumens; the luminous 
intensity of a source is measured in candles. The relation between these 
quantities can be illustrated by considering a hypothetical point source 
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information relating only to the response to the standard light 
source, and the response to other light sources can be predicted 
only if the complete spectral distribution curves of both the 
phototube and light source are known. 

A wide variety of applications has been found for the photo¬ 
tube. It is the essential element in devices that perform such 
diverse functions as (1) reproducing sound from the sound 
track on sound-motion-picture film, (2) transmitting pictures 
over wires or by radio, (3) counting or sorting objects on a 
production line, (4) turning street lights or illuminated signs on 
or off at predetermined daylight intensities, and (5) measuring 
the light output of incandescent lamps. In many devices the 
phototube serves merely to distinguish between the presence 
and absence of a beam of light. In others the response must be 
proportional to the light intensity on the phototube; t.e., the 
phototube is utilized in the measurement of light intensity. 
For details regarding the various circuits-and systems employed 
in these applications, as well as for a discussion of photoconduc- 
tive and photovoltaic cells, the reader is referred to the current 
literature and the references below. ^ 


having a luminous intensity of C candles which radiates uniformly in all 
directions. Then, the luminous flux F in lumens falling on a spherical sur¬ 
face of area S centered on the source is given by 



where r is the distance from the source to the surface S, A practical source 
does not radiate equally in all directions, but in this case Eq. (6-81) can be 
applied for a single direction away from the source. Then S must be a 
small portion of the sphere of radius r, and C is the luminous intensity in the 
direction r. 

The illumination of a surface is defined as the density of luminous flux 
on the surface; t.c., it is given by the ratio F/S. Representing the illumi¬ 
nation by /, we see that the luminous flux is given by 

F ^ IS (6-82) 

In this equation, F is in lumens, and the unit for I is the foot-candle when S 
is measured in square feet. If 5 is measured in square meters, then the 
unit of / is the meter-candle; or if <8 is expressed in square centimeters, then I 
is measured in phots. 

^ General references 6-10 and 6-11. Hbnny, K., * ‘ Electron Tubes in Indus¬ 
try,*' 2d ed., Chaps. V and VI, McGraw-Hill Book Company, Ino., New 
York, 1937. Reich, op. eit., Chap. XllI; Electrical Engineers* Handbook,** 
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A factor of considerable importance, especially when the 
phototube is used in the measurement of illumination, is the 
change in the sensitivity of the tube with time. The slow 
changes that are observed are particularly noticeable with the 
various sensitized surfaces, but are nearly absent from the plain 
metal surfaces. The changes are greater in gas-filled than in 
vacuum phototubes. The cause of the effect is presumed to be 
changes in the condition of the sensitive surface, resulting from 
temperature variations or positive-ion bombardment. 

In most photoelectric devices the small currents must be 
amplified in order to operate a milliammeten or a control relay. 
The electron multiplier has considerable promise of usefulness in 

Phofofube 



Fig. 6-47.—Phototube amplifier circuit. 


this connection (Sec. 6-10). The fundamental circuit diagram 
of the more commonly employed thermionic amplifiers is shown 
in Fig. 6-47. When light falls on the phototube, the resulting 
current through the grid resistor R gives rise to a voltage in the 
grid circuit of the triode. When the connections are as shown 
in Fig. 6-47, this voltage raises the grid potential and causes more 
plate current to flow. When the grid current ic is negligible, 
we can write the voltage equation around the loop including Eb^ 
the phototube, and the grid resistance, as follows: 

E = Eb- iR (6-83) 

This equation is the same as Eq. (6-52) for the voltage relations 
in the plate circuit of a grid-controlled thermionic tube. There¬ 
fore, the graphical analysis employed in Sec. 6-11 can also be used 
here. Thus, the straight lines in Fig. 6-46 show possible photo¬ 
tube-current and -voltage values corresponding to the assumed 
battery voltage and the various values of R. The intersection 

3d ed., Vol. V, Electric Communication and Electronics, John Wiley & Sons, 
Inc., New York, 1936. 
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of a particular resistance line with a tube voltage-current curve 
gives the tube current and voltage at that particular value of light 
flux. For example, when = 100 volts, R = 2 megohms, 
and the light flux is 0.1 lumen, the current will be 17.4 hSl and 
the voltage across the tube will be 65 volts. Consequently, the 
voltage drop across R is 35 volts. As the light flux increases, the 
current through the tube increases in a regular although not in 
a linear fashion. 

The effect of a change in the value of the grid resistance R is 
easily studied by inspecting the various resistance lines in Fig. 
6-46. It is se(m that fairly high values of resistance are needed, 
especially when the light is weak. In extreme cases, as in the 
photometry of the stars, the insulation resistance of the circuit 
or the grid current of the thermionic tube may be the limiting 
factor that determines the maximum permissible value of grid 
resistance. When high resistances are employed, the current 
response approaches a limiting value for large light intensities. 
A study of Fig. 6-46 will show that this would occur for the grid 
resistance of 20 megohms at values of light flux over about 0.15 
lumen. 

The analysis of the behavior of a vacuum phototube can be 
carried out by the same method as that illustrated in Fig. 6-46 
for the gas-filled tube. In this case, however, the higher voltage 
portions of the current-voltage curves of the tube are equally 
spaced horizontal lines. As a result, the response is linearly 
related to the quantity of light as long as the voltage across the 
tube remains above the saturating value. 

An interesting observation on gas-filled phototubes is that an 
appreciable time elap.ses after a sudden change in illumination 
before the current through the tube reaches a steady value. It 
has been established that there is a negligible time lag between 
the incidence of the light and the ejection of the photoelectrons, 
so that the observed lag must be attributed to the time required 
for the gaseous ionization to build up to a steady value. This is 
partly determined by the time required for the relatively slow 
gaseous ions (see Sec. 7-1) to cross the tube. Another aspect 
of the time lag is encountered when a varying beam of light falls 
on the phototube. This situation exists in the sound-motion- 
picture projector where the variations in the light passing 
through the sound track are detected by a phototube and after 
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amplification are converted into sound in a loud-speaker. The 
current through the phototube does not correspond exactly with 
the light variation when the frequency of the variation is above 
a few cycles per second. The decrease in the amplitude of the 
response from zero frequency to 5,000 cycles/sec. is of the order 
of 20 per cent. This decrease is small enough so as not to bar the 
gas-filled tube from the sound-motion-picture industry; in fact, 
the gas-filled tubes are most often employed. 

6-14. Secondary Electron Emission Caused by Positive-ion 
Impact.—When positive ions bombard a,negatively charged elec¬ 
trode—as at the cathode in a glow discharge—it is important 
to know whether or not electrons are released by these impacts. 
We have seen (Sec. 6 - 10 ) how electron bombardment releases 
secondary electrons; we now consider the analogous process of 
secondary electron release caused by positive-ion bombardment. 
Under conditions such as those in the glow discharge the phe¬ 
nomenon is often complicated by the presence of electron 
emission caused by the impacts of metastable atoms or by the 
photoelectric effect. In the most reliable experiments, therefore, 
beams of ions are shot into a high-vacuum tube, and the electrons 
released as the beam strikes a metal target are collected and 
measured. A correction must be made for the current carried 
by the positive ions that are reflected from the target. 

The average yieW of secondary electrons per impinging positive 
ion is expressed by the symbol 7 . Thus 7 is the ratio of the 
number of free electrons released to the number of impinging 
positive ions. It is also the probability that an ion will release 
an electron. Relatively few quantitative investigations of the 
factors affecting 7 are available; however, it has been shown that 
7 depends on ( 1 ) the energy and angle of incidence of the bom¬ 
barding ions, ( 2 ) the kind of metal of the target and its surface 
condition, and (3) the nature of the ions. 

The types of variation of the secondary-electron yield with 
the energy of the ions are shown-in Fig. 6-48. By comparing 
these curves With those in Fig. 6-27, it will be noted that, in 
general, the yields are less than those obtained owing to the 
impact of electrons of equal energy. The effect of the condition 
of the metal surface is shown by the curves for Cs^ ions bombard¬ 
ing hot Ni and cold tarnished Ni. A similar effect is evident in 
the two curves for He*^ ions, as obtained by Oliphant. These 



PROBLEMS 


221 


results indicate that degassing the target reduces the yield of 
secondary electrons. 

It has been suggested that in the case of low-velocity ions the 
potential energy of the ion may account for the release of a free 
electron. For example, if its potential energy were great enough, 
the ion could pull two electrons out of the metal, one of which 
would go to neutralize the ion and the second of which would 
become free. If in this process other gains or losses are neglected, 
then the potential energy' of the ion would have to exceed twice 
the net work function of the metal for emission to take place. 
This restriction would not apply to the high-velocity ions, for 
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Fio. 6-48.—Secondary-electron emission caused by positive ion bombardment. 
[Data for He^ by M. L. E. Oliphant, Proc. Roy. Soc. {London)^ 127, 379, 1930; 
for by J. Kock, Z. Physik, 100, 700, 1936, and P. B. Moon, Camh. Phil. Soc. 
Proc., 27, 573, 1931.] 


these can transfer a small proportion (of the order of the ratio 
of the electronic mass to the ionic mass) of their kinetic energy 
to an electron in the metal. This electron will subsequently be 
emitted if its path is turned outward by clastic collisions and if 
it has enough energy to overcome the surface forces. 


Problems 

1. (a) Calculate the inner work function of metallic thorium on the 
assumption of one free electron per atom. The atomic weight of thorium 
is 0.232 kg., and its density is 11,200 kg./cu. m. (h) If the net work func¬ 
tion of thorium is 3.38 e.v., what is its outer work function? 

2. If point C in Fig. 6-8 is 0.5 X 10“* m. frfHh the surface, what is the 
contribution of the image force to the outer work function in the range from 
C to infinity? Express the result in electron volts. 

8. Show that the arithmetical average speed of the electrons in a metal 
at 0®K. on the basis of the Fermi distribution law is three-fourths of the 
maximum velocity, Fmax V2 Tv7M. 

^ See Sec. 8-1 for a discussion of ion energies. 
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4 . (a) Show that the total number of electrons which cross a plane of 
unit area within a metal per second, for the Fermi distribution at 
T = 0®K., is given by 


■n 


2irm 


Wi^ 


where Wi is the inner work function of the metal, (b) Calculate the value 
of iy of part a for tungsten on the assumption of one free electron per atom 
(see Table 6-1). 

6 . (o) A 5-kw. high-vacuum triode has a tungsten filament that con¬ 
sists of two hairpin loops each 9.5 cm. long. If the effective total length of 
the filament wire is 38 cm. and its diameter is 1 mm., what is the saturation 
emission from this filament at 2500°K.? (6) If the cathode efficiency of 

this filament is 5 ma./watt, what heating power is required for the filament 
in part a? 

6. (a) What is the ratio of the emission from a tungsten filament at 

2400‘^K. to that at 2500°K.? (h) What conclusion can be drawn from the 

result of part o as to the permissible variations of tungsten-filament tem¬ 
perature in operation? 

7. The constants in the emission formula for a given thoriatcd-tungsten 
filament are A — 1.5 amp./(cm.*)(deg.*) and 4>o — 2.63 e.v. What is the 
saturation emission from this filament at 1900°K.? 

8. Compare the cost of operating 50,000 telephone repeater tubes for 
9,000 hr. when they have filaments of (a) tungsten, (6) thoriatcd-tungsten, 
and (c) oxide-coated nickel. Assume that an emission current of 100 ma. is 
required and that the cathode efficiencies are as follows: 4 ma./watt for 
tungsten, 30 ma./watt for thoriated-tungsten, and 50 ma./watt for oxide- 
coated nickel. The cost of power is 5 cents per kilowatt-hour. 

9. (a) By what am6unt is the work function of tungsten reduced by an 
external field intensity of 200 million volts per meter? (6) Would the 
answer to part a be different for a different metal? (c) With reference to 
part a, at what distance from the surface does an electron experience no 
force, it being assumed that the image-force law holds in this region? 

10. In a certain experimental high-vacuum diode the electron emission 
from the tungsten filament is saturated at a voltage of 100 volts on the anode 
and the emission current is 0.100 amp. If the electric intensity at the 
cathode corresponding to an anode voltage of 100 volts is 10* volts/m. and 
the temperature of the filament is 2450®K., what is the emission current 
when the anode voltage is 3,600 volts? 

11. A space-charge-limited electron current flows between a plane cathode 
and a parallel-plane anode. Assuming that the electrons are given off by 
the cathode with zero veloCfty, find the mathematical form of (a) the varia¬ 
tion of the electric intensity at any point between the electrodes. Similarly, 
find the variations of (6) space-charge density and (c) the electron velocity 
in the region between the electrodes. Sketch curves showing the nature of 
these variations, and include a curve showing the potential distribution 
between the electrodes. 

12. (a) What anode voltage would be required to cause a space-charge- 
limited electron current of 0.1 am'p./sq. cm. between a plane hot cathode 
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and a cold anode separated by 2 mm. 7 (6) What voltage would be required 

if the separation were 10 mm.? 

Hint: Assume the electrons are emitted from the cathode with zero 
velocity. 

13. What space-charge-limited current (zero initial velocity being 
assumed) will be produced by an anode voltage of 150 volts in a diode con¬ 
sisting of a wire filament down the center of a cylindrical anode, if the fila¬ 
ment is 3 cm. long and has a diameter of 0.2 mm. and the inner radius of the 
anode is 10 mm.? 

14. (a) The relation between current and voltage for a given diode is 
/ = 10~*EK Plot the current-voltage ciirve up to a voltage of 150 volts. 
(6) Using the curve from part a, derive the wave form of the current through 
the diode when a sinusoidal alternating e.m.f. of 180 peak volts is impressed 
on the diode through a resistance of 800 ohms. 

16. (a) In a certain triode the plate current falls to zero when Ee = —18 
volt and Eb = 250 volts. Estimate the value of /n of the tube. (6) 
Another test shows that the plate current of this tube is 0.005 amp. when 
Ee ^ —10 volt and Eb = 200 volts. Assuming that the three-halves-power 
law holds and that /u has the value found in part a, find the constants in 
the empirical relation of plate current to grid and plate voltages. 

16. A triode has a filamentary cathode with a concentric helical grid and 
cylindrical anode. The grid helix has a radius of 4 mm., with 11 turns 
per centimeter, and the grid-wire diameter is 0.10 mm. If the inner radius 
of the anode is 7 mm., what is the approximate value of the ^ of this triode? 

17. In a certain electron multiplier the yield ratio for secondary emission 
is 7.5. If the multiplier has six stages and there is no loss from the electron 
beams, what is the amplification of the photoelectric current? 

18. The triode whose plate characteristics are shown in Fig. 6-24 is to be 
operated in a simple amplifier circuit similar to that shown in Fig. 6-31. 
(a) Draw a circuit diagram for this amplifier. (6) If the plate supply 
voltage Eb is 300 volts, the grid bias voltage Ee is —10 volt, and the plate 
current with no signal is to be 5 ma., what is the value of the load resistance? 
(c) What is the voltage amplification for small signals under the conditions 
of part 6? 

19. (a) Calculate the power output of the amplifier analyzed in Fig. 6-32 
for a peak input signal voltage of 5 volts. (6) Under these conditions, 
what is the power expended in heating the plate? (c) What power is 
expended in heating the plate when the input voltage is zero? 

20. Light having a frequency of 5 X 10^^ sec.“^ falls on a photoelectric 
cathode. If a retarding potential of 0.393 volt (corrected for contact 
potential) reduces the electron current to zero, what is the work function 
of the cathode surface? 

21. What is the photoelectric threshold frequency for a zinc surface whose 
work function is 3.4 volts? 

22. If green light from a mercury arc having a wave length of 0.546 micron 
shines on a potassium surface, what will be the maximum kinetic energy of 
the emitted electrons? Express the result in electron volts. 

28. Two monochromatic light beams appear to the eye to be equally 
intense. One has a wave length of 0.555 micron, and the other has a wave 
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length of 0.65 micron. What relative response would these beams pf light 
produce in a tube containing the Ag-CsO-Cs surface whose spectral curve 
is shown in Fig. 6-43? 

24. (a) What voltages will result across the resistance R in Fig. 6-47 
when the quantity of light entering the phototube is 0.05, 0.10, and 0.15 
lumen, it being assumed that the characteristics of the phototube are those 
given in Fig. 6-46, that the voltage is 100 volts, and that i? is 10 megohms? 
(6) What is the illumination in foot-candles needed in each case to produce 
the fluxes mentioned in part a if the cathode of the phototube has an effective 
area of 0.9 sq. in.? 

26. Choose a value of the resistance R in Fig. 6-47 and of the grid bias 
voltage on the triode so that the relay will close when the light flux on the 
phototube reaches 0.05 lumen but will open when the light is cut off. 
Assume that the value of Eb is 70 volts, that the plate supply voltage for the 
triode is 200 volts, that the resistance of the relay coil is 1,200 ohms, and 
that the characteristics of the triode arc those shown in Fig. 6-24. The 
relay requires 11 ma. to close and opens when the current falls to 4 ma. 
The pliptotubc characteristics are those in Fig. 6-46. 
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CHAPTER VII 
DEIONIZING PROCESSES! 

7-1. Electric Field—Mobility.—Among the deionizing agents, 
the electric field is probably the most important, for in any case 
involving the flow of current through a gas we shall always have 
an electric field moving the ions toward one electrode or the 
other. In Chap. I, we saw that the current density in a dis¬ 
charge tube was given by an expression of the form, 

J = N \q\V I + N^qiV 2 + • • • (1”2) 

In this expression, Ni and were the densities of ions of type 
1 and 2, qi and q^ were the quantities of charge carried by each 
ion, and Vi and V 2 were the average velocities with which the 
ions moved in the direction (or counter to the direction) of the 
electric field. In any particular problem, then, we see that, 
although the electric field has some influence on the ion densities, 
the principal effect of the electric field on the current flowing is 
felt in the variation it causes in the average drift velocity Vi or 
F 2 . In the case of a high-vacuum discharge, this dependence 
was quite simple because there were no collisions with neutral 
gas atoms to complicate matters. When collisions with neutral 
atoms or molecules occur, these must be taken into account and 
the problem immediately becomes more involved. 

Because the dependence of drift velocity on field strength or 
potential is so essential to the problem of determining the rela¬ 
tionship between discharge current and voltage, it will be worth 
while to examine briefly the manner of this dependence when the 
gas pressure is not negligible. Let us say that the drift velocity 
is directly proportional to the field strength as shown in Eq. (7-1), 

V = KF (7-1) 

Then we can define the mobility K of an ion in an electric field as 
the ratio of its average drift velocity to the field strength. 

! General references for Chap. VII will be found on p. 258. 
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X = I (7-2) 

We see that, if V is expressed in meters per second and F is 
expressed in volts per meter, K will be expressed in terms of 
meters per second per volt per meter. The mobility serves a 
useful function in that it enables us to predict the order of magni¬ 
tude of ionic velocities or discharge currents in a given electric 
field. Order-of-magnitude calculations are usually suflScient 
when we are interested only in trends. For particular applica¬ 
tions, we shall probably find it best to us^ empirical data in much 
the same way as in many engineering problems. 

In general, the mobility is dependent upon the field strength 
and is not really a constant. This may perhaps be a little 
confusing at first, but there are many instances in engineering 
where we define constants’^ so that they can be used in cal¬ 
culations when, as a matter of fact, these quantities are not 
actually constant except under certain conditions. A single 
illustration should suflice. In a magnetic circuit we say that the 
flux density is proportional to the magnetic intensity. 

B = 

The proportionality constant however, is constant only under 
certain conditions-^in an air-core circuit, for example. In an 
iron-core circuit, the permeability /u depends upon the magnetic 
intensity //, as well as on the previous treatment of the core. In 
much the same way, we shall see that the mobility is constant 
under some circumstances but in others depends strongly on the 
electric intensity. 

As a first approximation in the calculation of Ky assume that 
we are dealing with a high-pressure discharge in which the field 
strength is relatively small. Sucl^ a condition would be encoun¬ 
tered in a d.c. arc at atmospheric pressure. Assume, also, that 
we are dealing only with singly charged molecular ions. Under 
these conditions the energy gained by an ion over a free path 
due to the electric field will be small compared with the average 
energy of thermal agitation of the molecules, and the motions of 
the ions will be only slightly different from the motions of the 
neutral molecules. That is, during each free path the ion gains 
a small component of velocity AF due to the electric field, but the 
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Fia. 7-1.—Change of ion ve¬ 
locity in an electric field. 


change in velocity of the ion from Vi to Vz due to AF is so small 
that, as far as calculations of velocity are concerned, it can be 
neglected. 

The relationship between Fi and F 2 is illustrated in Fig. 7-1 
for two different directions of motion of an ion. In each case, 
Fi represents the velocity at the be- ^ 

ginning of a free path, and F 2 repre¬ 
sents the velocity of the ion at the end 
of the free path. The change in ve¬ 
locity due to the electric field F is 
represented by AF. The net effect of 
the small velocity component AF 
gained on each free path is that the 
ion progresses slowly in the direction 
of the field, making thousands or mil¬ 
lions of collisions before advancing 1 
cm. A projection of its path on a plane parallel to F might 
then appear as in Fig. 7-2. The motion of the ions is thus very 
much as if the field were not present. The predominant motion 
of the ions is random, as in the case of no field whatever; but 
superimposed on this motion is a slow drift in the direction of the 
field. 

Assume, now, that the random motion is not disturbed by the 
^ field and that the excess velocity 

*— -- gained from the field is lost in each 

collision. Assume also that the colli¬ 
sions between ions and molecules are 
perfectly elastic. Then on each free 
path an ion travels an extra distance 
in the direction of the field given 
by 

Fia. 7-2.—Progression of an ion S = « “ 7y ~ (7*“3) 

in an electric field. " A Vfl 



If as a first approximation all the free paths are taken equal to 
the mean free path, then the average time between collisions is 
f = X/^, c being the arithmetical average thermal velocity, and 
the average distance traveled in the direction of the field is 

1 Fq 
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The average velocity of drift is then 


Thus, 


« _ s _ 1 ^ X 
t 2 m c 

K-l^. 

2 me 


Taking into account the fact that the free paths and the time 
intervals between collisions are not equal but are distributed at 
random, the expression given above for the mobility is modified 
by a factor of 2. The more exact derivation gives 

K = (7-4) 

me 

The reason for this follows directly from a consideration of the distribution 
of free paths. If in Eq. (7-3) we set t — x/c where x is the actual length of a 
free path, we obtain 

= 

* 2 m 

To obtain the average distance moved in the direction of the electric field, 
we must now average over a large number of free paths. The number of 
free paths with lengths between x and x + dx is given by Eq. (4-65), Chap. 

IV, 

X 

, \dn\ —-~e'~\dx (4-65) 

where no is the total number of free paths and X is the mean free path. 
Thus the average distance moved in the direction of the field becomes 

g ^ _ 

2 m6^ no 

or, integrating, 


The average time for traveling one free path is still X/c; thus. 


If we take into account the fact that the masses of the ions 
and the molecules are not the same and that the slight amount 
of energy gained by the ions in the electric field is not all lost to 
the neutral molecules in the successive collisions, a more general 
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expression for the mobility can be obtained. This equation was 
derived by Thomson on the basis of the kinetic-theory relation¬ 
ship between mobility and the coefficient of diffusion. It is a 
perfectly general relationship valid under all conditions of field 
strength regardless of the size of the ions and has the following 
form; 

^ O. 92 I 9 X 0 / ^ 

mC^ \ MWn. 

In this equation, Wm and Wm are, respectively, the average 
kinetic energies of the ions and neutral gas molecules, m and Cm 
refer to the mass and r.m.s. velocity of the ions, and M refers to 
the mass of the neutral molecules. Xo is proportional to the 
mean free path of the ions and is defined by 

where X is the kinetic-theory mean free path of the ions. From 
this we see that when we are considering the motions of electrons, 
Xo = K; but when we are considering the motions of molecular 
ions, Xo = \/2 Xmoieouie, approximately. 

When the field strength is very small and the average energy 
of the ions is approximately equal to the average energy of the 
neutral molecules, Eq. (7-5) reduces to Eq. (7-4), derived above, 
except for a small numerical factor. Under these conditions 
the mobility is independent of the field strength. When the field 
strength is appreciable, the average kinetic energy of the ions 
will be larger than the average kinetic energy of the neutral 
molecules, for the ions will be gaining energy from the electric 
field which they do not entirely lose in collisions with neutral 
molecules. The mobility under these conditions thus depends 
on the field strength, and in order to determine this dependence 
we shall have to find values of Wm and Cm to use in Eq, (7-5).^ 

The fraction of the energy of the ion that is lost in a collision 
with a molecule is given by^ 

^ (m + My (7-7) 

' The following derivation is based on the works of Hertz (Z. Physiky 32, 
298, 1925; Phyaicay 2, 15, 1922) and Compton {Phya. Rev.y 22, 333, 1923). 

* Cravath, a. M., Phya, Rev.^ 88, 248, 1930. 
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This is a very small number in the case of electrons mov¬ 
ing through a gas; for then m << M and tFm > > Wm, and/is 
approximately equal to 2.66m/Af. Thus, the energy of an ion 
starting from rest in the electric field gradually increases between 
successive collisions, but it does not continue to increase indefi¬ 
nitely. Eventually a condition is reached where, on the average, 
just as much energy is lost in a collision as is gained in the electric 
field during the next free path. When this condition is reached, 
the ion has an average energy given by 



where refers to the terminal energy of the ion and f is the 
average number of collisions made by the ion while advancing 
unit distance.^ 

To evaluate f, we note that the number of collisions made by 
an ion in unit time is given by Cm/X. Thus, the number of 
collisions made by the ion in advancing unit distance in the 
direction of the field is 


“T” 


2W 


* 

m 






MWZ 


‘ This equation can be deduced as follows: The energy gained by the ions 
in moving a distance dx in the direction of the field is 

dfVm = qF dx 


The energj^lost in moving a distance dx owing to collisions with neutral 
atoms is fWmi^ dx. Thus, the net rate of gain of energy of the ions per 
meter is given by 


dW„ 

dx 


^qF - 


The terminal energy can be obtained by.equating this to zero; for then the 
rate of gain of energy is equal to the rate of loss of energy, and the not gain 
of energy is zero. We see then that since 

9F -frwZ~o 


wl 


£ 

if 


we have 
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since V is given by Eqs. (7-1) and (7-5) and since Wm is now given 
by WZ- Substituting in this equation the value of X given by 
Eq. (7-6), we have 




(7-9) 


We see then that since 1/Xo is proportional to the number of 
collisions made per unit distance along the path of the ion, f, 
the number of collisions made in advancing 1 m. in the direction 
of the field is proportional to the square of the number of collisions 
made in going 1 m. along the actual path of the ion. The values 
of f from Eq. (7-9) and/ from Eq. (7-7) may now be substituted 
in Eq. (7-8) and the resulting equation solved for W*. The 
result of this calculation is given in Eq. (7-10). We have now 
established the dependence of WZ on the field strength F. 


^ r W,r . + MyV 

2 [ 4 5.32mM 


(7-10) 


This equation, of course, reduces to TT* = Wm when the field 
strength is very small. When F is very large, this equation 
shows us that WZ i« directly proportional to F. 

We now have sufficient information to evaluate the mobility 
K. Remembering that ^mCtJ = WZ = Wmy we can now sub¬ 
stitute for Cm and Wm in Eq. (7-5) and obtain the following 
expression for the mobility: 


K = 


0.921(/Xo 

\/2m 


1 


r, q^F^W{ni -f MY \ 
4 ' 5.32mi\/ 


(l + 

1 ) 


1 qW'^\o-{m -f > 

^4 5.32mMtr«= J /) 


(7-11) 


The result of expanding the expression for the mobility to take 
account of the field strength is thus the equation above. This is 
a perfectly general equation applying under all conditions of 
field strength, regardless of the size of the ions.^ 

Under special conditions, Eq. (7-11) can be reduced to much 
simpler forms. When the field strength is very low, the terms 
involving F can be neglected and the equation reduces to 


^ tf'A; is, of course, dependent only on the gas temperature (see Sec. 4-6). 
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K — ^ f 1 A- (7 12 ^ 

or since, with a very low field strength, Wm = Wm, we have 
Xiow field - V M j 


Except for a numerical factor Jjghtly different in the cases of 
electrons and molecular ions, this r» "^he same as Eq. (7-4) which 
was derived above on somewhat simplified assumptions. In 
the case of a very high field strength, the t!^rms involving Wm 
in the first bracketed factor can be neglected, ^nd the last product 
factor in Eq. (7-11) can be set equal to 1. Thus, the equation 
reduces to a much simpler form given by 




In using these equations, we must bear in mind that Xo is not 
the actual mean free path of the ions but is defined by Eq. (7-6). 
We can see from these equations that, although in the case of a 
very small electric field the mobility is independent of the field 
strength, in the case of a strong electric field the mobility is 
inversely proportional to the square root of the field strength. 
The reason for this, of course, depends upon the fact, already 
pointed out above, that in a strong electric field the ions are 
gaining a large an^ount of energy from the electric field on each 
free path and consequently the ions will not move about in the 
same way that they do in a field-free region—their average 
velocities will be much higher than the average velocities of 
neutral molecules. 

This point Ls further emphasized by the criteria determining 
whether we can use the approximate equations (7-13) and (7-14) 
or whether we must use the more exact equation (7-11). An 
examination of the method of derivation of the high- and low- 
field forms of the mobility equation shows that we can define 
a low field as one in which 

{tn -}- M) 

and that we can define a high field as one in which 

^ _ (m + M) 

WM<<qF\, 


(7-16) 
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Since gFXo is approximately the energy gained by an ion in 
moving a distance in the direction of the field equal to the mean 
free path, these inequalities give a measure of the importance of 
the energy gained in the electric field compared with the thermal 
energy in determining the motions of the ions. 

Some idea of the exactness of the expression for the mobility 
derived above can be obtained by comparing the experimental 
and calculated values of the mobility of electrons in nitrogen and 
hydrogen. In Fig. 7-3 the calculated value of the mobility is 
represented by curve 1 and the experimental values by curve 2. 



F, volfs per m. vol+s per m. 

(a) ((f) 

Fiq. 7-3.—Mobility of electrons under standard conditions of temperature and 
pressure. (/C. T. Compton and I. Langmuir, Rev. Mod. Phy., 2, 236, 1930.) 


Both curves give the mobility under standard conditions of 
temperature and pressure. The discrepancies that still exist 
between the experimental and calculated values can be largely 
explained as due to the facts that the mean free path is not con¬ 
stant but varies quite widely with the velocity of the ions and 
that the ions when colliding with neutral molecules are scattered 
more strongly in the forward direction than calculations on the 
basis of elastic spheres predict. The theory is adequate, however, 
to determine the order of magnitude of the mobility under any 
given condition, and it certainly predicts the dependence on field 
strength as shown in Fig. 7-3. 

From the theory, since K is proportional to the mean free path 
under conditions of low field strength, Kp should be a constant. 
This has been experimentally verified for most gases for pressures 
ranging from 75 atm. down to about 100 mm. Above about 
75 atm. the mobility of negative ions decreases, and below 100 
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mm. it increases rapidly. One would conclude from this that 
at high pressures many of the ions consist of several molecules 
closely bound together and acting as a unit, the mass of the ion 
being thus increased, and that at very low pressures the negative 
ions exist largely as free electrons, the very small mass producing 
the large mobility. 

There are a number of methods for determining the mobility. 
Two will be described to show the general type of experiment. 

One method used by Zeleny consists in hav¬ 
ing a current of gas moving between two 
parallel electrodes of wire gauze (Fig. 7-4). 
The gas is uniformly ionized between the 
electrodes and moving with a velocity V, 
If is the mobility of the positive ions 
and the field necessary to cause them to 
move against the gas stream to the cathode 
is the velocity with which they move 
toward A is — V, Now, by reversing the battery connec¬ 

tions the velocity of the negative ions against the gas blast is 
— V. If F+ and F_ are adjusted so that the velocity of 
either kind of ion against the gas stream is th(‘ same (determined 
by the field strengths when the currents collected by A are the 
same), then the ratio of the mobilities of tlie positive and negative 
ions can be deternuned. j-—, ^ I— 


iliiiH 


Fig. 7-4.—Zeleny 

method for comparing 
mobilities. 




V = KJ'- 




and 
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& 


E 






F- 

F+ 


(7-17) 


Fig. 7-5.—Rutherford method for de¬ 
termining mobility. 


A method of obtaining the absolute value of the mobility is 
due to Rutherford. A diagram of the apparatus is represented 
in Fig. 7-5. The method consists in using two concentric 
cylinders, the inner of which is cut at A so that insulation S may 
be inserted between the two halves of the cylinder. A beam of 
electrons is passed through the gas at CD, or the gas in this region 
is ionized by means of X rays. This ionized stratum of the 
gas is then caused to move down the tube with a uniform velocity 
by means of a gas blast. A potential between A and D will 
then cause a current to flow if the velocity of the gas is high 
enough to carry ions beyond* the insulation. When the velocity 
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is just large enough so that a current begins to flow, that means 
that a free ion or electron near the outer cylinder at Z) or C will 
be carried just beyond the insulation before it is drawn into the 
inner cylinder by the action of the electric field. All other ions 
formed between C and D will be drawn into B and will produce 
no current. Under this condition, if the velocity of the gas and 
the field strength are known, the mobility can be calculated. 

7-2. Diffusion.—Diffusion, or the movement of ions solely 
on the basis of their thermal motions, is one of the two most 
important means for the removal of ions from a discharge, the 
other being the electric §eld. At low pressures and in any dis¬ 
charge with a small electrode separation, the electric field is most 
important; but in many discharges, especially at high pressure, 
diffusion accounts for the greatest loss of ionization from the 
discharge region. For example, in a neon sign most of the 
deionization is caused by diffusion to the tube walls, and the fact 
that a high voltage is necessary to maintain the discharge is due 
to the necessity of continually regenerating the ionization in order 
that conduction can occur. Another example of the importance 
of diffusion as a deionizing agent occurs in the case of the extinc¬ 
tion of an a.c. arc. As the arc current passes through zero, the 
voltage also passes through zero and the electric field loses all 
its effectiveness both as an ionizing and as a deionizing agent. 
However, diffusion continues to take place, and the ion density 
continues to decrease because of it. If the diffusion process 
has been efficient enough in removing ionization, then, when 
the voltage is reapplied, there will be an insufficient number of 
ions to carry the current and the discharge will have been 
interrupted. This process is thus of considerable importance in 
the design of circuit breakers or high-voltage fuses. 

Since the process of diffusion does not depend essentially upon 
the charge carried by the ions in a gas, let us confine our attention 
for the present to neutral gases. Any conclusions deducible 
from a study of neutral gases can be immediately extended to the 
motions of ions in a gas, for the ions will behave very much like 
one neutral gas of very low concentration mixed with another 
neutral gas of much higher concentration. 

Suppose that two gases at the same temperature and pressure, 
for example, hydrogen and carbon dioxide, are contained in 
separate compartments of a vessel, as shown in Fig. 7-6. Then 
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let the partition PO in the connecting tube be carefully removed 
without mechanically mixing the gases. Because of the fact that 
the CO 2 molecule is 22 times as heavy as the H 2 molecule, it 
might be assumed that the gases would remain separated. How¬ 
ever, an experimental test will show that in a relatively short 
time the two gases will have intermingled so thoroughly that no 
difference in the concentrations of the two gases is detectable in 
any part of the vessel. This experiment is a good qualitative 
demonstration of the effect of the thermal agitation of the mole¬ 
cules in producing a homogeneous mixture. 

There is another, much simpler, experiment* with which every¬ 
one is familiar and which also illustrates the rapidity 
with which one gas diffuses tlirough another. If 
a bottle of hydrogen sulphide is uncorked at some 
point in a room, in a very short time the odor of 
the gas can be detected at any point in the room— 
some of the molecules have found their way to 
every part of it. Here, again, if the air is not cir¬ 
culating, it is simply the thermal motions of the 
molecules that make this diffusion possible. 

From experiment, we know that the net number 
of molecules of type 1 (for example, CO 2 in Fig. 7-6) 
that cross a unit area is proportional to the gradient 
of thf concentration of molecules of type 1 in the 
direction perpendicular to the unit area. Thus, referring to Fig. 
7-6 again, 

ni=-£>i2^ (7-18) 

Here rfi is the net number of CO 2 molecules diffusing across a unit 
surface perpendicular to the connecting tube at P per second, 
Ni is the concentration of CO 2 molecules at any point in the 
tube, dNi/dy is the concentration gradient at P, and P 12 is the 
coeflBicient of diffusion for molecules of type 1 (CO 2 ) diffusing into 
molecules of type 2 (H 2 ). The mihus sign enters because there 
is a net movement of CO 2 upward only when the concentration 
of CO 2 is less in the upper part of the tube than in the lower. 

It is the concentration gradient dNi/dy that is the cause of 
the diffusion that takes place. If dNifdy were zero, the con¬ 
centration of CO 2 would be constant throughout the connecting 
tube and just as many molecules would move downward across 



Fig. 7-6. 
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a plane at P as move upward. But if the concentration of CO 2 
is larger below P than above P, more molecules will move upward 
across a unit plane at P than move downward and a net diffusion 
of CO 2 upward will take place. 

Immediately after the removal of the partition separating the 
CO 2 and H 2 in Fig. 7-6, the CO 2 molecules will start to diffuse 
upward and the H 2 molecules will start to move downward. 
Until a steady state is reached, there will be continuous change 
in the gas concentration of either kind of gas at any point in the 
container. To find the law governing this change, suppose we 
let 771 represent the net number of molecules of CO 2 moving 
upward through a unit plane at y per second. Then, since rji 
is in general a function of y, the net number of molecules of CO 2 
moving upward through a unit plane at ?/ + Ai/ per second will be 

(’■+14 The rate of increase of CO 2 molecules in a slab 

of thickness A?/ is thus the number diffusing into the slab minus 
the number diffusing out of the slab, or 


Simplifying this, we have 


7i — 


But, by the definition of diffusion. 


Therefore, 


A solution of this equation would give the concentration of 
CO 2 molecules at any time and at any point in the connecting 
tube.^ This equation is similar to a well-known equation in 
the theory of heat flow, and solutions can be found for it in 
particular cases. 

^ Further analysis shows that, in the general case of diffusion in three 
dimensions, the rate of change of concentration with time is given by 
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In most problems in conduction in gases, we shall be interested 
in conditions after they have reached a steady state. From 
Eq. (7-19) we can see, then, that in the steady state, when 
dNi/dt = 0, the concentration gradient will be a constant and 
that the concentration at any point can be expressed in terms of 
the concentration at some reference point as follows: 

Nr = Nro + ~y (7-20) 

where Nio is the concentration at 2 / = 0. 

If we assume that a diffusion process has-been going on long 
enough for a steady state to be reached, it is easy to derive an 
expression for the diffusion coefficient, particularly if the diffusing 



Fio. 7-7.—Unidirectional diffusion. 


molecules have a very low concentration in comparison with the 
other gas present.^ Such a situation might be encountered, for 
example, if we were considering the diffusion of water molecules 
from a water surface to some completely absorbing surface such 
as phosphorus pentoxide (see Fig. 7-7a). After a steady state 
has been reached, dNi/dy is constant and the concentration of 
H 2 O molecules varies uniformly from the water surface to the 
phosphorus pentoxide according to the linear relation given in 
Eq. (7-20) and as shown in Fig. 7-76. In Fig. 7-76 the abscissas 
represent the molecular concentration at the various distances 
above the water surface. 

Considering only the average motions of the molecules (t.c., 
considering all the molecules as having velocities equal to the 
average velocity and free paths equal to the mean free path), 
we can try to compute an average value for the diffusion coeffi- 


^ General reference 7-1, pp. 256-258. 
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cient Z). Dropping the subscript 1, we see that at a point located 
a distance equal to the mean free path below yo the number of 
H 2 O molecules in a slab of unit cross-sectional area and thickness 
Ay is Ay[No + (yo — X) dN/dy]. Similarly at a point a distance 
equal to the mean free path above yo the number of H 2 O mole¬ 
cules in a slab of unit cross-sectional area and thickness Ay is 
Ay[No + {yo + X) dN/dy]. Now, on the average, one-sixth 
of the molecules in each of these slabs is moving so that in their 
next free path they will cross the plane at yo. To get the net 
number of molecules crossing at t/o, we notice first that since 
the molecules have an average velocity c, we can substitute 
c At for Ay in the expressions above. Then the number of mole¬ 
cules passing from Ay at (yo + X) down through the plane at yo 
in time At is ^[No + {yo + X) dN/dy]c At, and the number of 
molecules from Ay at {yo — X) passing up through the plane at yo 
in time At is i[No + {yo — X) dN/dy]c At. Thus the net transfer 
of molecules through the plane at yo in a time as a result of the 
concentration gradient is the difference of these two quantities, 
namely. 


i [w. + (». - X) f ] c- A< - i [n. + (,. + X) J A< 


The net number of molecules moving upward through yo in unit 
time is thus 


l^.dN 


(7-22) 


But by our definition of diffusion we also have 


V = 



Thus, the coefficient of diffusion in this case is given by 


D = ^Xc 


(7-18) 

(7-23) 


Although the derivation above is based simply on the average 
motion of the molecules, a more rigorous analysis of the problem 
yields the same expression for the coefficient of diffusion. It can 
be shown without too much difficulty^ that in the general case of 


1 General reference 7-1, pp. 260-264. 
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two gases interdiffusing the diffusion coefficient is given by 


_ \1C1N2 “h X2C2JV1 

“ 3(iVi + iV2) 


(7-24) 


In this equation, Ni and N 2 are the concentrations of the two 
kinds of molecule, Ci, and C 2 are the average thermal velocities 
of the two kinds of molecule, and Xi and X 2 are the mean free 
paths of the two types of molecule, based on collisions of one 
type of molecule with the other. 

In problems dealing with conduction in gases, the concentration 
of ions is usually negligible in comparison witji the concentration 
of neutral molecules, and the general form for the coefficient of 
diffusion thus simplifies to the form given in Eq. (7-23). In this 
case, of course, X refers to the mean free path of ions ending in a 
collision with neutral molecules. 

Some idea of the magnitude of D for two gases interdiffusing 
and for ions diffusing through their own gas can be gained from 
the following table of experimental values.^ All values in this 
table correspond to standard conditions of temperature and 
pressure. In the left half of the table, the column headed D gives 
values for the coefficient of diffusion of the first-named gas into 
the second, and in the right half of the table the columns headed 
Z>+ and D- give respectively the coefficients of diffusion of 
positive and negative ions in the gases named. 


Table 7-1 


Gas 

D 

sq. m./.sec. 

Gas 

sq. m./sec. 

sq. m./sec. 

O2 — ► H2. 

7.22 X 10-«^ 

Air 

0.28 X 10-6 

0.43 X 10-6 

H, 0,. 

6.77 X 10-‘ 

Oz 

0.25 X 10'*6 

0.40 X 10-6 

Hj — > CO2. 

6.38 X 10-‘ 

CO, 

0.23 X 10-6 

0.26 X 10-6 

C2H6OH —♦air. 

1.02 X 10-6 

H, 

1.23 X 10-6 

1.90 X 10-6 

C 02 ->N ,0 . 

1.5 X 10-6 

N, 

0.29 X 10-6 

0.41 X 10-6 


It appears'from the table that gases diffuse very much more 
quickly than ions and that negative ions diffuse slightly faster 
than positive ions. One cause of the slow diffusion of ions is 
that the charged ion forms a nucleus around which the molecules 

» Derived from general reference 7-1, p. 260; J. 8. Townsend, Phil Trans, j 
269, 1900; E. Salles, Ann. Physik^ 9th ser., 2, 273, 1914. 
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of the gas condense just as ions serve as a nucleus for the pre¬ 
cipitation of water droplets. When this happens, a complex 
system is formed which diffuses slowly. The higher mobility 
of negative ions is a characteristic of most gases and explains 
why in certain cases ionized gas originally containing as many 
negative as positive ions eventually acquires a net positive 
charge. Thus, for example, if an electrically neutral but ionized 
gas is blown through a metal tube, the gas emerging will be 
positively electrified, because in its passage through the tube 
it has lost more negative than positive ions. 

The differences between the experimental and theoretical 
values for the diffusion coefficient of gases can usually be explained 
as due to the variation of the mean free path with velocity and 
to what has been called the persistence of velocities. The latter 
effect was mentioned in the last section under the discussion of 
mobility; the term implies that the collisions between molecules 
are not completely elastic—more molecules are scattered in the 
forward direction than in any other. The factor by which the 
kinetic theory value of D as given in Eq. (7-23) or (7-24) must be 
multiplied in order to bring it in line with experimental values is 
not, in general, greater than 1.5; therefore, for most practical 
purposes the kinetic-theory value of D is sufficiently accurate. 

The dependence of the coefficient of diffusion on temperature 
and pressure is evident from Eq. (7-23) above. Since c is pro¬ 
portional to the square root of the absolute temperature and X 
is proportional to the absolute temperature and inversely pro¬ 
portional to the pressure, the diffusion coefficient will vary as the 
three-halves power of the absolute temperature and inversely as 
the pressure. 

To illustrate the application of the principles of diffusion we can solve a 
simple problem.^ Consider a discharge in which diffusion alone is the. 
deionizing agent and uniform ionization by X rays is the ionizing agent. 
This is one of the simplest problems, but it will illustrate the general mode of 
attack on problems involving diffusion. 

For simplicity, consider only a one-dimensional case. Thus, suppose the 
gas is confined between two metal plates A and B and that X rays shine on 
the gas and produce Q ion pairs per unit volume per unit time throughout 
the region. Diffusion is to occur only in the direction of the -f»-axis 
or — a?-axi 3 (t.c. toward A and B). Let Ni be the number of positive 

^ Slepian, J., **Conduction of Electricity in Gases,” pp. 45-46, Westing- 
house Electric 6c Manufacturing Co., New York, 1933. 
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ions per unit volume and Nt the number of negative ions per unit volume 
at any time Let D\ be the coefficient of diffusion for positive ions and 
Dt the coefficient of diffusion for negative ions. From the definition of 
D, we have 


^dN 


(7-18) 


Consider a volume Ax m. thick cut from a cylinder of unit cross-sectional 
area extending Let ween A and B (see Fig. 7-8). The net rate of increase of 
positive ionization in this slab per unit volume due to diffusion is given by 
Eq. (7-19) as 


^ = n ^ 
dt dx* 


(7-25) 


An equation exactly similar to this except for a change of subscript would 
hold for negative ions. Because of their greater velocity and longer free 
path, negative ions diffuse out of a volume faster than positive ions, thus 
leaving behind a positive space charge. The resulting electric field tends to 
slow down the diffusion of negative ions and to accelerate the motion of the 

positive ions. In the end, the den¬ 
sities of positive and negative ions 
are almost equal, differing just 
enough to produce an electric field 
that just balances the difference in 
diffusion coefficients so that equal 
numbers of positive and negative 
ions are lost at the boundaries. 
Thus we can take an average diffu¬ 
sion coefficient D and apply it to 
both kinds of ion. Its value will 
differ very little from D\. Since N\ and N^ differ by very little, an 
average value for these can also be taken. Call it N, The net rate of 
increase of ionization (positive or negative) in the slab per unit volume due 
to diffusion is thus 



Fig. 7-i 


_ dt Jdiffuflion 


D 


d*N 

dx* 


(7-26) 


Since the X rays produce equal numbers of positive and negative ions, the 
total gain in ionization per unit volume due to X rays is 



X rays 


»Q 


(7-27) 


Upon combining Eqs. (7-26) and (7-27) the total rate of change in ion 
density is found to be 


dt 


Q + D 


aW 

dx* 


(7-28) 


If this equation can be solved, the ion density at any time and in any part 
of the region between A and B'will be determined. For simplicity, consider 
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only the steady-state case when dN/dt =» 0. For this case the rate of gain 
in ionization per unit volume is equal to the rate of loss of ionization per unit 
volume. Furthermore, since the only variables are N and x, total derivatives 
can be substituted for the partial derivative. Then, 


d^N _ Q 
dx* “ D 


(7-29) 


If X is measured from the mid-point between A and Bj then the conditions 
to be satisfied by N are ^ = 0 when x = ±5/2, and at the boundaries the 
rate of loss of ions in the x-direction is one-half the total production. Thus, 
when X ~ +5/2, 


V 



QS 

2 


Integrating Eq. (7-29), we obtain 


After evaluating (7, 
Integrating again, 
After evaluating C', 


or 


dx 


-|x+C 


dx D 


N — — 4- C' 

^ 2D 


N 


4 . 9§1 

2D SD 



J-30) 


(7-31) 


From this, it can be seen that the maximum density occurs at x — 0 or at 
the mid-point between the boundaries. The value of the density here is 


N JOMX 


QS* 

SD 


The total number of ions in a cylinder of unit cross-sectional area extending 
between the walls can be found by integrating Eq. (7-31) between the 

5 5 

limits » 2 2’ 


ntotal 



(7-32) 


All the ions generated in this cylinder are lost at the walls. Hence, the 
total loss in ionization per second is Q5. We see, then, that although the 
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-l 088 in ibhization increases as the first power of the separation of the walls, 
the total ibnization present increases as the cube of the distance between 
^the walls. The ratio of these quantities, or the relative loss in ionization 
for a given total ionization, is thus inversely proportional to the square of 
the wall separation as shown in Eq. (7-33). 

Total loss in ionization per second _ QS ^ 12D 

Total ionization present ~ QS^/12D ” ^ 

This means that, if an equilibrium condition is to exist in which the total 
number of ions between the walls is fixed, as it is, approximately, by the 
current flowing parallel to the walls, the number of ions generated per cubic 
meter throughout the volume by X rays—orT)y any other means—must 
increase rapidly as the separation between the walls is decreased. This is 
evident if we realize that at equilibrium just as many ions are lost to the 
walls as are generated by all ionizing agents acting. 

An expression similar to Eq. (7-33) can be worked out for the distribution 
of ions over the cross section of a circular tube. From this, it follows at 
once that, the smaller the tube, the larger the proportionate loss of ions will 
be and hence the stronger the ionizing agent must be. It would be expected, 
then, that in order to maintain a given conductivity for a discharge through 
a small tube the electric field along the tube would have to be made larger 
and larger as the tube diameter is decreased. This is found to be so experi¬ 
mentally (see Fig. 10-12). 

7-3. Recombination in the Gas.—When a gas containing ions 
of each sign is left entirely to itself, the ion concentration con¬ 
tinually decreases. This cannot be explained as due to diffusion 
,alone; for in the case of diffusion the ions are not actually lost but 
are simply spread throughout a larger volume. In the case of 
an arc in air, for example, ions are certainly lost from the region 
of the arc core by diffusion. But if the arc is not in a confining 
vessel, this diffusion can occur only to the gas surrounding the 
arc. Experiments have shown, however, that a short distance 
away from the arc the gas has a complete lack of ionization. It 
is eyijdent from an experiment of this sort that the positive and 
negative ions, after diffusing away from the arc, must be com¬ 
bining with one another to form neutral atoms or molecules. 
The process by means of which the ftegative and positive ions come 
together to form neutral molecules is called recombination. 

From experiments such as that described above, it is known 
that recombination of positive and negative molecular ions can 
occur very easily, whereas recombination of positive ions and 
ele^^ropis is very unlikely. This can be explained as due to the 
'fact that on the average the kinetic energies of the positive and 
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negative molecular ions are about the same. The masses of the 
two kinds of ion are also about the same. Thus, from Eq. (7-7), 
it is easy to see that under these conditions an ion can lose a 
considerable amount of energy in an elastic collision. The 
probability of the ion having a very low energy when in the 
neighborhood of an ion of opposite sign is therefore large, and 
consequently the probability of recombination is great. Accord¬ 
ing to classical collision theory, if two charged particles possess 
an appreciable amount of kinetic energy due to their thermal 
motions, they should be accelerated toward one another and 
move by on hyperbolic orbits similar to those shown in Fig. 7-9a. 
Recombination involves either the transfer of an electron from 
the negative to the positive ion as they pass or the settling down 




Fig. 7-9,—Ionic collision and recombination. 

of the two ions into orbits about each other (Fig. 7-96), until the 
electron has a chance to transfer itself from one to the other. 
The first of these processes is very improbable. In the first place 
the ions are in close proximity too short a time for the transfer to 
occur. In the second place, since the ions are charged, they 
suffer a deflection (or collision) while still a considerable distance 
apart, and consequently the forces holding the electron to the 
negative ion are usually much larger than the forces due to 
the passing positive ion. Recombination can occur, however, 
if one of the ions has a sufficiently small kinetic energy so that 
it can settle down into a stable orbit about the other ion until 
the electron has a chance to transfer itself. 

It is considerations such as this which show why recombination 
between an electron and a positive ion is improbable. Referring 
again to Eq. (7-7), we see that the fraction of its energy which an 
electron can lose in collisions with neutral atoms is extremely 
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small in most cases. Thus, even in the extremely rare three-body 
collision in which the electron collides with a neutral molecule 
and the ion at the same time the chance of recombination is 
very slight, for the electron will still retain a large part of its 
original kinetic energy. In general, it will possess a sufficient 
amount of kinetic energy to overcome the attractive forces of the 
positive ion. Regardless of all this, it is still possible for recom¬ 
bination to occur between positive ions and electrons if the 
excess energy of the electron can be radiated. In a process 
such as this, the frequency of the emitted radiation would be 
given by the relation 

hv = + q,Ei (7-34) 

Here, QeEi is a constant equal to the energy required to remove 
an electron from an atom,^ and is the kinetic energy of the 

electron before recombination occurred. It is easy to see, then, 
that if this process occurred very frequently we should expect 
to observe a strong continuous spectrum in the discharge, since 
can have any value. Actually the amount of continuous 
spectrum observed in most discharges is very small, and for all 
practical purposes we can say that recombination does not occur 
between electrons and positive ions.^ 

In most discharges, electrons and positive ions recombine 
indirectly as a result of two processes. Electrons may attach 
themselves to neutral molecules to form negative molecular ions. 
Subsequently, a positive and a negative molecular ion may collide, 
and the electron may transfer itself from one ion to the other 
and thus form two neutral molecules. Apparently, the forces 
acting on an electron in the neighborhood of a neutral molecule 
vary much more rapidly than the inverse square of the separation. 
Thus an electron can approach very close to a neutral molecule 
before experiencing any force due to the nuclei and the orbital 
electrons. If, then, the electron has made a favorable series of 

^See Sec. 8-1. 

* What has ^cen said here does not imply that recombination between 
electrons and positive ions cannot occur in any discharge. There is con¬ 
siderable evidence for the occurrence of this process in special low-pressure 
discharges where the probability of negative-ion formation is small. For 
example, at the center of an electrodeless discharge or in the negative glow 
of a low-pressure glow discharge, there is considerable spectroscopic evi¬ 
dence that recombination is occurring between electrons and positive ions. 
In most discharges, however, the magnitude of this effect is negligible. 
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collisions and its energy (or velocity) is sufficiently low, it can 
attach itself easily to the neutral molecule to form a negative ion. 
It has been shown experimentally that an electron must make 
many collisions before attachment can occur. Even so, the 
total number of collisions made per second may be so great that 
the electron will remain free only a fraction of a second. The 
rate of attachment of electrons to molecules at normal tempera¬ 
ture and pressure has been expressed as an attachment constant 
A equal to the number of collisions made by the electron before 
becoming attached to a neutral molecule. The table below 
gives the value of A for several different gases as well as the 
number of electron impacts per second against gas molecules, 
Zey and the average life t in seconds of an electron at normal 
pressure and temperature. 


Table 7-2* 


Gas 

A 

z. 

t 

He, Ne, At) 

Hg, N2, Haf 

CO 

00 

1.6 X 10^ 

2.2 X 10^1 

0.7 X 10~« 

Air 

2 X 10“^ 1 

2.2 X 10^1 

0.9 X 10-« 

O 2 

4 X W 

2.1 X 10“ 

1.9 X 10-^ 

HaO 

4 X 10^ 

2.8 X 10“ 

1.4 X 10-^ 

Cl, 

<2.1 X 103 

4.5 X 10“ 

1 _ 

<4.7 X 10-» 


♦General reference 7-4, p. 193. 


As can be seen from the table above, the average life of an 
electron {t = AIZc) in some gases is very short. In these gases, 
it is practically impossible to maintain a supply of free electrons. 
As the gas pressure is reduced, however, the electron mean free 
path increases; and, at pressures of the order of a millimeter, 
it may be impossible for the electron to make enough collisions 
to form a negative molecular ion before being lost through some 
other deionizing agent. Under these conditions, most of the 
negative ions will exist as free electrons. High gas tempera¬ 
tures, as we shall see later, also have the effect of increasing the 
average life of an electron and thus reducing the probability of 
recombination. With temperatures such as exist in the normal 
electric arc or in flames, it is likely that no negative ions are 
present. The fact that recombination proceeds slowly in gases 
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at high temperatures explains why the gas retains its conductivity 
for a long time. The ionization begins to disappear only as the 
gas cools. Because of this, it is possible for the hot gases from 
an arc (due to opening a switch, for instance) to drift between live 
parts relatively far away and cause a breakdown to occur. The 
low dielectric strength of the gas is due not to the high tempera¬ 
ture but to the fact that the gas is ionized, and the high tempera¬ 
ture merely prevents rapid loss of ionization. 

The very short life of electrons in such gases as oxygen or 
water vapor explains why the probability of recombination 
between electrons and positive ions often seems to be unduly 
large. If even a very minute amount of oxygen or chlorine or a 
compound containing oxygen or chlorine is present in a gas such 
as helium, neon, or nitrogen, even though electrons do not attach 
themselves to the molecules of these gases, an appreciable amount 
of recombination will occur because the electrons can attach 
themselves so easily to oxygen and chlorine atoms. Because of 
the large effect that extremely small amounts of impurity can 
have, accurate determinations of the rate of attachment of 
electrons to neutral atoms are quite difficult if not impossible to 
make. 

The rate of ion recombination has been experimentally found 
to be proportional to the concentration of positive ions and 
negative ions anci is, therefore, 

dN+ dN^ ,, ,, 

-sf - Ti- 

The constant of proportionality Or is called the coefficient of 
recombination. As in the case of the mobility and the coefiicient 
of diffusion, this proportionality constant is really not a constant 
but depends on the temperature and the pressure of the gas as 
well as the velocities of the individual ions. Under any given 
set of conditions, however, it can be treated as a constant; and 
it is useful in this form for making estimates of the magnitude 
of recombination as a deionizing agent. 

If the two kinds of ion are equally numerous, N per unit 
volume of each, Eq. (7-35) reduces to 

^ - —,«• (7-36) 

That this equation should represent the rate of deionization is 
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evident if we consider that, in doubling the number of negative 
ions, we double the number of chances which each positive ion 
has of vanishing; and, in doubling both, we double both the 
number of ions which can vanish and the number of opportunities 
for recombination offered to each. 

A direct method for the determination of ar suggests itself 
after the integration of Eq. (7-36). If the ion density at any 
time to is represented by No, integration of the equation gives 

i = ar(t - to) + (7-37) 

Thus 

- vrhi (s - F.) 

By determining the ion density at various times after the removal 
of a uniform ionizing agent, it should be possible to determine the 
coefficient of recombination. The method employed in a recent 
measurement^ was to use a shutter and synchronous switch 
arrangement. The gas between two uncharged parallel plates 
was irradiated for a short time by means of X rays; then a known 
interval of time after the X rays were cut off by means of the 
shutter, a strong electric field was applied between the plates 
and all the residual ionization drawn over to the electrodes. The 
total charge collected by the plates was measured by a Compton 
electrometer. Since the deflection of the electrometer was then 
proportional to the ion density at the instant the electric field 
was applied, it was easy to determine ar by varying the time 
interval between the instant when the X rays were cut off and 
the instant of application of the electric field. 

Table 7-3 gives typical values of the coefficient of recombina¬ 
tion ar at 760 mm. pressure and the temperature indicated. 

Suppose we try to apply the kinetic theory of gases to the 
calculation of the coefficient of recombination, neglecting the 
force of attraction between oppositely charged ions and assuming 
that every collision between a negative and a positive ion results 
in recombination. Since we know by experiment that an ion 
must make many collisions before recombination occurs, we 

^ Gardner, M. E., Phys, Rev,, 63, 75, 1038. 
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should not necessarily expect to obtain a result that is smaller 
than the experimental value. 


Table 7-3 


Gas 

ar, cu. m./sec. 

Temperature, 
deg. C. 

Air* 

1.23 X 10-12 

20 

N,* 

1.06 X 10-*2 

20 

Ar* 

1.06 X 10-" 

20 

H.* 

1 0.28 X 10-*2 

20 

o,t 

2.08 X 10-” 

1 

25 , 


* Luhh, O., Phys. Rev., 36 , 1394; 36 , 24, 1930. Luhu, O., and N. E. Bradburt, Phys. 
Rev., 87,998, 1931. 

t Gardner, M. E., Phya. Rev., 63 , 75, 1938. 

If the average number of collisions per second between one 
negative ion and a molecule is c/\ and the fraction of these 
collisions that occur with positive ions is N.^/N (N is the molec¬ 
ular concentration), we should expc^ct the total number of 
collisions per second per unit volume between one negative ion 
and all the positiv^e ions to be N^c/N\. The total number of 
collisions per second per unit volume between all the negative ions 
and all the positive ions would then be cN.^N.^/\N; and since 
the assumption was made that every time a negative and a posi¬ 
tive ion collide they recombine, this quantity would represent 
arN+N-, The value of ar then becomes 



Using this value of ar, we calculate a value for the coeffi¬ 
cient of recombination in oxygen at normal temperature and 
pressure of about 2 X 10“^®. The experimental value is 
2 X 10“*^, or about 10,000 times greater than the value cal¬ 
culated above. It Ls obvious that the mutual electrostatic 
attraction between the particles is influencing their motions and 
causing recombination to occur at a much faster rate. 

Although the electrostatic field around any ion extends to 
infinity, actually when the charged particles are some distance 
apart the change in velocity due to the electric field is so small in 
comparison with the total velocity that the effect of the electric 
field can be neglected. Thus, when the ions are some distance 
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apart, their thermal motions predominate and they may actually 
be carried away from one another. Thomson introduced the 
effect of mutual electrostatic forces by saying that, on the aver¬ 
age, the motion of an ion is determined by ordinary kinetic- 
theory collisions until the ion happens to find itself so close to an 
ion of the opposite sign that its thermal energy is insufficient to 
carry it away. In other words, recombination will occur only 
when the ions are less than a distance ro apart, Vq being defined by 


4'7rero 



(7-40) 


A 




j4 9' 


Thus, in Fig. 7-10, ion B has just made a collision with a neutral 
molecule and its average kinetic (UKu-gy {^kT) is less than its 
potential energy with respect to ion A. The two will thus 
gradually approach one another ^ 

andeventually recombine, although ^ o ^ 

they may make several collisions 
with neutral atoms before doing so. 

The average kinetic energy of ion 
C, however, which has also just 
made a collision with a neutral 
molecule, is greater than its poten¬ 
tial energy with respect to ion A ; 
and its thermal motion will, on the 
average, carry it away from A . In 
moving away, it may actually pen¬ 
etrate the sphere of radius ro; but if it makes no collisions with 
neutral molecules inside the sphere, it will eventually escape. On 
this basis, Thomson^ calculated the following expression for the 
coefficient of recombination: 


o/ 

! ° 
\ 


\ 

B§ j 
/ 


o 

Fui. 7-10. 


a. = + W- - W+WJ) (7-41) 

or 

+ C_^)‘(>r+ + W-- W^WJ) (7-42) 


Here, and are the r.m.s. velocities of the ions, and the term 
involving 1 ^ 4 . and IF- is a probability term representing the 
chance that either ion will make a collision with a neutral mole¬ 
cule within the distance Tq of the other and have its average 

^ General reference 7-3, p. 44. 
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kinetic energy reduced to ^kT, represents the chance that a 
positive ion will collide with a neutral molecule while within a 
distance ro of a negative ion, TV- is the corresponding chance that 
a negative ion will collide with a neutral molecule while passing a 
positive ion, and W+W- is the chance that both will suffer 
collisions while within a distance ro of each other. This chance 
has already been included in both TV+ and TV_; hence, it is 
necessary to subtract this term so as not to include this possibility 



Fig. 7-11.—Dependence of recom¬ 
bination coeflScient on pressure. 
(Af. E. Gardner, Phya. Rev., 53 , 75, 
1938.) 


Fig. 7-12.—Dependence of recombina¬ 
tion coefficient on temperature. (A/. E. 
Gardner, Phya. Rev., 53 , 75, 1938.) 


more than once. , These probability terms are expressed by an 
equation of the form 

w = \ - J,[\ - e-^O-+ X)] (7-43) 


where 

a; = 

X ZwtkTX 


(7-44) 


The only difference between W+ and TV_, then, occurs through 
the difference in mean free path of the two ions. In calculating 
TV-h, we should use the mean free path of the positive ions, and 
in calculation TV-, we should use the mean free path of the 
negative ions.^ 

For pressures below atmospheric, Eq. (7-42) gives values of ar 
that agree very closely with experiment. Figures 7-11 and 7-12 
show how near the agreement is in the case of oxygen. In 
both curves the dots are experimental points and the solid lines 
are based on the theoretical equation. Figure 7-11 shows the 
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dependence on pressure, and Fig. 7-12 shows the dependence-cm: 
temperature. As can easily be seen, the agreement is yery good 
in both cases. In calculating the theoretical curves, it. was 
necessary to assume that the ions each consisted of two molecules 
and consequently had a molecular weight of 64. This assump¬ 
tion has been verified by mass spectrograph measuremejits/of the 
ionic mass. It was also necessary in the calculation to assume 
that the mean free path of the ions was one-fifth that of the 
neutral molecules. This too has been verified by experiment. 
The agreement between theory and experiment is striking con¬ 
sidering the approximations that were made in the calculations. 

Referring again to Eqs. (7-42), (7-43), and (7-44), we see that 
as the pressure increases the mean free path decreases aud the 
term (W + + W- — W+W-.) approaches unity. Thus, according 
to Thomson's theory, ar should increase with the pressure but 
eventually should reach a constant value very much as indicated 
in Fig. 7-11. Experimentally, it has been found that, above 
atmospheric pressure, ar actually decreases with an increase in 
pressure. This dependence on pressure has been predicted by 
Langevin^ who assumed in his calculation of recombination that 
the ions continually move toward one another with a velocity 
determined by their mobilities and the electric field due to their 
charges. On this basis, he calculated a coeflicient of recombina¬ 
tion given by 

a, = ^ {K+ + K.) (7-45) 

This theory, however, gives values of ar that are much too large 
at pressures of the order of 1 atm. or less. 

Loeb* has shown that if ar is represented by a function of the 
form 

ar ^ arvf + arLil -/) (7-46) . 

it is possible to derive a curve for the dependence of ar on pressure 
which agrees approximately with experiment over a wide range 
of pressures. In this equation, arv is the value of ar derived from 
Thomson's theory, ari is the value derived from Langevin’s 
theory, and (1 — /) is a number representing the fraction of the 
negative ions formed, either by the ionizing agent or by electron 

^ Lanqevin, P., Ann, Chem, Phys,^ 88, 287, 433, 1903. 

*Lobb, L. B., Phy$, Rev., 51, 1110, 1937. 
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attachment to neutral molecules, within a distance n [see Eq. 
(7-40)] of a positive ion. The fraction / will naturally depend 
upon the pressure. Loeb^s value for f is given by 

/ = (7-47) 

where a is a constant generally determined by experiment. 
Using this value of / and Eq. (7-46), he derives the curve given in 
Fig. 7-13 which is in fair agreement with the experiments both at 
low pressures and at high pressures. 

The dependence of ar on temperature at atmospheric pressure 
is indicated in Fig. 7-12. The mathematical dependence of ar 
on temperature can easily be estimated from Eq. (7-42). As the 
temperature is increased, x [Eq. (7-44)] decreases rapidly so that 



Pio, 7-13.—Variation of recombination coefficient with presaure. (L. B, Loeb, 

' Phys, Rev., 61, 1110, 1937.) 

at high temperatures the probability factor (Wj^ + W- — W+WJ) 
can be approximated by 4a;/3. Then, since C is proportional to 

ri, ar turns out to be proportional to T* or The 

coefficient of recombination thus depends strongly on the temper¬ 
ature, and at high temperatures there should be practically no 
recombination occurring. Tests with arcs at high pressure have 
revealed this to be the case. Consequently, in a discharge of this 
sort most of the ionization is lost by diffusion, and recombination 
occurs only in tfie cooler gas surrounding the arc. 

7-4. Recombination at Walls and Electrodes.—From the 
argument of the preceding section, we realize that recombination 
between positive and negative ions is important only at relatively 
high pressures. At low pressures the mean free paths and trans¬ 
lational kinetic energies of (he free electrons are large, and 
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attachment of electrons to neutral molecules to form negative 
ions is quite improbable. For this reason, it is improbable that 
recombination between electrons and positive ions occurs. This 
means that the principal deionizing agents acting in the gas of a 
low-pressure discharge must be diffusion and the electric field. 
Recombination must occur, then, either on the walls of the 
enclosing vessel or on the electrodes. 

In the case of insulated or insulating walls, electrons and 
positive ions may come up and condense on the wall. Since 
the electrons are so much lighter and diffuse so much faster than 
positive ions and since there is no way for the charge to leak off, 
the walls soon acquire a negative charge. This charge acts to 
repel other electrons and accelerate positive ions so that in the 
equilibrium condition just as many positive ions come up to 
the wall as electrons. At the surface, recombination occurs. The 
process involved in this recombination on the surface is not well 
understood. Apparently, electrons come up to the surface and 
adhere to it, giving up their kinetic energy in the form of heat. 
In this process the heat liberated per incident electron would 
be approximately^ 

//_ = q.<l> + l mC^ - ^ (q.<t> + 5 “ (l “ 2^^ 

(7-48) 

Here <t> is the work function of the surface, C is the r.m.s. velocity 
of the incident electron, is the number of secondary electrons 
emitted by rfp primary electrons, C, is the r.m.s. velocity of the 
secondary electrons leaving the surface, and T is the difference in 
temperature of the surface and its external supports. In most 
problems the term involving 2kT is negligible in comparison with 
the other terms. Positive ions may condense on the surface in 
the same manner and there recombine with the electrons to form 
neutral molecules, recombination being possible directly between 
positive ions and electrons because both particles when on the 
surface have practically zero velocity and kinetic energy. In 
this process the energy liberated is 

H^^q,Ei-q.4>+L] (7-49> 

/ 

where Ei is the energy required to ionize a neutral mdeoule, ^ 

^ General reference 7-4, p. 182. 
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is the work function of the surface as before, and L is the latent 
heat of vaporization of the molecule. The kinetic energy of the 
incident ion does not appear in this equation because, in general, 
it is small enough to be neglected in comparison with the other 
terms. This energy would ordinarily also be converted into 
heat. If, instead of the positive ion condensing on the surface 
and recombining with the electron there, it pulls an electron from 
the surface as it approaches, owing to its electric field, and recom¬ 
bines with the electron just outside the surface, the energy 
liberated would be the same, although in this case a certain 
fraction of the energy of ionization q^lEi wquld probably be 
radiated as light. In either case the energy of the incident 
positive ion, simply by virtue of being ionized, is more than 
sufficient to extract an electron from the surface. That is, Ei 
is always greater than 4>. 

At a negative electrode, the process of recombination would be 
very similar to that at an insulated wall, the only difference being 
that in this case there is an initial excess of electrons on the sur¬ 
face and electrons from the gas are continuously repelled whereas 
positive ions are attracted. At a positive electrode, on the 
other hand, positive ions are repelled, but electrons are attracted. 
On striking the surface the latter may give up their energy to 
the electrode in the form of heat and pass directly into the metal 
to offset the initial deficiency of electrons. 

Problems 

1. The positive column of a certain discharge has a uniform voltage drop 
of 60 volts, and its length is 4 cm. The concentration of electrons in the 
discharge is 6.25 X 10*® per cu. m., and their mobility is 0.66 m./sec. per 
volt/m. If we could consider all the current in the discharge as due to 
the movement of electrons, what would be the current density in the 
discharge? 

2. In a certain discharge tube in which the current consisted mainly of 
electrons the current density was 4,000 amp./sq. m. (0.4 amp./sq. cm.), 
and the voltage drop in the tube was 24 volts/m. Assuming that the density 
of electrons was constant throughout the tube and had a value of 1.5 X 10^^ 
jper cu. m., calculate the mobility of the electrons. 

8. Calculate the mobility K of electrons through a gas of Os under 
standard conditions of temperature and pressure for a field strength of 
What is thei average drift velocity of these electrons? Hint: 
Decide first whether this constitutes a high field or a low field; then base 
baldiUftlApB-on42ie electron mean free path as derived from the mean free 
path of oxygen molecules. 
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4. Assuming we have an arc in Oj at atmospheric pressure, what would 
be the mobility of the electrons if the temperature of the arc is 5000° absolute 
and the field strength is 10 volts/m.? What is the average drift velocity 
of these electrons? Hint: Make use of the results of Prob. 3. 

6. Calculate the mobility of electrons in O 2 under standard conditions 
of temperature and pressure when the field strength is 10,000 volts/m. 
What is the average drift velocity of these electrons? 

6. Calculate the average velocity of drift of 0^ ions in oxygen at atmos¬ 
pheric pressure and 0°C. (a) when the field strength is 10^ volts/m.; (b) when 
the field strength is 10^ volts/m. 

7. In an oxygen discharge under standard conditions of temperature 
and pressure, the average concentration of electrons and positive ions is the 
same and the field strength is 10 volts/m. What proportion of the total 
current is carried by electrons? By positive ions? 

8 . With reference to Prob. 7, what proportion of the total current is 
carried by electrons if the pressure is reduced to 10“® atm. but the tempera¬ 
ture remains the same? Hint: Use simplified expressions for high or low 
field as the case may be. 

9. Under the conditions of Prob. 8, calculate the terminal energy of the 
electrons and positive ions. How does this energy compare with the average 
thermal energy of the gas molecules? 

10. Under the conditions of Prob. 8, what fraction of the energy of the 
electron is lost in an average collision? What fraction of the energy of the 
positive ion is lost in each collision? 

11. A plane surface of P 2 O 6 is situated 3 cm. above and parallel to a water 
surface. Assume that the water molecules evaporate from the water surface 
and diffuse upward through air until they reach the P 2 O 5 where they are 
all absorbed. If the concentration of water molecules close to the water 
surface is 5.7 X 10*® per cu. m. and the diffusion coefficient for water through 
air is 0.16 X 10~^, how many kilograms of water are absorbed per second 
on 1 sq. m. of the P 2 O 6 surface? 

12. If the ion concentration in the neighborhood of an arc in nitrogen r.t 
atmospheric pressure and 0°C. is given by 

N = iVologi 

where No has the value No ^ 2 X 10^* per cu. m., and r is a distance meas¬ 
ured from the axis of the arc, how many ions are lost from the discharge per 
unit length, assuming all the loss is due to diffusion? Hint: Compute the 
number of ions diffusing out through a cylinder of radius r. 

13. Compute the coefficient of diffusion of nciiuin positive 

r>Mratiire Rnd pressure. 

14. ("ompute the coefficient of diffusion of helium positive ioTis through 
helium at 100°C. and a pressure of 1 mm. Hg. 

16. Wliat would be the coefficient of diffusion of electrons imder the 
conditions of Prob. 14? 

16. If the concentration of positive ions is 3 X 10^® per cu. m., the con¬ 
centration of negative ions is 2 .10^® per cu, m., and the value of the 
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recombination coefficient is 2 X 10“^*, find the rate of loss of ionization 
from the gas. 

17. Assuming the number of collisions made by an electron before attach¬ 
ment to form negative ions to be a constant, calculate the average life of an 
electron in Oi under the conditions given in Prob. 4. Hint: Use the data of 
Table 7-2. 

18. Compare the average life of an electron in O 2 with the time necessary 
for the electron to travel from the cathode to the anode in a discharge under 
standard conditions, if the anode-cathode separation is 1 cm. and the 
potential gradient is 10 volts/m. On the basis of the result of this problem, 
what should you say about the importance of recombination as a deionizing 
agent in this case? 

19. Compute the coefficient of recombination for oxygen at standard 
conditions of temperature and pressure. Assume that the oxygen ion con¬ 
sists of two molecules and that the mean free path of the oxygen ion is 
one-fifth the mean free path of oxygen molecules. Hint: Use Eq. (7-42). 

20. Compute the coefficient of recombination in oxygen at atmospheric 
pressure and a temperature of 1000®C., the other conditions being the same 
as in Prob. 19. How does this value compare with that obtained in Prob. 19? 

21. Compute the coefficient of recombination in oxygen at 0°C. and a 
pressure of 10 atm., the other conditions being the same as in Prob. 19. 
Assume also that the mobility of positive ions is the same as the mobility of 
negative ions and that both correspond to the low-field condition. How 
does this result compare with the value obtained in Prob. 19? 
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CHAPTER VIII 


PRODUCTION OF IONS IN THE GAS^ 

8-1. Ionization Energies and Photoelectric Ionization in the 
Gas. —Although, in a high-vacuum tube, any current that flows 
must be due to the movement of charges liberated from the elec¬ 
trodes, it is possible, in a gas-filled tube, for a current of charges 
to be produced in the gas itself. One process of volume ioniza¬ 
tion that has already been mentioned in Sec. 7-2 is photoioniza¬ 
tion. Just as light shining on a surface will cause an emission 
of electrons to occur if the frequency of the light exceeds a certain 
minimum value, so light shining through a gas may cause the 
molecules of the gas to emit electrons if the frequency of the 
light exceeds a threshold value. The threshold value for gas 
ionization, however, is usually considerably higher than the 
photoelectric frequency limit of a solid substance. 

The smallest energy required to remove an electron from a 
molecule or atom is called the ionization energy of that molecule 
or atom. It is customary to express this energy in terms of 
electron volts. Under these conditions the least energy required 
to produce ionization in the neutral atom or molecule is called 
the ionization 'potential. It is obvious that the ionization poten¬ 
tial of a gas is similar to the net work function previously described 
for surfaces (see Sec. 6-3). 

Table 8-1 gives the ionization potential Ei of the vapors of 
some of the more common elements and, for the sake of com¬ 
parison, the photoelectric work function of some of the elements 
in the solid form. It is obvious from this table that, even in the 
case of the alkali metals, the ionization potential exceeds the 
work function by several volts. 

Even cesium has an ionization potential that is only slightly 
lower than the work function of tungsten. Some idea of the 
significance of this can be gained by computing the low-frequency 
limit for ionization in cesium vapor. Since the threshold fre- 

^ General references for Chap. VIll will be found on p. 286. 
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quency is defined by the equation 

hvo = qeEi ( 8 - 1 ) 

and Ei = 3.86 volts, we see that in the case of cesiun\ po is 
9.33 X 10^^ sec.“^ This corresponds to a wave length of 3,210 
A., well in the ultraviolet region of the spectrum. In the case of 
any other element the wave length must be even shorter. Since 
glass does not transmit light with a wave length shorter than 
about 2,800 A. and even quartz will not transmit radiation shorter 


Table 8-1 


Element 

First 
critical 
potential of 
vapor® 

Ee 

Ionization 
potential of 
neutral 
vapor®’***' 
Ei 

Second 
ionization 
potential of 
vapor**' 

K 

Work 

function 

of 

solid** * 

Argon. 

11.57* 

15.69 

27.72 


Cadmium. 

3.78* 

8.95 

16.82 

4.07 

Cesium. 

1.4 

3.86 

23.4 

1.67 

Copper. 

1.39* 

7.69 

20.2 

4.08 

Helium.,. 

19.73* 

24.48 

54.10 


Hydrogen (atom). 

10.16 

13.59 



Hydrogen (molecule). 

11.1 

15.3 



Krypton. . 

9.9* 

13.9 

26.4 


Lead. 

<2.6 

7.38 

14.96 1 

3.75 

Lithium.< . . . 

1.84 

5.36 

75.3 

2.21 

Mercury. 

4.65* 

10.39 

18.67 

1 4.53 

Neon. 

16.54* 

21.47 

40.89 


Nitrogen (atom). 

10.6 ! 

14.5 

29.5 


Nitrogen (molecule). 

8.5 

16.7 



Oxygen (atom). 

9.4 

13.56 

34.94 


Oxygen (molecule). 

6.1 

14.1 



Potassium. 

1,61 

4.33 

31.68 

1.77 

Rubidium. 

1.53 

4.16 

27.3 

1.82 

Sodium. 

2.09 

5.11 

47.02 

1.94 

Tungsten. 


8.10 


4.58 

Xenon. 

« 

CO 

00 

12.1 

24.0 



♦ This critical potential correspondfi closely to at least one metastable state. 

« ‘'International Critical Tables,” Vol. VI, pp. 69-73, McGraw-Hill Book Company, Inc., 
New York. 

* Bachsb, R. F., and S. Goudsmit, “Atomic Energy States—As Derived from the 
Analyses of Optical Spectra,” McGraw-Hill Book Company, Inc., New York, 1932. 

«” Smithsonian Physical Tables,” 8th rev. ed., pp. 497-500, Smithsonian Institution, 
Washingd^on, D. C., 1934. 

4 Table 6-10, Sec. 6-12. 

• Bsosbb, J. A., Bsff QytUm T*ch, 14, 467, 1936. 
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than about 1,450 it is obvious that, with most vapors, ordi¬ 
nary photoelectric ionization in which the light comes from an 
external source is not very important. Most of the photoelectric 
emission will take place at surfaces; for here the work function 
is very much smaller, and emission occurs much more easily 
than in the gas. 

In the case of X rays or gamma rays shining on a gas, however, 
the wave length is less than 10 A. (the frequency is greater than 
3 X IQi’ sec.“0» the energy of the radiation is large enough 
so that the rays can ionize the gas as well as produce surface 
emission. Because of the large energy of X rays, they are not 
appreciably absorbed in passing through a gas, and yet they can 
produce an appreciable amount of ionization in the gas. Conse¬ 
quently, X rays are often used when a uniform volume-source of 
ionization is desired. 

In the table above are included the values for the so-called 
second ionization potential of the various vapors or gases. 
This second ionization potential corresponds to the amount of 
work required to remove a second electron from the atom or 
molecule when the molecule has already been ionized. From 
the table, it can be seen that these values are much higher in all 
cases than the corresponding values for the first ionization 
potential. Consequently, the probability of having doubly 
ionized molecules in a discharge is slight, although they are not 
entirely absent and in some highly ionized gases—intense dis¬ 
charges—they may be present in appreciable numbers. 

It is a fundamental property of any atom or molecule that 
unless ionization occurs it can absorb only certain discrete 
amounts of energy. This energy has the effect of moving the 
most loosely held orbital electron or electrons in an atom to some 
larger orbit. Since the possible orbits in an atom or the possible 
energy states that an atom can assume are different for every 
chemical element, it is easy to see that the particular amounts of 
energy which can be absorbed by an atom have different values 
for the various elements. The average time that an atom exists 
in one of these so-called excited states*’ is usually very short 
(of the order of 10~® sec.). The tendency is for the atom to 
return to the state of lowest potential energy as soon as possible, 

^ Both glass and quartz begin to transmit again when the radiation has a 
wave len^h less than about 100 or 200 A. 
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emitting the extra energy in the form of light. Some atoms, 
however, possess excited states for which the average life is quite 
long—about 10"*^ sec. Ordinarily, it is assumed, then, in 
theoretical discussions, that transitions in which radiation of 
energy occurs cannot take place from these long-lived, or meta- 
stable, states to the normal state of the atom. The only way for 
the metastable atoms to return to the normal state is to lose this 
excess energy in a collision with some other atom or molecule or 
with one of the w’alls or electrodes. Metastable states are 
encountered in many gases. For example, all the noble gases 
have important metastable states. 
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Fia. 8-1.—Energy level diagram for the mercury atom. 


The smallest amount of energy that an atom or molecule can 
absorb, i.6., the difference in the energy possessed by the atom 
or molecule in its most stable state and in its first excited state^ 
is called the jirsi critical energy for the atom or molecule. It is 
this energy which, expressed in electron volts, is called the first 
critical 'potential Eg (see Table 8-1 and Fig. 8-1). The highest 
excited state of an atom or molecule naturally corresponds to 
ionization or the complete removal of one orbital electron, and the 
energy required for this process is the ionization energy. From 
the table and from Fig. 8-1, it can be seen that there is a con¬ 
siderable spread between the first critical potential and the 
ionization potential. Because of this the number of transitions 

' In general, this is a group of energy states differing, however, by only a 
fraction of an electron volt. 
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between excited states occurring in a gas is always considerably 
greater than the number of transitions resulting in ionization, and 
consequently a considerable emission of light usually accom¬ 
panies a high rate of production of ionization. 

The radiation or energy given off in a transition from the first 
excited state to the normal state may sometimes considerably 
alter the characteristics of a discharge as when, for example, the 
gas contains even a slight amount of an impurity that can be 
ionized by this radiation. A particular case might be a hydrogen 
discharge containing mercury vapor as an impurity. Since the 
first critical potential of molecular hydrogen is larger than the 
ionization potential of mercury vapor, it is possible for the light 
emitted by a hydrogen molecule in returning to its normal state 
to be absorbed by a mercury atom and result in ionization of the 
mercury. In this case, since the number of excitation transitions 
may be large in comparison with the number of ions produced in 
the hydrogen, it is possible for a large percentage of the mercury 
yapor to become ionized and quite materially to alter the char¬ 
acteristics of the discharge. 

An example showing the effect of metastable atoms would be 
the case of a discharge in pure mercury vapor. Since the first 
excited state of mercury is a metastable state, atoms in this state 
will retain an energy of 4.65 volts for about 10~^ sec. This is a 
long enough time, on the average, for the atom to move over, 
strike, and give up its energy to one of the electrodes or walls; and 
if the work function of the electrode or wall is less than 4.65 volts, 
emission of an electron can take place. In discharges in the 
noble gases, ionization due to impacts of metastable atoms on the 
electrodes and walls is an important source of ionization and 
must be taken into account in the calculation of discharge 
characteristics. 

8-2. Thermal Ionization.—Ionization of a gas can occur when 
the average energy of the molecules becon^s so great that the 
energy transferred in a collision between two neutral molecules 
is suflScient to ionize one of them. Actually, however, ionization 
by this process occurs, to an appreciable extent, only in high- 
pressure discharges such as free arcs in air or in oil circuit breakers. 
At normal temperature (300®K.) the average kinetic energy of 
the gas molecules corresponds to less than 0.04 e.v. Conse¬ 
quently, at this temperature, the fraction of the total number 
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which have energies greater than that necessary for ionization 
of the gas is extremely small regardless of the gas used. 

The problem of computing the amount of thermal ionization 
present at any particular temperature is very complex, for at high 



Fio. 8-2.—Fraction of molecules thermally ionized at any temperature. 

temperatures it is probable that ionization does not occur simply 
owing to the thermal motions of the molecules. It is probable 
that at very high temperatures there is a considerable photo¬ 
electric emission from the walls and perhaps in the gas itself in 
addition to a considerable amount of ionization caused by the 
free electrons which are liberated by any of these processes. 
Experimental verification is also difficult, for it is not easy to 
obtain controllable temperatures of 5000 to 10,000®K. 

Qualitative estimates of the amount of thermal ionization 
present at any temperature under equilibrium conditions have 
been made on the basis of the so-called *‘Saha^^ equation. One 
form of this equation is as follows: 

{2 q,Ei 

P = 2.4 X (8-2) 

In this equation, / is the fraction of the total number of molecules 
that are ionized, p is the gas pressure expressed in millimeters of 
mercury, T is the gas temperature in degrees Kelvin, and Ei is 
the ionization potential of the gas. If / is small enough so that 
(1 — P) can be set equal to 1, we see that the fraction of the total 
number of molecules that are ionized at any given temperature is 

proportional to 6“^. Figure 8-2 is a plot of this curve for the 

case of air at atmospheric pressure. The ionization potential in 
this case was assumed to be 16 volts. The very rapid increase in 
ionization with temperature is evident from the curve. It is 
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also evident that there is very little ionization below about 
4000°K. 

By means of the Saha equation, it is possible to estimate the 
rate of production of ions due to thermal ionization. Figure 8-3 


represents the results obtained. 
Here again we see that the rate 
of production of ionization is 
very small until the temperature 
reaches a few thousand degrees 
Kelvin but that in this tempera¬ 
ture range it is increasing rapidly. 

8-3. Ionization by Collisions 
of Electrons with Gas Atoms.— 
Probably the most important 
source of ionization throughout 
the body of a gas is the collisions 
of free electrons with neutral 
atoms or molecules. Because the 
mass of the electron is so very 
small, the energy that it loses 
in an elastic collision with a 
neutral molecule is only a small 
fraction of its total kinetic energy, 
we saw that this fraction is given 



T. “K 


Fig. 8-3.—Dependence of rate of 
thermal ionization on temperature. 
{Derived from A. v. Engel and M, 
Steenbeck, Elektrische Gasentladun- 
gen^' Verlag Julius Springery Berlin^ 
1932, Vol. 1, p. 90.) 

In Sec. 7-1 of the last chapter, 
by 


/ = 2-66 (1 - (7-7) 

where Wm and M are, respectively, the average energy and mass 
of the molecules and Wm and m are the average energy and mass 
of the electrons. This is approximately equal to m/M even 
when the average energy of the electrons is only 20 or 30 per cent 
larger than the average energy of the molecules. Thus, even 
with a comparatively small electric field, if the electron can make 
a suflScient number of collisions the average energy of the electron 
can become many times that of the neutral molecules. In fact, 
referring to Eq. (7-10) we see that the average energy of the 
electron is given approximately by 


m _ (lrF\e IM 
2.31 V m 


(8-3) 


80 that, even if the electric intensity were only 100 volts/m., the 
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average energy of electrons in oxygen would be about 4.5 e‘.v. at 
1 mm. pressure. This corresponds to a temperature of about 
35,000®K. Under conditions such as these, the actual kinetic 
energy of a fairly large fraction of the electrons would thus be 
larger than the ionization energy of the molecules, and ionization 
could occur owing to the collisions of these electrons with neutral 
molecules. 

It is important to note that, even though we speak of ionization 
by collision between electrons and neutral molecules, the processes 
involved, as in thermal ionization, m^y be complex. The 
electrons may ionize directly in colliding with a neutral molecule; 
or one electron may excite a molecule, and a subsequent electron 
may ionize it. This would be called ionization by successive 
impacts. On the other hand, an electron might excite a neutral 
molecule which subsequently, in returning to its normal state, 
would give off radiation and cause photoionization either in the 
gas or at the walls of the discharge. There is no doubt that in 
any particular discharge a combination of all these processes may 
be taking place. 

The probability of an electron ionizing a molecule in a collision 
is difficult to determine experimentally, but estimates of this 
probability can usually be obtained by projecting a stream of 
electrons of known l^inetic energy into a gas and first determining 
the average numbei^ of ionizing collisions made per unit distance 
by the electrons and then dividing this number by the number 
of collisions that the electrons make in going unit distance. 
The latter is the harder to determine accurately, and it has been 
customary to use the average number of ionizing collisions per 
unit distance in the direction of the field as the measure of 
ionizing eflSciency. As a matter of fact, this quantity is much 
more useful in the theory of conduction in gases than the actual 
probability of ionization. 

Experimentally, it has been found that within the range 
encountered in jnost gas discharges the number of ionizing collisions 
per meter made by an electron^ which we shall call a, is approxi¬ 
mately directly proportional to the excess of energy of the electron 
above the ionizing energy. That is, 

a = CiE - Ei) (8-4) 

where E is the actual energy of the electron expressed in volts 
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and Ei is the ionization potential of the gas. This equation 
holds only when E is less than 2Ei. In that range the constant 
C has the following values^ for some of the commoner gases when 
the pressure is 1 mm. and the temperature is 0®C: 

Table 8-2 


Gas C 

Argon. 71 

Helium. 4.6 

Neon. 5.6 

Oxygen molecule. 24 

Nitrogen molecule. 30 

Hydrogen molecule. 21 

Air. 26 

Mercury. 82.8 


The ionizing efficiency of an electron does not continue to 
increase indefinitely as its energy is increased. The curve for a 



Fig. 8-4. —Ionizing ability of electrons in various gases as a function of electron 
energy. (^Derived from A. v. Engel, and M. Steenbeck, " Elektrxsche GasenUadun- 
gen” Verlag Julius Springer, Berlin, 1932, Vol. 1, p. 35.) 

reaches a maximum when the electrons have an energy between 
50 and 150 e.v. and then decreases with a further increase in the 
energy of the electrons. Typical curves of ionization efficiency 
for several gases are shown in Fig. 8-4. As the energy of the 
electron increases, it is possible for the electron to remove two, 
three, four, or even five orbital electrons from the neutral mole¬ 
cule in a single collision. Bleakney^ has measured the probability 

^ General reference 8-4, p. 38. 

» Phys. Rev.j 85, 139, 1930. 
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of multiple ionization in mercury vapor when the primary elec¬ 
trons have energies below 400 volts. His results are represented 
in Fig. 8-5. In the curves of Fig. 8-4, no correction has been 
made for the possibility of multiple ionization. Hence, the 
curves represent the total ionization produced per meter by the 
electron, double or triple ionization being counted as two or three 
ions. All curves are reduced to 1 mm. pressure and 0°C. 

The relationship of ionization by electron impacts to particular 
discharges will be discussed in more detail in Sec. 8-6. Before 
leaving this subject, however, it is wo;th emphasizing again 



£?■ Energy,electron volts 


Fio. 8-5.—Ionizing ability of electrons in mercury vapor. (TV. Bleakney, Phys. 

Rev,, 36, 139, 1930.) 

that the energy which an electron must have before it can produce 
an appreciable amojint of ionization is always considerably larger 
than the ionizing potential. The ionization potential determines 
only the energy at which ionization by collision starts. The 
greatest amount of ionization by collision occurs when the electron 
has an energy between five and ten times that given by the 
ionization potential. 

8-4. Ionization by Collision of Positive Ions with Gas Atoms.— 

Positive ions are much less efficient than electrons in producing 
ionization by collision. Because of its large mass, a positive 
ion can lose a large part of its kinetic energy in an elastic collision; 
consequently, unless it Is in an extremely high electric field, it 
never attains ftn energy much larger than that of the neutral 
gas molecules. Consequently, in most gas discharges, the num¬ 
ber of positive ions that even attain an energy equal to the 
ionizing energy of the gas is only a very small fraction of the total 
number of positive ions present. Furthermore, whereas an 
electron begins to produce ionization by collision when it has 
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an energy equal to the ionizing energy of the gas, we know by 
experiment that a positive ion must have an energy of several 
hundred volts before it can begin to produce ionization by colli¬ 
sion and approaches the efficiency of an electron only when it has 
an energy greater than 10,000 volts—t.e., when its velocity 
is the same as that of an electron having an energy equal to the 
ionizing energy of the gas. 

In view of all this, it is safe to say that secondary effects pro¬ 
duced by positive ions are much more important than ionization 
by collision. These secondary effects can take the form of 
secondary emission of electrons from walls and electrodes or of 
inelastic collisions with gas atoms in which the light emitted 
causes photoelectric emission in the gas or at surfaces. 

In any collision between a charged particle and a neutral 
molecule, ionization takes place because of the electric force 
exerted on the planetary electrons in the molecule. Thus, 
though fast-moving positive ions, such as alpha particles, pro¬ 
duced in the disintegration of radioactive substances, in colliding 
with neutral molecules, may be expected to produce ionization 
in the same way as electrons, collisions between slow positive 
ions and neutral molecules, in general, are much more complex. 
Since usually the only difference between the two colliding 
particles is that one has a deficiency of planetary electrons, the 
collision may result in one of three different processes. A 
transfer of kinetic energy only may take place, an electron may 
be transferred from the molecule to the ion, or an electron may 
be ejected from the molecule. It is only this third process which 
alters the ion concentration, for then the result of the collision 
is an additional positive ion and electron. All these processes 
are known to occur. 

The curves of ionizing efficiency of positive ions are similar 
in shape to those for electrons, the difference being that, in 
general, the ionizing efficiency is much lower at all velocities 
and the minimum energy for ionization is much higher. Table 
8-3 gives the experimentally determined minimum ionizing 
energy in volts of some of the alkali positive ions in inert gases. 
Data for these ions and gases are easier to obtain than any ether; 
for negative molecular ions are not formed in the noble gases, 
and it is easy to obtain a large supply of low-energy alkali 
ions. 
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Table 8-3* 


Ions 

Gas ^ 

U 

Na 

K 

Rb 

Cs 

Ne 

307 

175 

320 


437 

Ar 

100 

105 

95 

180 

365 

Kr 

420 

400 

80 


143 

Xe 

250 

360 

120 

145 

105 


♦ General reference 8-1, Vol. II, p. 123. 


8-6. The Townsend Discharge.—The'electric field is one of the 
most important ionizing agents, as well as one*of the most impor¬ 
tant deionizing agents, that may be present in any discharge. 
In the preceding sections, we have seen how it may act to produce 
ionization by collision. Now let us investigate the manner in 
which the electric field, through its effect on ionization by 
collision, may contribute to determining the characteristics of 
some typical discharges. Let us start with the so-called ^'Town¬ 
send discharge./' 

The name Townsend discharge is now more or less generally 
applied to that class of non-^self-maintaining discharges character¬ 
ized by the fact that the principal means of producing ionization 
is through ionization by collision, but excluding those discharges 
which, for their ijaaintenance, depend on a thermionic cathode. 
For example, the'Townsend discharge always occurs just before 
breakdown or sparking takes place in a spark gap. It also occurs 
in a gas-filled phototube when the tube voltage exceeds about 
30 volts. The discharges are named for J. S. Townsend who 
as long ago as 1901 investigated current amplification through 
ionization by collision and proposed a theory for the results 
obtained. Although our present-day knowledge of collision 
processes has necessitated some changes and modifications in his 
theory, it is still qualitatively correct and is certainly much 
simpler and easier to comprehend than the more exact theories. 
The discussioA and derivations that follow are all based on Town¬ 
send's original theory, some modifications being introduced to 
bring the theory more in line with our present understanding of 
the nature of conduction in gases. 

Consider Fig. 8-6 which is the characteristic voltage-current 
curve of a gas-filled phototube and is similar to the voltage- 
current curve of any gas discharge when the applied voltage is 
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quite low. It has three distinct parts, a rising part OA, a 
horizontal part ABj and another rising part BC. The first two 
parts OA and AB are familiar and can be attributed to the same 
processes as occur in high-vacuum tubes. In the region OA, for 
example, the current may be limited by space charge, and all 
the negative ions may not be reaching the anode. This would 
be the case if the electrons were emitted from a thermionic 
cathode or if they were produced close to the cathode by X rays, 
or by radioactive substances. If the negative ions are produced 
throughout the space between cathode and anode by such means 
as X rays, cosmic rays, or the disintegration of radioactive sub • 
stances or if they originate at 
the cathode owing to the photo¬ 
electric effect and hence leave 
the cathode with an appreciable 
velocity, the current is not apt to 
be limited by space charge but 
can be limited by the fact that 
the negative ions or electrons 
have appreciable velocities and 
diffuse away and recombine with 
positive ions on the walls or in 
the gas before they can reach 
the anode. However, when the voltage reaches a certain value, 
the current may become practically constant, especially in low- 
pressure discharges, a fact indicating that all the ions are finding 
their way to either the anode or the cathode. This corresponds 
to the current-saturation region AB, As the potential between 
the electrodes is increased still more, the current again begins to 
increase and the region BC is reached in which a new mechanism 
of ionization begins to be noticed, namely, ionization by collision. 
From B onward, the rate of increase of current becomes more and 
more pronounced until finally it approaches infinity and the 
whole form of the discharge changes. 

Let us now consider in more detail that region of the Townsend 
discharge represented by BC in the curve of Fig. 8-6. Assume 
that we have two plane-parallel electrodes and that ultraviolet 
light shines on the negative electrode (see Fig. 8-7). Thus, all 
the primary electrons are formed at the cathode surface, and all 
of them must pass through the whole thickness of gas before 



Fig. 8-6.—Voltage-current curve of a 
gas-filled phototube. 
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being lost at the anode. Let a represent the number of ion pairs 
formed by an electron per meter of drift toward the anode. The 
effect of the positive ions in producing ionization can be neglected 
for the present; for electrons, as seen above, are more efficient in 
producing ionization than positive ions are. Take the origin 
of coordinates on the cathode surface, and lay the x-axis per¬ 
pendicular to the two plates. Thus, the cathode lies at x = 0, 
and the anode at x = d. Since a depends on the field strength 
and the pressure, these quantities will be assumed to be constant 
throughout the region between the two electrodes. This is not 
an unreasonable assumption, for we have already assumed that 
the potential difference between the plates is high enough to 

produce saturation. However, assum¬ 
ing F constant does mean that if d is 
varied the potential between the plates 
will have to be varied so that F can re¬ 
main constant. Suppose that tjo elec¬ 
trons are given off by unit area of the 
cathode per second and that ?? electrons 
per second are drifting across a unit 
area perpendicular to the x-axis at any point x between the two 
electrodes. Denote by dr} the number of ion pairs formed per 
second in a slab at x of unit cross section and thickness dx. Thus, 
the number of new electrons formed by r} electrons traveling a dis¬ 
tance dx is 


. U//ra 
// violet 
y light 


X x+dx MFd 
Fig. 8-7. 


Integrating, 


drf = ija dx 

V = 


(8-5) 

( 8 - 6 ) 


To evaluate the arbitrary constant A, we need only note that, 
when X = 0, rj = r}oy the number of electrons liberated from the 
cathode per second. Thus, A = rjo and 


V = (8-7) 

The current density at any point between the two electrodes 
will consist of electrons moving toward the anode and positive 
ions moving toward the cathode. But, at the anode, all the 
current consists of electrons, since no positive ions are liberated 
by the anode. Thus, the total current density between the 
plates is given simply by 


J = 


(8-8) 
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where n]d is the number of electrons striking unit area of the anode 
per second. It follows, then, that 

J = (8-9) 

or 

J = (8-10) 


Here, is the saturation current density that exists before 
ionization by collision sets in. This relation [Eq. (8-10)] has 
been verified over a wide range of field strength and pressure for 


many gases. 

Three important facts can be deduced from Eq. (8-10): 


1. A discharge in which ^^self-am- 
plifying ionization^' occurs depends for 
its maintenance on a continuous source 
of primary electrons. Removal of the 
ultraviolet light, in the example above, 
causes the discharge to cease im¬ 
mediately, because would then be 
zero. 

2. The current flowing will depend 
on the field strength. Since a depends 
on the field strength, an increase or 
decrease in a caused by a change in 
field intensity will produce a corre¬ 
sponding exponential change in the 
current. 



rf^mefers 


Fig. 8-8. —Dependence of 
current density on electrode 
separation. (F. G. Sanders, 
Phys. Rev., 44, 1020, 1933.) 


3. The current flowing will increase exponentially with the 
separation between electrodes if the field intensity is maintained 
constant. This result follows immediately from Eq. (8-10), 
for a and Jg are constant. It can be explained qualitatively by 
the fact that an increased electrode separation means that a 
greater quantity of gas is enclosed between the electrodes and 
that consequently an electron will make more ionizing collisions 
in going from cathode to anode. It is true that the potential 
increases (if F is constant) with electrode separation; but this 
is only a linear increase and the current increase is an exponential 
function of the electrode separation. 

The solid curve in Fig. 8-8 is a semilogaritlimic plot of the 
variation of current with electrode spacing in a particular case 
in which F was 12,650 volts/m., the pressure was 0.973 mm. Hg, 
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and the gas was air. For values of d up to about 0.04 m. the 
curve is a straight line, a fact verifying the exponential relation 
in Eq. (8-10). From the slope of the straight portion of the 
curve, it is possible to deduce the value of a. In this case the 
computed value of a is 123.6. Thus, in the case of this discharge, 
each negative ion as it drifts toward the anode produces, on the 
average, 123.6 pairs of new ions in every meter. 

The theory outlined above could be applied equally weJl to a 
case in which the primary source of electrons is a volume source 
of ionization such as X rays, instead of the surface sou rce con¬ 
sidered. In this case, also, we should expect to get a saturation 
current when the electric field is just sufficient to sweep out all 
the electrons that are generated by the X rays but not sufficient 
to produce an appreciable amount of ionization by collision. 
Now, however, the number of new ion pairs formed in a slab of 
unit cross section and thickness dx parallel to the electrodes by 
the X rays and the electric field is 

dr} = rja dx r}o dx (8-11) 

where rjo is the number of ion pairs formed per unit volume per 
second by the X rays and the other quantities have the same 
meaning: as before. Integration of this equation yields; the 
result that 

(^) (*-‘ 2 ) 

This equation is very similar to Eq. (8-10) and exhibits much the 
same properties. 

Ionization by collisions of electrons with gas molecules is not 
sufficient to explain the current amplification that takes place 
in an actual discharge as the electrodes are moved farther and 
farther apart. As Fig. 8-8 shows, the current increases much 
more rapidly than can be explained by a simple exponential 
increase and, in fact, tends to increase without limit as accTtain 
critical separation is approached. Ionization by electron iin pacts 
is adequate to explain the lower part of the curve of current vs. 
electrode separation; but where the actual curve begins to diverge 
from the exponential line, some new source of ionization must 
be gaining in importance. 

The answer that occurred to Townsend was that positive ions, 
too, gain sufficient energy to produce ionization by collision. 
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On the basis of this hypothesis, he was able to explain the 
observed current increase. We know now, however, that this 
explanation is not right. Since positive ions must have an 
energy of about 100 volts before they can begin to produce 
ionizing impacts and since they rarely have an energy much 
larger than the thermal energy of the gas molecules, there is 
little likelihood of ionization by collision of positive ions with 
gas molecules being important for conduction exceipt under 
unusual circumstances. 

Townsend, however, suggested an alternative mechanism 
for the observed current increase that now seems to be a closer 
approximation to actual conditions than ionization by collision 
by positive ions. This can be stated as follows: If the positive 
ions do not ionize neutral gas atoms by collision, they may still 
possess enough energy to liberate secondary electrons when they 
strike the cathode. This seems to be a sufficient explanation for 
the observed current amplification in some discharges, especially 
at low pressures. At high pressures, this theory, too, fails to 
satisfy all the observed conditions. 

There is probably no single mechanism that can explain the 
current increase under all conditions. Even at low pressures, 
there is probably an appreciable amount of ionization due to a 
third effect, namely, secondary photoelectric emission from the 
cathode caused by the light emitted following excitation collisions 
between electrons or positive ions and neutral molecules. A 
fourth mechanism is probably active with large electrode separa¬ 
tions and at high pressures. Under these conditio3is, it is 
possible to explain the current amplifications simply on the basis 
of the ionizing collisions of electrons, for space charges c<}rtainly 
develop which distort the electric field and cause the ionizing 
ability of the electrons to vary widely in the various parts of the 
discharge. 

Ignoring this last possibility for the present, let us derive an 
expression for the current between two electrodes in a g:as when 
the auxiliary ionization is due to secondary emission f rom the 
cathode, the secondary emission being caused by the ii npact of 
positive ions or by radiation from the gas following e.ccitation 
collisions between the particles in the gas or by some combination 
of these processes. Let r?p be the number of primary electrons 
emitted per unit area owing to the action of the external light 
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source on the cathode and let be the number of secondary 
electrons emitted per unit area owing to any of the secondary 
ionizing processes mentioned above. Then, the total number 
emitted is 

Vo = np + v» (8-13) 

The problem now is simply one of ionization by collision of 
electrons alone, and from Eq. (8-7) we know that the number of 
electrons crossing unit area of a plane at x parallel to the elec¬ 
trodes in the presence of a uniform electric field is 

V = ’ (8-7) 

and the total number reaching the anode is 

Vd = voe^^ (8-14) 


But rjo of these come directly from the cathode; hence, the number 
of new ion pairs generated in the gas is 

Vd — Vo — T?o(c'*‘^ — 1) (8-15) 

Now, let 7 stand for the average number of secondary electrons 
emitted from the cathode for each new positive ion formed in 
the gas. Thus, the total number of secondaries formed on unit 
area of the cathode per second is 

V. = yvo{e-<^ - 1) (8-16) 


Substituting this value of v in Eq. (8-13) and solving for r}o, we 
find 


« - 

I + y -ygad 

Therefore, Eq. (8-7) becomes 

’ 1 + 7 - 76 “'' 


(8-17) 

(8-18) 


and the number of electrons passing into the anode is, from 
Eq. (8-14), ' 


^ Vpe“‘‘ 

1 + 7 — 76““' 


(8-19) 


Since the saturation current, the maximum current possible under 
high-vacuum conditions, is determined by the number of electrons 
emitted from the cathode by the external light source, we have 
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^ad 

1 + 7 — 


( 8 - 20 ) 


This equation reduces to Eq. (8-10) when y is zero or when d 
is very small. Thus, we should predict an initial exponential 
increase in the current as shown in Fig. 8-8. As d increases, 
however, the denominator of Eq. (8-20) decreases and the current 
should increase faster than a simple exponential function. Using 
this equation, we can compute a value of y to make the equation 
agree with experimental results. In the example cited above, 
we found a to be 123.6. The value of y need be only 0.00061 in 
order to fit the upper curve in Fig. 8-8. This means that if 
only 0.00061 secondary electron is produced for each ion pair 
produced in the gas, or if only one electron is produced for about 
every 1,640 ion pairs produced in the gas, then the current 
predicted by Eq. (8-20) will agree with the experiment. This 
equation also predicts that at some particular value of d the 
denominator will become zero and the current will tend to 
approach infinity. Actually, of course, as the current gets large, 
space chargers develop which together with the external circuit 
resistance limit the current to some finite value. 


It was stated above that Townsend was able to derive an expression for 
the observed current increase with electrode separation based on the 
assumption that the positive ions made ionizing collisions with the gas 
molecules. It is easy to see now how on the assumption of a mechanism 
that is admittedly not possible in the majority of discharges the correct 
current increase could still be predicted. Ho assumed that each positive 
ion made ^ ionizing collisions in advancing unit distance. Then, 1. vLc 
number of positive ions entering a slab of thickness dx&tx was P, the number 
of new ions formed in the slab was 


drj = {cerj -j- ^P) dx 


( 8 - 21 ) 


Using this differential equation and the expression for the total current 
density 

/ = (r; + P)qe (8-22) 


he derived the following expression for the current: 

, , (a - 


(8-23) 


This equation exhibits the same properties as Eq. (8-20), and by means of 
it he calculated values of a and from experimental data. For the case of 
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Fig. 8-8 the value of a would be 123.6 as obtained before, and the value of /3 
would be 0.075. This value for is certainly small in comparison with a, 
but it represents an ionizing ability for the positive ions very much larger 
than was ever experimentally observed. It is easy to see now how this 
paradoxical situation could arise. If we assume that the value of a deter¬ 
mined from Eq. (8-23) is slightly different from the value of a determined 
from Eq. (8-20), we might substitute a' for a in Eq. (8-23). The new 
equation for J would then be 


‘ a' - 


(8-24) 


Then, if we make the following substitutions in Eq. (8-24J 

«' = (l+7)«/ ( 8 . 25 ) 

^ = ya ) 

we obtain Eq. (8-20) exactly. 

From this we can see that the difference between a' and a may actually 
be too small to be observ'ed since y is so small. Furthermore, since current 
measurements alone will not indicate the source of the secondary ionization, 
it is easily possible to confuse the two mechanisms. Although the positive 
ions may actually be producing secondary-electron emission from the 
cathode, it appears from Eq. (8-24) as though they are creating ionization 
by collision in the. gas. The value of /3 obtained, however, is simply ya. 
Although w’e find experimental values for both y and /3 in the scientific 
literature, Eq. (8-20) is the most commonly accepted relation for the 
dependence of current bn electrode separation, and when values of p appear 
they are interpreted as being equal to yoc. 

With a particular discharge, it is usually impossible to say 
exactly what mechanism causes the observed current amplifica¬ 
tion. In most cases, it is due to a combination of many effects. 
However, the importance of the causes for the observed current 
amplification can be easily appreciated if we realize that the 
solution of this problem determines also the conditions necessary 
for breakdown or sparking or the transition from a non-self- 
maintaining to a self-maintaining discharge. A direct conse¬ 
quence of this solution would be a great simplification in the 
design of mercury-arc rectifiers, high-voltage circuit breakers, 
lightning arresters, and all types of devices depending for their 
successful operation on the initiating of a self-maintaining dis¬ 
charge or the prevention of the formation of a self-maintaining 
discharge except under particular conditions. 

What do we mean by a self-maintaining or a non-self-maintain- 
ing discharge? Consider again Eq. (8-20) [or Eq. (8-23)] above. 
For a given value of field strength and gas pressure, a and y 
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(or jS) are determined and constant. Therefore, as long as d 
is not too large, J will be directly proportional to J,. If we 
remove the external light source, the current will drop to zero 
and the discharge will stop. This x is a non-self-maintaining 
discharge, for it depends for its existence on an external ionizing 
agent. But as the separation of the electrodes increases, the 
denominator of the fraction approaches zero and the current 
tends to increase without limit. The value of anode-to-cathode 
distance, which makes Eq. (8-20) or (8-23) infinite, determines 
the condition for the establishment of a self-maintaining dis¬ 
charge. At first glance, it would seem to be impossible to have a 
steady state under these conditions. Actually, however, the 
current will be limited by the formation of space charges or the 
capacity of the generator supplying the circuit or some other 
factor affecting the original conditions which implied a uniform 
electric field or at least an unvarying electric field and an infinite 
generator capacity. 

We see, then, that the condition for a self-maintaining discharge 
is given by 

(8-26) 

y 

When this condition is satisfied, the initial source of electrons 
is no longer necessary and can be removed without disturbing 
the discharge; f.e., */, may also be zero. Actually the establish¬ 
ment of a self-maintaining discharge means that each electron 
leaving the cathode is able to produce enough ionization by collision 
so that the positive ions so formed in returning to the cathode will 
reproduce one electron.^ In this condition the initial source of 
ionization is no longer necessary, and only then do we have a 
self-sustaining discharge. 

8-6. The Ionizing Coefficients « and y* —It is worth while now 
to review briefly the interpretation of ot and 7 , especially with 
reference to their application to the Townsend discharge. In 

^That this condition is implied in Eq. (8-26) is shown as follows: First 
rewrite Eq. (8-26) in the form y{e**^ — 1) = 1. We recall that one primary 
electron will produce electrons in traveling a distance d [Eq. (8-10)]; 
therefore, one primary electron will produce — 1 ) new positive ions. 
Multiplication of (e®'* — 1 ) by 7 gives the number of secondary electrons 
released by these positive ions. Thus, we see that, when 7 ( 6 ®** — 1) = 1, 
aU the positive ions formed by one electron leaving the cathode will be just 
sufficient to reproduce another electron. 
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Secs. 8-3 and 6-14, we discussed the dependence of a and y on 
the energy of the ions. Ordinarily, in a discharge, we do not 
know the energy of the ions, but we do know the field strength 
and the pressure. Because the relationship between the energy 
of an ion and the field strength is not a simple one but depends 
in general on the mean free path and because, in a given electric 
field, all ions will not have the same energy, it is desirable to 
determine the direct dependence of the average ionizing efficiency 
on the field strength. 

We saw in Sec. 7-1 that the ion does not lose in each collision 
all the energy that it gains from the electric field. Consequently, 
its energy continues to increase until the average energy lost in a 
collision is equal to the average energy gained from the electric 
field. Its ultimate energy is then given by 


2 [ 4 5.32mM 


(7-10) 


In the case of electrons the term involving F is much larger than 
the other terms even with small values of F, Furthermore, in 
the case of electrons, Xo is equal to the mean free path of the 
electrons. Thus, Eq. (7-10) simplifies to 


r _ QeFK [M 
"" 2.31 ylm 


(8-3) 


It is obvious, then, that since a, the number of ionizing collisions 
made by the electron in advancing unit distance, depends on the 
energy of the electron, it will depend on some function of (FX). 
It will also be directly proportional to the number of collisions 
made by the electron in advancing unit distance, z.c., 1/X. Com¬ 
bining these effects, we get 

a = i /(FX) (8-27) 


but since X is ipversely proportional to the pressure, ^ 

« = P/(0 (8-28) 

^ In all this discussion the temperature is assumed to be constant. Since 
the mean free path is proportional to the temperature and inversely pro¬ 
portional to the pressure, it is obvious how the effect of temperature vari¬ 
ations can be brought into Eq. (8*28) when necessary. 
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or 



That this relation is satisfied was shown by Townsend, when he 
found that a/p plotted against F/p gave a smooth curve even 
when the data were taken from widely differing experiments. 

On the basis of the kinetic theory, it is possible to derive^ an 
expression for the functional equation above of the form 

_ ^ 

- = Ae ‘'/p (8-30) 

P 

For small values of F/p, this equation can be made to fit the 
experimental data very closely. It is thus a useful expression 
for computing a under conditions of pressure and field strength 
where accurate experimental results are not available. As F/p 
increases, however, the exponential relation ceases to hold true 
and we must resort to experimental data for the determination 
of a. There is apparently no single function or group of func¬ 
tions that can express the dependence of a/p on F/p throughoqt 
the whole range of experimental possibility. 

Figures 8-9 and 8-10 show the experimentally determined 
variation of a/p with F/p for a few commonly used gases.^ In 
accordance with custom, p is expressed in terms of millimeters of 
mercury and F in volts per meter. Thus, F/p is a, hybrid unit, 
volts per meter per millimeter mercury. It is evident from 
these figures that a/p increases quite rapidly with F/p at first; 
but soon the curve flattens off, and further increases in F/p 
produce only a slight increase in a/p. Since it has been demon¬ 
strated® that a very slight amount of mercury contamination in 
the discharge tube can cause a large variation in a/p, these curves 
may not agree exactly with data taken in highly purified gases. 

With Figs. 8-9 and 8-10 before us, it is possible to see why the 
current obtained in a gas-filled phototube under conditions of 
constant voltage and constant illumination does not increase 

^Townsend, J. S., ** Electricity in Gases,” p. 291, Oxford University 
Press, New York, 1915. 

* A derivation of these curves from data such as those given in Figs. 8-4 
and 8-5 is extremely difficult, and as yet there has been no completely 
successful derivation. 

• General reference 8-7, p. 356. 
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Fiq. 8-9.—Ionizing ability of electrons in various gases as a function of field 
strength and pressure. {Data for air and helinm taken from ''International 
Critical TablesMcGraw-Hill Book Company, Inc., New York, Vol. 6, p. 121, 
Data for hydrogen and argon taken from " Handhuch der Experimentalphysik,'* 
WieTirHarms, Leipzig, Vol, 13, Part 3, p. 112, 1929.) 



Fio. 8-10.—Ionizing ability of electrons in various gases as a function of field 
strength and pressure. (Data for air and helium taken from "International 
Critical Tables,” McGraw-Hill Book Company, Inc., New York, Vol. 6, p. 121. 
Data for hydrogen and argon taken from " Handbuch der Experimentalphyaik” 
Wien^Harme, Leipzig, Vol. 13, Part 3, p. 112, 1929.) 
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continuously with the gas pressure. As indicated in Fig. 6-45, 
the current at first increases with an increase in pressure; but 
when the pressure exceeds a few millimeters of mercury, any 
further increase in gas pressure results only in a decrease in the 
current flowing. Since the ionizing coefficient a depends on the 
pressure, as well as the field strength, it is easy to see how this 
can occur. Thus, as the pressure increases, the number of 
collisions made by an electron in traveling unit distance increases 
because of the decrease in its mt^an free path, but the energy 
gained by the electron in a free path decreases. The result is that 
a varies with the pressure and passes through a maximum when 
the pressure is a few millimeters. 

The conditions necessary to make a a maximum can be deter¬ 
mined from the curves of a/p in Figs. 8-9 and 8-10 as follows: 
Differentiating Eq. (8-28) with respect to p, 



(8-28) 


(8-31) 


But da/dp is equal to zero when a is a maximum. Therefore, 
the right side of Eq. (8-31) is also zero when a is a maximum. 
Thus, since fiF/p) = a/p, we have 


or 



(8-32) 



(8-33) 


That is, the value of p for which a is a maximum can be deter¬ 
mined from curves similar to those in Figs. 8-9 and 8-10, for at 
the maximum a tangent to the a/p curve passes through the 
origin. The method is illustrated in Fig. 8-11. At the point P 
a tangent to the a/p curve passes through the origin. That is, 
a/p == OF and F/p == OX, Therefore, f\F/p)^ or the slope of 
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the curve at P is 


^ \p/ OX F/p 

and the conditions for a to be a maximum are determined. 

Since the number of secondary elec¬ 
trons emitted from a surface is, as we 
saw ill Sec. 6-14, a function of both the 
energy of the incident positive ions 
and the surface material, we should 
expect 7 to depend on the field strength 
and the pressure in nearly the same 
way as a depends on these quantities. 
There is this difference, however, a 
depended on the number of collisions 
made by the electrons in advancing 
unit distance and was, consequently, proportional to 1/X. In 
the case of secondary emission, y will depend only on the average 



2*l0MiI0"6,10'8xr iO^ 
F/p 
Fig. 8-11. 



Fio. 8-12.—Secondary electron emission at the cathode as a function of field 
strength and pressure. {CalcuLaled from data for a/p and /3/p in ** International 
Critical Tables/* McGraw-HUl Book Company, Inc., New York, Vol. 6 , p. 122, 
and ** Handbuch dfr EzperimenUUphysik,** Wiev^Harms, Leipzig, Vol. 13, Part 3, 
p. 112, 1929.) 


energy of the ions produced in the gas and not at all on the num¬ 
ber of impacts per meter. Thus, we can write 
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Again we must resort to experimental data to determine this 
functional relation, for the dependence of 7 on the cathode 
material and the field strength is much too complicated to be 
represented by a single formula. Figure 8-12 gives average 
values of 7 for air, helium, hydrogen, and argon when zinc 
cathodes were uced and for argon and hydrogen when a silver 
cathode was used. These curves should be interpreted as giving 
only approximate values for 7. Actually, of course, as can be seen 
especially in the case of argon, the use of particular cathode 
materials will vary the results over quite wide limits. The curves 
are useful, however, for making order-of-magnitude calculations. 

Problems 

1 . (a) What percentage of mercury atoms would be thermally ionized 
if the gas temperature were raised to SOCC.? (6) Recalculate for 1000°C. 
(c) Recalculate for 3000®C. Assume atmospheric pressure. 

2. Calculate the temperature equivalent of the average energy of elec¬ 
trons in mercury vapor at a pressure of 0.1 mm. Hg and a temperature of 
90°C. when the field strength is 10 volts/m. Assume that the mean free 
path of mercury is 14 X 10~® m. at 20°(\ and 760 mm. Hg. 

3 . What proportion of the electrons in Prob. 2 will have energies large 
enough to ionize mercury atoms? Hint: Assume a Maxwellian distribution 
of electron speeds. 

4 . How many ionizing collisions per meter will an electron make in 
moving through a discharge in argon when the pressure is 1 mm. Hg, the 
temperature is 0°C., and the electrons have an energy of 25 volts? 

5 . Assuming that X rays uniformly ionize the space between a pair of 
parallel plates separated a distance of d m., derive the expression for the 
current density when ionization by collisions of electrons with *gas atoms 
occurs [Eq. (8-12), Sec. 8-5]. 

6. Assume that a photoelectric tube contains helium at a pressure of 
0.5 mm. Hg. Further assume that the electrodes are parallel plates and 
that light falling on the cathode makes available a maximum electron current 
density of 0.5 X 10~* amp./sq. m. If the intensity is held constant at 
5,000 volts/m., find how the current density through the tube varies as the 
distance between the electrodes varies from 0.5 to 3 cm. How must the 
voltage change in order to maintain the required intensity? Plot curves of 
voltage and current density as a function of electrode separation. 

7 . A phototube similar to that in Prob. 6 contains argon at a pressure of 
0.5 mm. Hg. If the gap between the electrodes is 1 cm. and the saturation 
emission of the cathode is 3 X 10“* amp./sq. m., calculate the current 
density through the tube at impressed voltages of (a) 30 volts, (b) 75 volts. 

8. Assume that the space between two parallel electrodes in hydrogen 
is uniformly ionized by X rays. What will be the value of the current 
density in the tube if the pressure is 0.25 mm. Hg, the gap is 2 cm., the 
potential applied is 75 volts, and the saturation current is 10“* amp./sq. m,? 
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9. A parallel-plate phototube with silver cathode contains argon at a 
pressure of 0,5 mm. Hg. If the electrode spacing is 1 cm. and the saturation 
emission from the cathode is 10“^ amp./sq. in., how does the current density 
vary as the voltage is raised from 25 to 225 volts, on the assumption that 
only ionisation by collisions of electrons with gas atoms occurs? Sketch a 
curve. 

10. Assuming the same conditions as in Prob. 9, how would the current 
density vary with the voltage if secondary emission at the cathode due to 
positive-ion bombardment also occurred? 

11 . 'rwo parallel zinc plates in a hydrogen-discharge tube are separated a 
distance of 2 cm. If the pressure in the tube is | mm. Hg and the saturation 
current density due to photoelectric emission is 10“* amp./sq. m., how will 
the current density vary with the voltage in the range between 50 and 450 
volts? At what potential is a self-maintaining discharge formed? Sketch 
the current-voltage curve. 

12. Show that when the space between two plane-parallel electrodes is 
uniformly ionized by X rays or cosmic rays the current is given by the 
following equation: 



13. Given two plane-parallel zinc electrodes in air at a pressure of 2 mm. 
Hg and with a separation of 0.5 cm. It being assumed that the saturation 
current density due to cosmic rays and natural radioactivity is 10“** amp./sq. 
m., how does the current density in the gas vary with the impressed voltage 
in the range from 25 to 425 volts, (a) when electrons alone produce ionization, 
and (6) when electrons and positive ions produce ionization? (c) Plot a 
curve of log J vs. potential, (d) At what potential is a self-maintaining 
discharge formed? 
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CHAPTER IX 


SPARKING POTENTIAL, SPARK-OVER, AND CORONA 

DISCHARGE^ 

9-1. Types of Discharge. —In many situations found in 
engineering practice, it is desirable to know how much voltage 
can be impressed on a pair of electrodes separated by a gas space 
before a discharge will occur. Such widely different examples 
can be cited as the gap in a low-pressure gaseous glow-discharge 
tube, and the gap in air between the wires of a high-voltage 
transmission line, j In Sec. 8-5 the theories relating to the passage 
of a current between parallel plates were developed. In the pres¬ 
ent chapter, the theory will be gc^neralized to apply to the 
situations found in practice. The experimentally determined 
relations applying to sparking potential and corona discharge 
will also be examined. 

When the voltage on a pair of electrodes immersed in a gas 
is raised to a high enough value, a luminous discharge occurs. 
In air at atmospheric pressure, this discharge often takes the 
form of a bright flash, and the flash is accompanied by a sharp 
crackling or explosive sound. This constitutes the well-known 
spark-over, or breakdown. With a large source of power and a 
low electrical circuit resistance the discharge following the spark 
will consist of an arc. The arc discharge is characterized by a 
relatively low voltage between the electrodes. The changes 
described above can be illustrated by an idealized current-voltage 
curve as shown in Fig. 9-1, This figure illustrates the fact that 
preceding the spark-over there is a small dark discharge current. 
This current is caused by ionization by collision in exactly the 
same way as that described in Sec. 8-5. The only difference lies 
in the*assumption regarding the initial supply of electrons or ions 
required to start the process. In ordinary air the initial electrons 
and ions are continuously supplied by ionization due to cosmic 
rays and radioactive radiation. If any ultraviolet light strikes 

* General references for Chap. IX will be found on page 310. 
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the cathode, there will also be a supply of electrons released by 
the photoelectric effect. When the voltage on the gap reaches 
a certain value, shown by the ordinate in Fig. 9-1, the ionizing 
processes become unstable, the current concentrates into a small 
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Fia. 9-1,—Schematic currcnt-voltaKo curve. 

path, and a spark passes across the gap. The potential difference 
E, at which the discharge becomes unstable and suddenly 
changes its form will be called the sparking potential. 
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Fia. 9-2.—Current-voltage curve illustrating the sparking potential 

Although the behavior shown in Fig. 9-1 is typical of many dis¬ 
charges, there are other important discharges in which the dark 
discharge is not followed immediately by an arc, but rather by a 
glow discharge, or a corona, or brush, discharge. A typical case in 
which a glow discharge is obtained is illustrated in Fig. 9-2. The 
voltage E, at which the transition to a glow takes place b again 
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called the sparking potential. The transition to the glow or arc 
is accompanied by much stronger ionization and consequent 
changes in the electric field caused by space charges. The 
currents in the dark discharge are so small that there is little 
or no distortion of the field due to space charges. The main 
difference between the dark and the glow, or arc, discharges is that 
these discharges are self-maintaining whereas the dark discharge 
is non-self-maintaining. Thus, the glow discharge would be 
maintained even though the source of initial electrons and ions 
were removed, whereas the dark-discharge current would drop 
to zero if no initial electrons or ions were formed in the gap. 



Fio. 9-3.—Current-voltage curve illustrating the corona voltage Ec, 


The glow and arc discharges will be discussed in detail in Chaps, 
X and XI. 

In cases where one electrode has a small radius of curvature 
compared with the gap length the dark discharge is succeeded 
by a discharge in which the voltage increases with increased 
current, as shown in Fig. 9-3. This figure illustrates the forma¬ 
tion of a corona discharge on a thin rod ending in a hemispherical 
surface. The discharge assumes a variety of shapes, depending 
on the pressure of the gas, the polarity of the electrode, and the 
impressed voltage. The discharge is usually accompanied by a 
hissing sound. The light given off is characteristic of the gas 
and for air has a violet or reddish-purple color. The change 
from the dark discharge to the visible discharge may or may not 
be accompanied by an unstable transition in the current-voltage 
curve. For example, when the point electrode in Fig. 9-3 is 
positive, there is a fairly smooth transition in the current curve; 
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but when the point has a negative polarity, there is an unstable 
transition region. For practical purposes, it suffices to define 
the voltage Ec at which a visible glow appears as the corona 
voltage. This definition can be made somewhat more precise by 
specifying that the observations should be made in perfect 
darkness by an observer whose eyes have become adjusted to 
maximum sensitivity. 

The current density in the corona discharge is sufficient to 
alter the field distribution because of the space charges present. 
As the voltage increases and the current increases also, a point 
is reached at which strongly ionized streamers form in the dis¬ 
charge. In long gaps at atmospheric pressures the longer 
streamers take on a treelike or branching form. These are 
called brush discharges.^ 

When the voltage is raised still more, an ionized path finally 
bridges the gap and complete breakdown results. The maximum 
voltage impressed on the gap before breakdown results is called 
the breakdown voltage. 

The dark-discharge current in the instances discussed above 
may be considered to be somewhat variable with time, for the 
supply of initial electrons and ions is not a constant. For this 
reason, it might be expected that if the potential on a gap is 
rapidly increased the breakdown potential may be different from 
that obtained with t a very slowly increasing potential. This 
is actually found to be true, and a higher breakdown potential 
is obtained with a given gap with a rapidly increasing voltage 
than with a slowly rising voltage. The magnitude of this effect 
depends on the sources of initial ionization present, on the pres¬ 
sure of the gas, and on the rate of rise of the potential. The 
sparking and breakdown potentials as defined in the preceding 
paragraphs will refer to the value obtained with a slowly increas¬ 
ing potential. 

9-2. Sparkmg Potential in a Uniform Field. Paschen’s Law. 

The physical processes that can lead to a self-maintaining dis¬ 
charge and hence to sparking in a uniform field can be clearlj^ 

‘The definitions and nomenclature relating to discharges have not yet 
been standardized; for example, the term sparking potential is sometimes 
applied only to those cases in which a complete breakdown to an arc occurs. 
According to our more general definition of sparking potential, we also 
include the transition to a self*maintaining condition in the corona as occur¬ 
ring at the sparking potential. 
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outlined, but the detailed processes actually active in particular 
situations are not always definitely known. The extensive 
investigations^ of recent years have tested the older hypotheses 
and have gradually led to a more comprehensive, though some¬ 
what more complicated, theory of sparking. 

In this theory the process of ionization by collision by electrons 
plays a most prominent part; but this process cannot, of itself, 
lead to a spark. As explained in Sec. 8-5, secondary processes 
can generate new ions which amplify the ionization by collision 
and thus lead to a self-maintaining discharge and to a spark. 
The secondary processes that can release electrons at the cathode 
are the following: (1) positive-ion impact, (2) photoelectric effect, 
and (3) impact of metastable atoms. The secondary processes 
that might be active in the gas are listed as follows: (4) photo¬ 
electric effect, (5) field distortion by space charges, (6) thermal 
ionization, and (7) ionization by metastable atoms. 

Under any particular experimental condition, one or more 
of these secondary processes may be active, and the question of 
their relative importance arises. Although this question has 
been the subject of considerable controversy, some general 
conclusions are possible. Thus, in short gaps and at low pres¬ 
sures the secondary processes at the electrodes are undoubtedly 
more important than those in the gas space. Of the processes at 
the cathode the impact of metastable atoms is effective only in 
the rare gases and in mercury vapor, so that, in most common 
gases, it is the positive-ion impact or the photoelectric effect that 
supplies the secondary electrons. In longer gaps at pressures 
above, say one-tenth atmospheric, the secondary processes in 
the gas itself may lead to a self-maintaining discharge. Recent 
investigations of Loeb and his coworkers^ show that secondary 
processes 4 and 5, i.c., photoionization in the gas and field distor¬ 
tion caused by space charges, are probably important. 

The foregoing discussion leads to the conclusion that, at least 
in the common gases at low pressures and in short gaps, the 
'Conditions preceding sparking are similar to those discussed in 
Sec. 8-5. Consequently, the criterion for a self-maintaining 
discharge and therefore for the sparking potential is given by 
Eq. (8-26) (Sec. 8-5), i.e., 

^ See general references 9-5, 9-6, 9-7, and 9-8. 

* General references 9-5, 9-6, and 9-7, 
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(8-26) 

7 

where d is the gap length, a is the ionizing coefficient for electron 
impacts in the gas, and y is the ionizing coefficient for positive-ion 
or photon impacts at the cathode. Equation (8-26) must be 
regarded as an approximate criterion for sparking, for two reasons. 
In the first place, it should be recalled that the expression is based 
on a steady initial ionization at the cathode corresponding to the 
current in Eq. (8-20), whereas actually the natural primary 
ionization is extremely variable. This objection is not serious 
if slowly varying voltages only are involved, for the initial 
ionization is then sufficient to provide the primary electrons near 
the cathode. Secondly, it should be noted that the current at 
the sparking potential cannot become infinite as implied in the 
derivation of Eq. (8-26). However, the current is changing so 
rapidly with voltage near the sparking potential that the value of 
Eg corresponding to the actual finite current would be only slightly 
below the value of Eg predicted by Eq. (8-26). 

In general, y is small compared with unity so that Eq. (8-26) 
reduces to the approximate form 



(9-1) 


This equation coUld be used to calculate the sp^^rking potential 
if the functions for a and y given in Eqs. (8-28) and (8-34) were 
known. Since the functions/(F/p) and g{F/p) are not usually 
known in a mathematical form, a theoretical equation showing 
how the sparking potential depends on the gap length and the 
pressure is seldom derived. Nevertheless, a very useful func¬ 
tional relation among these variables can be found by substi¬ 
tuting for a and y in Eq. (9-1) their values given in Eqs. (8-28) 
and (8-34). After making this substitution and after replacing 
the intensity by its equivalent^ Eg/d, where Eg is the sparking 
potential, we find 



1 

g{E./pd) 


(9-2) 


In this equation the pressure and gap length appear only as their 
product pd. If the mathematical forms of the functions / and g 
^ The intensity in the uniform field between parallel plates is the voltage 
divided by the gap length. 
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were known, it would theoretically be possible to solve for the 
relation between and the pd product. Therefore, Eq. (9-2) 
shows that the sparking potential is a function only of pd, thus: 

E. = npd) (9-3) 

This equation is the mathematical statement of Paschen's law, 
which states that the sparking potential in a uniform field is a 
function only of the product of gas pressure and the gap length. 

Paschen^s law, as stated above, holds true only as long as the 
temperature remains constant. The effect of the temperature 
of the gas can readily be included if we recall the derivation of 
the functional relations for a and y. The fundamental quanti¬ 
ties that determine a and y are the intensity and the mean free 
path X. Equatioas (8-28) and (8-34) were derived by replacing 
X by 1/p; if the effect of the temperature is included [see Eq. 
(4-53)], X is replaced, except for a proportionality constant, by 
T/p. But T/p is proportional to 1/5, where 6 is the density of 
the gas. Thus, the density 5 takes the place of the pressure p, 
and the revised form of Eq. (9-3) is therefore, 

E. = /"(5d) (9-4) 

In this form, Paschen^s law states that in a uniform field the 
sparking potential is a function only of the product of the gas density^ 
and the gap length. This can be interpreted to mean that for a 
given gas the sparking potential is a function only of the mass of 
gas between the electrodes. 

Paschen^s law is particularly useful for correlating the results 
of experiments on sparking potentials. The law has been veri¬ 
fied by extensive tests, covering pressures from about 0.5 mm. Hg 
to about 10 atm., and gap lengths from 1 mm. to several centi¬ 
meters. The curves in Fig. 9-4 show the average of the results 
obtained by several investigators for the sparking potential as 
a function of pd for air, hydrogen, and carbon dioxide. The 
more general form of Paschen's law given in Eq. (9-4) agreed with 

^ The density is often measured relative to the value 5 = 1 at 760 mm. 
Hg and 0°C. As long as the gas follows the perfect-gas laws, the relative 
density will be given by 

A = 273p 

* "r" 

where p is in atmospheres and T in degrees Kelvin. 
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the measurements of Bowker^ for dry hydrogen and nitrogen 
up to 860®C. 

A notable feature of the curves in Fig. 9-4a is the minimum 
value in the curve and the rising value of voltage for smaller 
values of pd. The potential at the minimum is called the rnini- 
mum sparking potential, and the corresponding value of the 




Fig. 9-4.—Sparking potentials between parallel-plate electrodes as a function of 
pd, at a temperature of 20®C. {General reference 9-3, pp. 63-67.) 


abscissas is called the critical pd product, A qualitative explana¬ 
tion of the minimum in the curve is found in the small number of 
ionizing collisions an electron or ion makes in crossing the gap. 
In the neighborhood of the critical pd, the mean free path is of 
the same order of magnitude as the gap length, and an electron 
may make only 10 to 20 collisions in crossing the gap. Of these 
collisioas, relatively few will be ionizing collisions. Conse¬ 
quently, as the pressure is reduced still more (a constant gap 
length being assumed), the voltage on the gap must be increased 

^Proc, Phys, Soc, London, 48 , 96, 1931. 
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to increase the percentage of the collisions that result in ionization. 

When the pressure is increased so that pd is larger than the 
critical value, the sparking potential rises on a nearly linear curve. 
In this range the number of collisions increases, but the mean 
free path of the electrons decreases with an increase in the pres¬ 
sure, so that the intensity, and hence the voltage, must increase 
in order to produce sufficient ionization by collision to establish 
a self-maintaining discharge. 

The theoretical criterion for sparking [Eq. (9-1)], contains the 
factor 7 which depends on the metal of the cathode. It would 
be expected, then, that the sparking potential would depend on 
the electrode metal. In the neighborhood of the minimum 
sparking potential, this effect has been observed, for example, 
by Ehrenkrantz,^ who found a 50 per cent reduction in the 
minimum sparking potential for argon upon allowing sodium to 
deposit on the platinum cathode. However, the change in the 
sparking potential at a value of pd of 240 mm. Hg X mm. was only 
7.5. per cent. When various common metals are used for the 
cathode, the effect on th(‘ sparking potential is much smaller 
and is negligible near atmospheric pressure for gaps longer than 
2 or 3 mm. This can be explained, at least for the lower pres¬ 
sures, by the slow variation of the sparking potential with the 
value of 7 as calculated by Eq. (9-1). A numerical calculation 
will be helpful to show how small an effect a change in y would 
have on the sparking potential according to the theory. Con¬ 
sider a 10 -mm. gap in air at a pressure of 10 mm. Hg. Then, in 
Fig. 9-4a, we find the experimental value of Es at pd — 100 to 
be 1,230 volts. Now, evaluate the left side of Eq. (9-1). To 
find a, we calculate F/p to be 12,300 and then find a/p from 
Fig. 8 - 9 , finally obtaining a value of 1,150 for a. Thus, has 
the value 100,000; and if Eq. (9-1) is satisfied, y must have the 
value 1/100,000 or 1.0 X 10"^ This value for y is too low 
compared with the values obtained experimentally as given in 
Fig. 8-12, but it will suffice for the present argument. Now, 
suppose that a change of cathode metal changes 7 by a factor of 
2, i.c., to 2 X 10~^ The corresponding a needed to satisfy 
Eq. ( 9 - 1 ) is now 1,082, a value giving only a 5.9 per cent change 
in a. The percentage change in the sparking potential is less 
than 5.9 per cent, for according to Fig. 8-9 the given change in 

^Phy9. R^v., 66, 219, 1939. 
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a/p is accompanied by a smaller percentage change in F/p and 
hence by a smaller change in Es. 

• Paschen^s law was deduced from Eq. (9-1), which in turn is 
based on the secondary process of electron emission at the cathode 
by the impact of positive ions and photons, or the “ 7 -mechanism 
as it may be called. The fact that Paschen^s law holds for pressures 
of the order of 1 atm. and higher and for gap lengths of the order 
of 1 cm. should not, however, be construed to imply that the 
7 -mechanism is necessarily the only one acting under these 
conditions. One objection to the 7 -mechanism is that it cannot 
successfully account for the extremely short breakdown times 
of the order of 5 X 10“® sec. observed in time-lag studies of 
breakdown. These breakdown times are so short that the 
positive ions would not have time to reach the cathode to liberate 
secondary electrons. The liberation of electrons at the cathode 
by photons generated in the gas is likewise too slow a process to 
explain the very short-time breakdowns, although this process 
would be many hundred times as fast as that involving positive- 
ion impact. The secondary processes that can account for the 
short-time breakdowns are photqionization in the gas caused by 
photons from the ionized region and, secondly, distortions of the 
field by space charges that promote subsequent ionization. These 
processes, operating either singly or in conjunction,' are considered 
to account for sparking at pressures above, say 100 mm. Hg, and 
for gap lengths oVer 2 or 3 mm. A brief account of the mecha¬ 
nism for the initiation of self-maintaining discharges involving 
these processes will be presented in Sec. 9-6. 

9-3. Sparking Intensity in a Uniform Field. —The electric 
intensity in the uniform field that corresponds to the sparking 
potential is called the sparking intensity.^ The experimental 
curves in Fig. 9-4 can readily be interpreted in terms of the 
electric intensity in the gap. For example, consider the varia¬ 
tion of the sparking intensity of air with the pressure. If a 
constant gap length is assumed, then the ordinates of the curves 
in Fig. 9-4 divided by the gap length give the sparking intensity. 
Therefore, the sparking intensity for a constant gap length varies 

‘ The theory of sparking under these conditions is not yet complete 
enough to provide an exact description of the active mechanisms. 

* Also sometimes called sparking gradient, disruptive gradient, or dielectric 
strength. 
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with the pressure in the same fashion as the sparking potential 
varies with pd. 

In order to establish the variation of the sparking intensity 
with the gap length, all that is necessary is to assume a fixed 
pressure and compute the intensities from the curves in Fig. 9-4. 
If the curve shown in Fig. 9-46 were a straight line through the 
origin, then the sparking intensity would be independent of the 
gap length. However, there is a double curvature in the relation 
shown in Fig. 9-46, and consequently the sparking intensity 
varies with the gap length. To illustrate this variation, consider 



d'Goip lenqth,mm. 

Fia. 9-6.—Sparking intensity in air in a uniform field, p = 760 mm. Hg, 

Tc = 20°C. 

the experimental results for an air gap at atmospheric pressure 
shown in Fig. 9-5. The curve in Fig. 9-5 was drawn by Schu¬ 
mann' through a large number of test points obtained by different 
observers. The curve shows that it is impossible to specify 
some definite sparking intensity in air, such as the value of 
3 kv./mm., which has often been quoted. 

The descending nature of the curve in Fig. 9-5 could have been 
predicted by making use of Eq. (9-1). This can perhaps be 
done most simply by assuming, for the moment, that the sparking 
intensity remains constant as the gap length is increased. Since 
F has been assumed constant, the values of <x and y would remain 
constant and it is obviously impossible to maintain the equality 
of the two sides of Eq. (9-1) as the gap length increases. There¬ 
fore, the sparking intensity cannot remain constant but must 
decrease so that a and y decrease as d increases. 

' General reference 9-3, p. 25. 
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A consideration of the ionizing processes also leads to an 
explanation of the trend of the curve in Fig. 9-5. The self- 
maintained discharge is reached when a single electron leaving 
the region of the cathode causes enough ionizing collisions so 
that the positive ions (or photons) so formed generate at least 
one electron in returning to the cathode. As the gap is increased, 
a single electron leaving the cathode would give rise to more and 
more ionizing collisions if a remains constant. There would then 
be more positive ions (or photons) than needed to generate one 
electron at the cathode to replace each initial electron; conse¬ 
quently a must decrease as the gap increases, and this corresponds 
to the decrease in sparking intensity. 

9-4. Sparking in Vacuum, in Gases under High Pressure, and 
in Mixed Gases. —Paschen's law ceases to apply at very low 
and at high pressures. At pressures below to 10~^ mm. Hg 
the breakdown no longer depends on the kind of gas between 
the electrodes and its pressure but does depend to a considerable 
extent on the condition of the electrode surfaces and on the 
material of the electrode. Moreover, the results of breakdown 
experiments are erratic on account of the effect of the long-time 
lags encountered. The order of magnitude of the breakdown 
voltage in a high vacuum with electrodes not degassed but 
specially treated^to increase the breakdown voltage was found 
by Anderson^ to'be 120 kv. for stainless steel and 37 kv. for 
copper for a gap of 1 mm. The treatment of the electrodes 
consisted of running a hydrogen glow discharge between them 
and then passing preliminary sparks in a high vacuum. -This 
procedure resulted in a breakdown voltage more than double the 
initial value. 

The initiation of the breakdown in high vacuum might be 
attributed solely to the emission of electrons by the high-field 
effect; but this cannot account for all breakdowns, for most 
electrodes have adsorbed gas layers or oxidized surfaces which 
facilitate the^ breakdown. 

Considerable interest has been shown in the problem of the 
breakdown of gases at high pressures, both from the scientific 
and the practical viewpoint. Compressed-gas insulation has 
been utilized in high-tension transformers, high-voltage con¬ 
densers, and in the Van der Graaf high-voltage generator (see 

1 Eke. Eng., 54 , 1315, 1935.' 
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Sec. 3-9). On the scientific side the interest has been partly in a 
determination of the range of validity of Paschen^s law. The 
investigations^ showed that above a pressure of about 10 atm. 
the sparking potential in a uniform field was no longer simply a 
function of pd. Therefore, several curves must be employed to 
show the results of tests; for example, the sparking potential is 
plotted as a function of the pressure with the gap length as a 
parameter. Sample curves are shown in Figs. 9-6 and 9-7. 
Howell reported that the sparking potential at the higher pres- 



Fiq. 9-6.—Breakdown in 
compressed air in a nearly uni¬ 
form field, tested with a direct 
voltage. {Data of A. H. Howell^ 
Trans. A.I.E.E., 68, 198, 1939.) 



Absolute pressure,lb. per sq.in. 


Fig. 9-7. —Breakdown in 
compressed carbon dioxide. 
The sparking potential is the 
peak value of a 50 cycle/sec. 
wave. {Data of A. Palm, Arch. 
Elck., 28 , 298, 1934.) 


sures is reduced to a value one-half to one-third of the values in 
Fig. 9-6 by slightly roughening the electrodes. He found that 
after passing a large number of sparks between the electrodes the 
sparking voltage returned to its high value. The values in 
Fig. 9-6 refer to tests using electrodes conditioned by passing 
sparks until a substantially constant sparking potential was 
attained. 

The effect of metastable atoms on the sparking potential of 
mixtures of the inert gases has been shown by the experiments of 
Penning. A very small percentage of admixed argon has a 
decided effect on the sparking potential of neon as shown by 
the curves^ in Fig. 9-8. The lowering of the sparking potential 
is caused by the ionization of the argon atoms (ionization energy 

^ See bibliography by A. H. Howell, Trans. A.I.E.E.j 58, 194, 1939. 

* Penning, F. M., and C. C. J. Addink, Physicay 1, 1007, 1934. 
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15.69 e.v.) by the metastable neon atoms of 16.54 e.v. energy. 
In addition to this action in the gas space, electrons can be 
released at the cathode by the impact of the metastable neon 
atoms and by positive ions. Thus, three secondary processes 
are probably acting simultaneously to build up the ionization. 
A similar lowering of the sparking potential in He, Ne, and A is 
caused by a slight admixture of mercury vapor, and this is 
explained in a similar way. The low sparking potential in 
mixtures of this sort is helpful in the satisfactory starting of the 
discharge in fluorescent-tube lamps. 



pd-Pressure mulfiplied by gap length,mm./fgrx m 


Fig. 9-8.—Sparking potentials for air, argon, neon, and neon-argon mixtures. ' 

» 

With the application to the insulation of high-voltage apparatus 
in mind, attempts have been made to find gas or gas and vapor 
mixtures that have high dielectric strengths. For example, 
Charleton and Cooper^ tested 77 different gases and mixtures 
using a gap between nickel electrodes shaped so as to produce a 
nearly uniform field. Some of their results are reproduced in 
Table 9 - 1 . The N 4 + CCI 4 mixture exhibits a dielectric strength 
65 per cent higher than that of when the total pressure is 
1 atm. When the total pressure is 13.5 atm. with a partial 
pressure of CCI4 of 0.138 atm. the dielectric strength is 16.2 
times that of 2 at 1 atm. However, when this mixture is com¬ 
pared with pure N 2 at 13.5 atm., it is found that the sparking 
potential of the mixture is only 19 per cent above that of the 
pure N 2 gas. 

The increase in the sparking potential resulting from the 
admixture of small amounts of vapor containing the halogens, 

1 Gen, Elec, Rev. 40 , 438, 1937. 
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Table 9-1.— Relative Dielectric Strengths of Various Gases and 
Nitrogen plus Vapor Mixtures 


(Temperature == 23°C.) 


Gas or mixture 

Total pressure, 
atm. 

Partial pressure 
of vapor, atm. 

Relative dielectric 
strength* 

N* + CCI 4 

1 

0.138 

1.65 

Nj + CCI 4 

6.05 

0.138 

7.9 

N* + CCI 4 

13.5 

0.138 

16.2 

N, 4- CHCl, 

1 

0.237 

1.58 

CCI 2 F 2 

1 


2.4 

CCI 2 F 2 

6.05. 


15.3 

SO, 

1 


1.9 

CH,Cl 

1 


1.06 

N, + CftHe 

1 

0.112 

0.84 

N, -h CeHftCl 

1 

0.0138 

0.81 


♦ sparking potential relative to that for Nz at 1 atm. in the same gap. Gap = i to J in. 


or of O 2 or SO 2 is ascribed to the removal of free electrons from 
the ionized regions in the dark discharge by electron attachment. 
The negative ions resulting from the attachment process are no 
more effective than the positive ions as ionizing agents in the 
gas space, and so the total ionizing activity is reduced. 



Fio. 9-9.—Breakdown and corona in sphere gaps. 

9-6. Sparking, Corona, and Breakdown in Nonimiform Fields. 

Nonuniform fields in air at atmospheric pressure are encoun¬ 
tered in the sphere-gap voltmeter, between the parallel wires of 
high-voltage transmission lines, and in many other situations. 
A large number of investigations have been carried out to find 
the relation of the sparking potential to the electrode dimensions, 
the gap length, and the air pressure and temperature for some 
of these situations. The electrode arrangements that have 
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received most attention are (1) adjacent spheres, (2) parallel 
wires, and (3) concentric cylinders (a wire in a cylinder). For 
small spacings of the electrodes compared with their radius of 
curvature, a complete breakdown of the gap occurs. For rela¬ 
tively large gap lengths, a partial failure of the gap occurs, 
resulting in a corona discharge in the most highly stressed parts 
of the gap. These results' are illustrated schematically for 
adjacent spheres with symmetrically applied voltage in Fig. 9-9. 
For a given ratio of gap to sphere radius (G/R), if the voltage is 

below the curve ABC, then 
the ionization in the gap must 
be maintained by an external 
ionizing agent, although 
ionization by collision may be 
present. At the ordinate 
corresponding to the curve 
ABC, the discharge becomes 
self-maintaining, and a corona 
discharge or a complete break¬ 
down results. Figure 9-9 
.shows the ranges over which a 
discharge precedes complete 
breakdown of the gap. 

The variation of the spark¬ 
ing potential for equal, adja¬ 
cent spheres as a function of 
the gap length is shown in Fig. 
9-10 for various diameters of the spheres.^ The curve for parallel 
plates is shown for comparison. The sparking potentials in the 
nonuniform fields are lower than in the uniform field.* Indeed, 
as the field becomes more nonuniform, i.e., with a given gap 
length and smaller spheres, the sparking potential decreases. 
When the maximum electric intensity in the gap corresponding to 
the sparking potential is computed, the results are found to be 

* General reference 9-2, p. 68. 

* For information on the use of the sphere spark gap for measuring high 
potentials see A.I.E.E. Standard No. 4, Measurement of Test Voltage in 
Dielectric Tests, 1940. 

* As we shall see presently, however, under low-pressure conditions the 
sparking potential may be higher in the nonuniform field than in a uniform 
field. 



Fio. 9-10.—Sparking potentials for 
sphere gaps in air at 760 mm. Hg and 
20°C. R = sphere radius. (*S. Franck, 
** MessentlcLdungaatrecken,^^ pp. 173#., 
Verlag Juliua Springer, Berlin, 1931.) 
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dependent both on the gap length and on the size of the spheres 
as shown in Fig. 9-11. The smaller spheres require a higher 
intensity at their surface to produce sparking than the larger 



Fio. 9-11.—Sparking intensity as a function of gap length for sphere gaps with 
symmetrical potentials with respect to ground. D = diameter of spheres. 
(5. Franck, Arch, Elek„ 23, 226, 1929.) 

spheres or parallel plates. This means that in order to satisfy 
the condition for a self-maintaining discharge the ionization by 
collision must be enough greater in the strong parts of the field 
to make up for the deficiency 
in the weaker parts of the field. 

The variation of the electric 
intensity in the gap between 
the spheres is illustrated in Fig. 

9-12 and is compared with the 
sparking intensity that would 
be necessary to cause break¬ 
down in a uniform field having 
the same gap length. This 
illustrates that the ionization 
preceding spark-over will be 
more intense than for the uni¬ 
form field for a region close to 
the spheres, regions AB and CD, but will be less intense over the 
range BC in the figure. If larger spheres are considered, the curve 
of intensity will have a more gradual slope. Therefore, the region 



Fig. 9-12.—Intensity curve for a 
sphere gaj) compared with the break¬ 
down intensity f )r t’l? same gap in a 
tiniform field. 
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of ionization that is more intense than for the uniform field will 
extend out farther from the spheres, and the maximum intensity 
does not need to be so high to produce enough ionization to 
satisfy the condition for a self-maintained discharge. 

Under low-pressure conditions the effect of the nonuniform 
field may be to raise the sparking potential. This occurs in 

gaps where the product of pressure and 
gap length is less than the critical pd 
for uniform fields. Consider, for 
example, the potential curve for the field 
between a sphere anH a plane in Fig. 
9-13. Since the stronger parts of the 
field are near the sphere and the ioniza¬ 
tion is mainly in these regions, we can 
replace the actual potential curve by 
the dotted approximate potential curve 
for the purpose of the present argument. 
The approximate curve is taken as a 
straight line; and so we have an 
equivalent uniform field, which extends only part way across the 
gap. By this rough analysis, we have reduced the problem to 
that of the breakdown of a shorter gap sustaining a uniform 
field. If we recaU Fig. 9-4, we note that, if the pd product is 
below the critical,'then a higher voltage is necessary for a self- 
maintaining discharge with the shorter gap. Of course, at pd's 







Pressure’•pj Pressure‘p, A 

(a) (b) 

Fio. 9-14.— Illuatrating the principle of similitude. 


above the critical, the fact that the equivalent gap is shorter means 
that the sparking potential will be lowered. 

There is a general relation between the sparking potential and 
the pressure in nonuniform fields known as the principle of 
similitude. This principle states that for geometrically similar 
systems the sparking potential is a function only of the product 
of gas density and one of'the linear dimensions of the system. 
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This is illustrated in Fig. 9-14, which shows two geometrically 
similar systems having equal sparking potentials. All the 
dimensions in Fig. 9-146 are double those in Fig. 9-14a, and the 
pressure is halved; therefore, on the basis of the same tempera¬ 
ture, the product of gas density by a linear dimension remains 
constant, and thus the sparking potential remains the same. It 
should be noted that the principle of similitude applies to the 
sparking and corona voltages but does not apply to the breakdown 
voltage when corona precedes breakdown. It can easily be seen 
that this principle reduces to Paschen^s law in the special case of 
uniform fields. 

9-6. Sparking and Corona between Concentric Cylinders and 
between Parallel Wires in Air.—The discharge between con- 



0 10 20 30 40 50 

Ratio of rad'\ i /R2, per cent 


Fiq. 9-16.—Corona and breakdown voltages between concentric cylinders in 
air at atmospheric conditions, tested with a 60 cycle/sec. wave. Ri = inner 
radius, Rt = outer radius = 6.67 cm. 

centric cylinders may take the form of corona or a complete 
breakdown, depending on the size of the inner cylinder or wire 
relative to the gap length. . The results of a typical experiment^ 
using alternating potentials are shown in Fig. 9-15. These 
results are similar to those given for spheres in Fig. 9-10 in that 
the corona discharge is observed when the radius of curvature of 
the inner cylinder is small compared with the gap length. 

Calculations of the electric intensity at the surface of the wire 
at the corona or sparking potential show that the intensity for a 
given size of wire is independent of the size of the outer cylinder, 
provided that the gap between the wire and cylinder is not too 
small. The electric intensity at the sparking potential varies 
considerably, however, with the radius of the inner wire. The 
results obtained by different observers for air have been collected 

^ General reference 9-2, p. 115 
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by Schumann/ and the resulting curve is shown in curve A A in 
Fig. 9-16. An empirical relation given by Peek to represent the 
curve A A is the following: 


F = 3,100 + 

VRi 


(9-5) 


The effect of varying air pressure and temperature was taken 
into account by Peek by the introduction into Eq. (9-5) of the 



n L i I Ml I I Ml I Mil 
0.1 0.2 0.40.6 1.0 2 4 6 810 20 4060 100 
Wire radius or inner cylinder radius, mm. 


Fio. 9-16.—sparking intensities at the surface of circular cylinders or wires 
as a function of the wire radius, based on a.c. tests in air at 7G0 mm. Hg and 
25®C. {General reference 9-3, p. 82.) 


relative air density 5'. Then the intensity needed to initiate a 
discharge is given* by 

F = 3,1005' + 95.5 (9-6) 

and 5' was referred to unity at p = 760 mm. Hg and Te = 25°C.; 
i.e., 

5' = (“™- Hg, deg. C.) (9-7) 


The results obtained by Peek for parallel wires are very similar 
to those obtained for concentric cylinders. The curve BB in 
Fig. 9-16 shows the intensity for the formation of corona on 
parallel wires*. The voltage between wires required to produce 
corona can be calculated from the values of intensity in Fig. 9-16 
by means of the approximate relation 


E = 2i2,Flog^ 

Hi 

^ General reference 9-3, p. 82. 


(9-8) 
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where G is the distance between wire centers and Ri is the radius 
of the wires. This relation holds to an accuracy of 2 per cent 
for smooth round wires when the ratio G/Ri is over 100. 

The typical corona discharge occurs at all pressures down to 
one-tenth atmospheric, but at lower pressures the discharge is 
more diffuse and begins to have noticeable features of the glow 
discharge described in Chap. X. At atmospheric pressure in 
air, there is a striking difference between the corona on a posi¬ 
tively charged wire and that on a negative wire. The corona on 
the positive wire is uniform over the whole surface of the wire, 
whereas that on a negative wire appears in beads or tufts at 
various points on the wire. 

In the case of the wire in a cylinder arrangement, there is a 
remarkably small difference in the voltage required to start the 
corona when the wire is positive compared with that required 
when the wire is negative. This fact, by itself, indicates that the 
7 -mechanism is not the only one active, for this process of second¬ 
ary-electron liberation would result in large polarity differences in 
the corona voltage. 

On the basis of evidence obtained in observations on coronas 
on points Loeb^ has been led to attach considerable importance 
to localized disturbances in the gap that lead up to the corona 
formation. The first predischarge disturbance is an electron 
‘^avalanche” which consists of all the electrons that result from 
one initial electron by the process of ionization by collision. The 
presence of these avalanches has been demonstrated by the cloud- 
chamber method by Raether.^ 

When the wire is negative, these avalanches can start only in 
the strong-field region near the wire. The cloud of electrons 
recedes from the wire, leaving another cloud of slow positive 
ions behind. The field intensity at the advancing tip of the 
avalanche is decreasing rapidly as it recedes from the wire; and 
so the ionization by collision may stop, and the avalanche may 
die out. This tendency is increased by the space-charge effect 
of the slow positive ions left behind the avalanche. When 
the positive ions strike the negative wire, enough secondary 
electrons may be liberated to maintain the process, and the dis¬ 
charge may spread out over a small area of the wire. On this 

1 General reference 9-7. 

» Z. Phyaik, 110, 611. 1938. 
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theory, the beaded appearance of the negative corona is ascribed 
to a variation of y over the surface, with the discharge taking 
place where y is high. 

With a positive wire the electron avalanches are directed 
toward the wire, t.e., into the strong-field region of the gap. 
However, initial electrons some distance away from the wire 
cannot start an avalanche because the field is too weak. There¬ 
fore, we must look for a mechanism that can start with an ava¬ 
lanche near the wire but that can account for a propagation of the 

discharge out into the gap. 
The secondary electrons needed 
to extend the process outward 
can arise by photoionization of 
the gas atoms ^ by short-wave¬ 
length radiation from the ionized 
and excited atoms in the first 
avalanche. The formation of 
avalanches farther from the 
positive wire is facilitated by the 
positive space charges remaining 
from the initial avalanche, for 
these will strengthen the field 
farther away from the wire. 
The steps in the process are 
sketched schematically in Fig. 
9-17. At (a) the first avalanche 
is nearly complete, and at (6) the 
photons have produced one or two favorably placed secondary 
electrons S. These, as in (c), produce additional avalanches 
headed toward the wire, and in this way a self-maintaining corona 
discharge can start. In this instance the secondary processes 
active are the photoelectric effect in the gas and the distorting effect 
on the electric intensities caused by, the positive space charges. 

9-7. Corona Loss on Transmission Lines. —A phenomenon of 
great practical importance when corona appears on high-voltage 
transmission lines is the accompanying loss of power. For a.c. 
lines the corona discharge forms during each half cycle of the 

^This process would be found particularly in mixed gases where the 
radiation from one type of molecule has a large enough energy to ionize 
the second type. 
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impressed voltage. If the voltage is only slightly above the 
corona-forming voltage, then the corona discharge will occur 
only near the peaks of the voltage wave. The accompanying 
corona current will cause a loss of power from the line, for the 
instantaneous power eXi is positive throughout the time of the 
corona discharge. Peek^ has conducted extensive studies of 
the corona loss, and his tekt should be consulted for detailed 
information. The general form of the empirical formula devel¬ 
oped by Peek for the corona 8r 
loss from parallel wires is the e7 

le 


following: 

P = /c(/ + 25)(£ 


(9-9) 
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Fio. 9«18.—Corona loss for a two- 
wire experimental line. Curve shows 
calculated values. {General reference 
9-2, 174, 297.) 


where P, the power loss, is 
usually expressed in kilowatts g 2 
per kilometer of conductor, / is 
the frequency, E is the applied 
voltage, Ed is the disruptive 
critical voltage^ and k is a con¬ 
stant depending on the spacing 
and size of the wires and on the 
units used. The disruptive critical voltage Ed is not necessarily 
the same as the visual corona voltage, but Ed is chosen to give the 
best agreement of calculated and obvserved power loss. Peek 
gives auxiliary formulas for calculating Pd. A comparison 
between the observed power loss for a two-wire line and the loss 
calculated by Eq. (9-9) is shown in Fig. 9-18. The observed 
and calculated values agree quite well except for the voltages 
near the visual corona voltage of the line. This is unfortunate, 
for the region of most importance in the design of high-voltage 
lines is that in the neighborhood of the corona-forming voltage. 
Therefore, in the design of important extra high-voltage lines, 
special experimental tests are conducted to test the corona-loss 
characteristics of the proposed line,^ 

An alternative formula for the power loss has been developed 
by Holm.^ This derivation is based on a consideration of the 

^ General reference 9-2. 

• For example, see Trans, A.I.E.Esj 62, 55, 1933 and Elec, Eng,^ 64, 
498. 1935. 
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movement of the space charges set up by the corona discharge, 
A simplified form of Holm's equation is as follows: 

P = kfE{E ~ El) (9-10) 

in which the symbols have the same meanings as in Eq. (9-9) 
except that Ei is the visual corona voltage. Holm's equation 
has a better theoretical foundation* than Peek's but does not 
predict the power loss with appreciably better accuracy. 

Problems 

1 . (a) If electrodes having the shape of those shown in Fig. 9-1 are moved 
close together in air at atmospheric pressure and at 20°C., at what spacing 
would the sparking potential be 400 volts? (b) If the electrodes are moved 
closer together than in part a, what changes will occur in the sparking 
potential? 

2. What is the sparking intensity in a 12-mm. gap between parallel plates 
in hydrogen gas at a pressure of 100 mm. Hg and a temperature of 20*^0.? 

3. At what temperature would the sparking potential for an air gap of 
2 mm. at atmospheric pressure be 6^000 volts? Assume that the field is 
uniform. 

4. A concentric-cylinder arrangement of electrodes of given dimensions 
is to be used in air at a pressure of 100 mm. Hg. How could the sparking 
potential for these electrodes be predicted by a test at atmospheric pressure? 

6. At what peak voltage would corona be expected on a two-wire line 
consisting of No, 6 A.W.G. solid wires spaced 36 in. apart? The pressure 
may be taken to be 760«ira, Hg and the temperature 25°C. 
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CHAPTER X 


THE GLOW DISCHARGE^ 

10-1. Introduction. —As described at the beginning of the last 
chapter, the onset of a self-maintained discharge, when the 
sparking potential is reached, is characterized by a glow dis¬ 
charge, an arc discharge, or a corona discharge, depending on the 
physical conditions under which the experiment is performed 
(see Figs. 9-1, 9-2, and 9-3). The term glow discharge is used by 
many writers to describe the whole class of discharges requiring a 
voltage for maintenance higher than the ^minimum sparking 
potential. Others exclude corona discharges from this category. 
This latter view has been adopted in this book. All discharges 
characterized by a voltage necessary for maintenance less than 
the minimum sparking potential will be classed as arc discharges 
and discussed in the next chapter. Corona discharges have 
already been discussed, and so this chapter will be devoted to 
the glow discharge. Since this type of discharge is usually 
encountered at pressures below atmospheric, the discussion will 
apply particularly to low or moderate gas pressures, unless 
otherwise stated. 

When an increasing voltage is applied to a pair of plane- 
parallel electrodes immersed in a gas, the field distribution 
remains uniform until the sparking potential is reached. With 
the formation of a self-maintaining discharge the current tends to 
increase without limit. Actually, since the positive and negative 
ions have a finite mobility, space charges soon develop and limit 
the current to a value determined partly by the external circuit 
resistance and partly by the voltage drop in the discharge itself. 

The glow discharge itself is very striking in its display of light, 
dark, and colored regions, and at low pressures the difference in 
the appearance of the gas at various points between the electrodes 
becomes very clearly marked (see Fig. 10-1). It has been 
customary to classify the various parts of the discharge according 

^ General references for Chap. X will be found on page 356. 
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to the appearance they present to the observer. This is very 
convenient; for it happens that the various light and dark regions 
have particular physical characteristics of their own, and by 
this method of classification it is easily possible to visualize the 
region under discussion. A typical glow in air in a cylindrical 
glass tube might have the appearance sketched in Fig. 10-2. In 


Cathode 

i 


Anode 




1111 1 


* 11 


Fig. 10-1. —Glow discharge in air at successively lower pressures (top to bottom). 


this figure the parts of the discharge have been labeled, and the 
color that ordinarily appears in air is indicated. Just below the 
sketch of the glow is a diagram (Fig. 10-26) of the potential 
distribution that might be encountered in this typical case, both 
before and after the formation of the self-maintaining glow 
discharge. In Fig. 10-2c the electric-field distribution in the two. 
cases is also represented. From the figure, it is evident that 
there are four principal parts to the discharge. At the cathode, 
we find the cathode, or Crookes, dark space. This is the region 
of most rapidly varying voltage and consequently the region of 
greatest electric intensity. It is not really a dark space in the 
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sense that there is a complete lack of luminosity; for there is 
usually a very thin and velvety glow on the surface of the cathode 
and a very slight glow throughout the whole region (see Fig. 
10-1), but the phenomena taking place in the various parts of the 
cathode dark space are of such similar character that customarily 
the region is not subdivided. 

Next to the cathode dark space is a luminous region usually 
called the cathode or negative glow. This is a region of very 
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Crookes dark space far aday dark space 


Cathode 


First cathode 



foyer-very thin ^negative 
red or yellow 


/Inode glow 
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Fio. 10-2.—Potential and electric intensity distribution in the glow discharge. 


low field strength and consequently practically constant poten¬ 
tial. In some discharges the electric-intensity curve actually 
passes through zero and becomes negative in the negative-glow 
region. Under such conditions the potential curve passes 
through a maximum and drops slightly, and the flow of current is 
for a short distance counter to the direction of the electric field. 

The negative glow fades off into another dark region called the 
Faraday dark space where the intensity and potential curves 
again begin to rise. This, in turn, is followed by another 
luminous region, the positive column, extending all the way to 
the anode. Under some conditions the positive column may be 
striated and may consist of a succession of glowing disks separated 
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by short dark spaces (Fig. 10-1). In the uniform positive column 
the field intensity is quite low and practically constant. The 
voltage curve consequently rises with constant slope as the anode 
is approached. In long tubes the positive column makes up the 
greater part of the discharge; for the space occupied by the 
cathode dark space, negative glow, and Faraday dark space is 
only a few centimeters and is entirely independent of the length 
of the tube. Regardless of this, the positive column seems to be 
the least necessary part of the glow, as far,as maintenance of the 
discharge is concerned. As long as the current is kept constant, 
increasing or decreasing the electrode separation in the tube 

results only in increasing or 
decreasing the length of the posi¬ 
tive column, unless the anode- 
cathode separation is shorter 
than the space ordinarily 
occupied by the other parts of 
the discharge. If the cathode 
is moved about in a large vacuum 
chamber, the anode remaining 
fixed, it is a characteristic of the 
glow discharge that the cathode 
dark space, negative glow, and Faraday dark space move about 
with the cathode while the po.sitive column fills the rest of the 
tube, lengthening and shortening as the anode-cathode separation 
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Fiq. 10-3.—Volt-ampere characteris¬ 
tic of a glow discharge. 


varies. 

We have said in the preceding paragraph that the positive 
column fills the balance of the tube not occupied by the other 
three parts of the discharge. The statement is certainly true at 
the low pressures at which stable glow discharges are usually 
encountered. However, as the gas pressure is increased, a con¬ 
dition is eventually reached when the positive column begins to 
shrink away from the tube walls and occupy a path of small 
radius near the^ axis of the tube. When this occurs, the pressure 
is always found to be high enough and the mean free path of the 
electrons and positive ions short enough for an appreciable 
number of ions to be lost by recombination in the gas before they 
reach the tube walls. 

Figure 10-3 is a sketch of a typical voltage-current curve for a 
glow discharge when the pressure and electrode separation are 
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such that the corresponding value for pd is on the right of the 
minimum of the sparking potential curve (see Fig. 9-4). As the 
voltage between the electrodes is raised, the voltage distribution 
is determined only by the electrode configuration until the 
sparking potential is reached.^ At the sparking potential the 
non-self-maintaining Townsend discharge changes to a self- 
maintaining discharge, and the current begins to increase 
rapidly. Space charges develop because of the low mobility 
of the positive ions formed in the discharge, and a large part of 
the tube voltage appears across the positive space charge forming 
at the cathode surface. With the distortion of the electric field, 
it becomes possible to have a self-maintained discharge at a lower 
voltage than initially; consequently, the voltage drop across the 
tube decreases. As the current continues to increase, the electric 
field becomes more distorted and the voltage necessary to main¬ 
tain the discharge drops still more. This process continues until 
the potential drop across the positive space charge at the cathode 
is approximately equal to the minimum sparking potential of 
the gas. The potential can decrease no further; for, as we shall 
see in the next section, the conditions for a self-maintained dis¬ 
charge must be satisfied in the cathode dark space, and a certain 
minimum potential is necessary for this to occur. 

Ordinarily, the characteristic shown in Fig. 10-3 cannot be 
traced out completely. In most cases the external circuit 
resistance is low enough so that the portion of the curve between 
A and B is traversed very rapidly.^ When the impressed voltage 
reaches the sparking potential, there is a sudden breakdown into 
a glow discharge. When this occurs, the voltage drops and the 
current increases almost instantaneously to the value corre¬ 
sponding to point B. Because of the voltage drop in the other 
parts of the discharge, the voltage ^t B is always somewhat 
higher than the minimum voltage on the sparking potential 
curve. 

If the current is sufficiently small or if the cathode is of suffi¬ 
cient surface area, at B the negative glow will have collapsed and 
will cover only a portion of the cathode surface. Further 

^ Only in the case of large parallel-plate electrodes would the voltage 
distribution be uniform and the field intensity constant. 

* For the effect of circuit resistance on the glow characteristics, see Sec, 
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increases in current will then be accompanied by an increase in 
the area of the cathode covered by the negative glow and a slight 
decrease in tube voltage. This is due* to the fact that although 
the voltage drop across the cathode dark space remains constant 
until the cathode is completely covered by the negative glow, 
the positive column always has a falling volt-ampere character¬ 
istic. When the negative glow completely covers the cathode 
surface, the tube voltage begins to rise again (indicated by C, 
Fig. 10-3), for then the voltage drop across the cathode dark 
space increases rapidly with an increase in current and com¬ 
pletely overshadows the slight voltage decrease that occurs in 
the positive column. 

How is the appearance of the discharge affected by the change 
in current? We have already mentioned that until the point C 
is reached the area of the cathode covered by the negative glow 
increased. However, the appearance of the rest of the discharge 
remains practically the same. When the cathode is completely 
covered, a further increase in current is accompanied by a 
decrease in the thickness of the cathode dark space and an 
increase in the thickness of the negative glow. At the same time 
the positive column gets shorter and brighter, and the Faraday 
dark space thus moves continuously nearer the anode. 

Let us now examine each of these four divisions of the glow 
discharge in more detail. 

10-2. The Cathode, or Crookes, Dark Space. —As was men¬ 
tioned in the preceding section, this region is not strictly a dark 
space as the name implies. It is pervaded throughout by a faint 
luminosity which sometimes becomes brighter as the cathode is 
approached and may develop into a definitely bright region at 
the cathode surface, called the first cathode layer. The differ¬ 
ence in brightness, however, between the cathode dark space 
and the negative glow is so very marked in most gases that there 
is no difficulty in distinguishing its boundary. The boundary 
in oxygen, for ex^ample, is so well marked that it is possible to 
fix its position within a fraction of a millimeter. In other gases, 
the dark space is not so well defined visually, and electrical 
methods must be used to determine the position of the dark-space 
boundary. Since the cathode dark space is the last to disappear 
as the anode-cathode separation in a glow discharge is decreased, 
a method (aside from the visual one) of determining the dark- 
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space thickness would Be to move the anode of the discharge 
closer and closer to the cathode. If this is done, it is found that the 
potential difference required to maintain a given current decreases 
uniformly as the positive column disappears. This corresponds 
to the region AB of Fig. 10-4. Then, if an anode glow is present, 
there is a sudden drop in voltage (B to C) as that disappears. 
Since the Faraday dark space and the negative glow are regions 
of practically constant potential, the electrode voltage remains 
essentially constant as the anode is moved through these regions. 
But when the anode reaches the 
edge of the cathode dark space 
at D, the voltage necessary to 
maintain the discharge rises very 
rapidly; and unless the circuit 
voltage is high the glow is soon 
extinguished. This method fur¬ 
nishes a quite critical determina¬ 
tion of the dark-space thickness. 

The cathode dark space is a 
region of high positive space 
charge. Consequently, we should 
expect the electric intensity in 
the cathode dark space to be nonuniform. Aston^ investi¬ 
gated the field strength near the cathode by sending a beam of 
electrons through the region and observing the deflection of the 
spot produced on a fluorescent screen. He found that the 
distribution was very close to linear, as shown by the solid curve 
in Fig. 10-5. The field strength is very high at the cathode and 
falls to zero at the boundary of the dark space. This, then, is 
another way in which the thickness of the dark space has been 
determined. More recent experiments, making use of spec¬ 
troscopic means to investigate the field distribution near the 
cathode, seem to indicate that, although the electric-intensity 
distribution is approximately linear over most of the dark space, 
it reaches a maximum a short distance from the cathode surface 
and then decreases slightly very much as indicated by the dotted 
curve in Fig. 10-5. It is easy to see from Fig. 10-6 that the 
maximum field strength in the cathode dark space is not the ratio 
of the fall in potential across the dark space to the length of the 
iProc, Roy. Soc. (London), A84, 626«636, 1911, 



<£■ Electrode separation,mm. 


Fio. 10-4.—Effect of electrode 
separation on the voltage drop in 
the glow. (A. OurUherachxdzet Z, 
Phyaik, 30, 176, 1924.) 
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dark space as is sometimes stated in discussions of glow dis¬ 
charges. Actually, the maximum field strength is approximately 
twice that value and occurs right at, or close to, the cathode 
surface. One must not make the mistake, however, of supposing 
that it is the high field pulling electrons from the cathode that 
initiates or maintains the discharge. The maximum field 
strengths encountered (10^ to 4 X 10^ volts/m. depending upon 
the pressure) are far short of the values necessary for such an 
explanation. One must look farther than that for a possible 
explanation of the maintenance of the glow. 

Three experimental facts stand out in 
any investigation of conditions in the 
cathode dark space: 

1. The cathode dark space is the 
most important part of the glow dis¬ 
charge. The discharge can exist with¬ 
out a positive column, Faraday dark 
space, or negative glow; but it cannot 
exist without a cathode dark space. 
When the electrodes are moved closer 
together than the normal thickness of 
the cathode dark’ space, the voltage necessary to maintain the 
discharge rises very rapidly. 

2. The lowest values of cathode fall occur, ill any gas, with 
cathode materials that most readily emit electrons. Thus, it is 
possible to have ratios of 2 or 3 to 1 between the values for such 
metals as platinum and potassium. In general, the alkali and 
alkaline earth metals are associated with the lowest cathode falls. 

3. With any metal the lowest values of cathode fall occur with 
the lighter of the noble gases. The most favorable combination 
of all for bringing down the cathode fall would be the use of 
helium, neon, or argon with an alkali metal. In such a case, it is 
possible to have a value of cathode fall of as little as 64 volts, 
whereas with ^uch a combination as air and platinum or iron 
the cathode fall may exceed 400 volts. 

These facts suggest a possible mechanism for the maintenance 
of the glow. Since the glow is a self-maintaining discharge and 
needs only the presence of a cathode dark space in order to be 
maintained, the conditions necessary for a self-maintaining 
discharge must be satisfied- in the cathode dark space. This 


Cathode 


Edge of 
cathode 
dark space 



Distance from cathode 
Fig. 10-5.—Electric-in¬ 
tensity distribution in the 
cathode dark space. 
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means that, if we adopt the mechanism for a self-maintaining 
discharge that was presented in Sec. 8-5, each electron leaving 
the cathode must initiate enough ionizing processes in crossing 
the dark space so that the positive ions so formed, in returning 
to the cathode, are sufficient or possess enough energy to liberate 
another electron. On this basis, then, since the work function 
of a metal is the work required to extract an electron from the 
metal, we should expect that, on the average, with metals of 
high work function more positive-ion impacts would be necessary 
to eject an electron than with low-work-function materials. 
If a large number of positive ions are necessary to produce a 
secondary electron, the electron must in turn produce a large 
number of positive ions by collision in the dark space in-order 
to have the discharge maintained. All this involves a large 
expenditure of energy and consequently a large cathode fall of 
potential. On the other hand, a material of low work function 
would yield a secondary electron after fewer collisions of positive 
ions, and this electron would have to produce fewer ionizing 
collisions in the dark space in order to keep the discharge going. 
In this case, we should expect a low cathode fall of potential. 
Thus we see that, in any given gas, the cathode fall should be 
roughly proportional to the work function of the cathode mate¬ 
rial. That this is so, at least in a qualitative way, can be seen 
from Table 10-1 below in which the normal cathode fall of poten- 


Table 10-1 


Cathode material 

Work 
function (t> 
of cathode 
material, 
volts 

Calculated 
cathode fall 
Vn = 57.35<^» 

Experimental 
value of 
cathode fall 

Magnesium. 

2.7 

155 

153 

Aluminum. 

3.0 

172 

170 

Zinc. 

3.4 

195 

184 

Tin. 

3.8 

218 

226 

Silver. 

4.1 

235 

216 

Carbbn... 

4.34 

249 

280 



tial with several different cathode materials in hydrogen is 
compared with the value calculated on the basis of a direct pro- 
p6«rtionality between the cathode fall and the work function of 
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the cathode material. Obviously, this proportionality does not 
hold true in the case of all cathode materials, but there is a general 
correspondence between the work function and the normal 
cathode fall of potential. The discrepancies that occur are 
partly due to uncertainties in the experimental values of the 
work function and the normal cathode fall of potential and partly 

due to the fact that the actual ionizing 
and deionizing processes active are 
probably much more complex than 
the approximate ^ theory outlined 
above would seem to indicate. As 
we shall see a little later, the cathode 
fall can vary over quite wide limits 
when even very slight amounts of 
impurities are present in the 
discharge. 

The effect of various gases on the 
cathode fall is also evident when we 
compare the ionizing ability of the 
electrons in the various gases. 
Figure 8-9 gives us a hint of this. 
Since over a large portion of the dark 
space, and especially near the bound¬ 
ary of the negative glow where most 
of the ionization occurs, F/p has a 
value leos than 10^ F/tm, mm. Hg, a /v 
is considerably higher in argon and 
helium than in air or hydrogen. This 
situation is true for all the noble 
gases. Furthermore, since these 
gases all have important metastable states, it is possible that 
these long-lived excited atoms produce an appreciable fraction 
of the secondary electrons by collisions with the cathode. These 
factors would fdl tend to reduce the cathode fall in the noble gases; 
for with an easily ionized gas or with a high probability of the 
presence of metastable states, less energy need be expended 
in producing enough ionization so that the discharge can be 
maintained. 

The dependence of the normal cathode fall of potential on 
electrode material and type of gas used is illustrated by the 



Impurity, per cent 


Fio. 10-6.—Effect of impuri¬ 
ties on the normal cathode fall 
of potentiaL (Ji. QurUher- 
$ehulzet Z. Phynk, 81, 60, 
1024.) 
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following table. As was mentioned before, the values in this 
table cannot be taken as accurate; for, in any case, there are 
many factors that may enter to cause the results to be slightly in 
error. The effect of impurities in the gas might l^e taken as an 
illustration. Figure 10-6 shows the wide limits through which 
the cathode fall may vary when even slight amounts of an 


Table 10-2. —Normal Cathode Fall, Volts, in Various Gases* 



♦General reference 10-3, p. 103; M. Steenbbck, MOlleb-Pouillbt, " Lehrbuch dcr 
Physik,” Vol. IV. Part 3, p. 406., Friedrich Vieweg A Sohn, Brunswick, Germany, 1933. 


impurity are present. In the case of a mercury discharge, the 
presence of even 1 or 2 per cent of oxygen will raise the cathode 
fall from about 450 volts to over 600 volts even though the 
cathode fall in oxygen Ls less than in pure mercury vapor. In 
other cases, such as with, hydrogen in a mercury-vapor tube, the 
cathode fall is lowered by the addition of the impurity. Although 
there is some evidence th at the gas reacts with the metal of the 
cathode to form complex compounds which alter the cathode fall, 
there seems to be no set rule governing the effect of mixtures of 
gases on the cathode fall of potential. This is unfortunate, for 
the problem of determining the factors influencing the cathode 
fall of potential is of considerable practical importance now that 
glow discharges are being extensively used for many engineering 
applications. 
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Up to now, we have been tacitly assuming in this discussion 
that we were dealing with a cathode dark space in the normal 
condition. We have called the cathode fall the normal cathode 
fall and the length of the dark space the normal thickness of the 
dark space. Now, what is meant by a normal cathode fall as 
differentiated from an abnormal cathode fall? These names are 
rather ambiguous, for there is nothing particularly normal or 
abnormal about the glow discharge. The terms were merely 
applied to two different conditions in the cathode dark space. 
In discussing Fig. 10-3, we pointed out that if the current in the 
glow discharge is sufficiently small (corresponding to point Bj 
for example) the cathode will be incompletely covered by the 
negative glow. As the current is increased, however, the area 
of the cathode covered by the negative glow increases and the 
cathode-dark-space thickness remains constant until the cathode 
is completely covered by the negative glow (at C, for example). 
Then any further increase in current causes the thickness of the 
dark space to decrease and the voltage across the tube to rise 
rapidly. We say that a normal discharge exists between B and 
C when the cathode is incompletely covered by the negative glow, 
but between C and D we have an abnormal discharge. 

In the condition for a normal discharge the area of the cathode 
covered by the glow increases directly with the current so that 
the current density'remains constant. Its value is called the 
noi'mal current density. The thickness of the cathode dark space 
and its potential drop are also constant with increasing current; 
they are called, respectively, the normal cathode-dark-space 
thickness and the normal cathode fall. The latter has a value 
approximately equal to the minimum sparking potential and is 
independent of the pressure. The normal cathode-dark-space 
thickness is related to the pressure in a way that reminds one very 
much of Paschen's law, namely, 

pdn = constant (10-1) 

* 

The constant in Eq. (10-1) is also very nearly equal to the value 
of pd corresponding to the minimum on the sparking-potential 
curve. This is a further verification of the statement that the 
conditions necessary for a self-maintained discharge must be 
satisfied in the cathode dark space. In general, dn represents a 
distance of between 10 and 20 electron mean free paths; depend¬ 
ing upon the kind of gas and cathode material. 
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As shown in Eq. (10-2) the normal current density is propor¬ 
tional to the square of the pressure. 


Jn = Kv^ 


( 10 - 2 ) 


Here K is the constant of proportionality. If we consider the gas 
density to be directly proportional to the pressure, Eq. (10-2) is 
in agreement with an extension of the law of similitude, discussed 
in Sec. 9-5. Thus, we can say that in two geometrically similar 
systems, when the pressure is increased in proportion to the 
decrease in linear dimensions, not only is the sparking potential 
the same, but with a given potential difference between electrodes 
the current that flows is the same. That Eq. (10-2) is in agree¬ 
ment with this principle is evident when we consider that a 
decrease in all the linear dimensions of a discharge tube in pro¬ 
portion to the increase in pressure involves an increase in the 
current per unit area in proportion to the square of the pressure 
if the total current is to remain constant. 

After the current has been raised to a point where the cathode 
is completely covered and we pass into the state of an abnormal 
discharge, the cathode fall increa.ses very rapidly with increase 
of current or decrease of pressure. The thickness of the dark 
space, on the other hand, decreases with the increavSe in current 
or pressure. Experimentally, the abnormal cathode voltage 
drop and dark-space thickness have been found to follow quite 
closely the relations 


da "T" /-y 

V VTa 


= C + 


DVT. 


(10-3) 

(10-4) 


In these expressions, Va is the abnormal cathode fall of potential 
in volts, da is the abnormal dark-space thickness in meters, Ja is 
the abnormal current density in amperes per square meter, p is 
the pressure in millimeters of mercury, and A, J3, C, and D are 
constants. The order of magnitude of these constants can be 
ascertained from the fact that in the case of a hydrogen discharge 
with aluminum electrodes the values of A, jB, C, and D are approxi¬ 
mately 0.0023, 0.004, 144, and 2.55, respectively.^ It is worth 
noting again at this time that, since the experimental conditions 
^ Slbpian, J., and R. C. Mason, Elec, Eng.y 63, 515, 1934, 
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under which any of these constants are derived are extremely diffi¬ 
cult to reproduce, the constants and the equations to which they 



/.cimDs.(Areci=IO''^ m^) 
Fig. 10-7.—Dependence of 
cathode fall on current (neon 
dischaige—iron cathode). {De~ 
lived from data of A. Gunther- 
schulze, Z, Physik, 59, 433, 1930.) 


refer can be taken only as indicative 
of general trends. Consequently, 
they will give only approximate 
values for any of the variables. 

Figures 10-7, 10-8, and 10-9 show 
the dependence of the abnormal 
cathode fall of potential on the gas 
pressure and,the current as deter¬ 
mined experimentally for a dis¬ 
charge between iron electrodes in 
neon. The horizontal portions of 
the curves in Figs. 10-7 and 10-8 and 
the small circle in Fig. 10-9 corre¬ 
spond to conditions in the normal 
cathode dark space. 


Before leaving the discussion of this part of the discharge, it 
may be well to review briefly the principal facts gained from our 


survey. The -cathode, or 
Crookes, dark space is the 
most important part of the 
glow discharge, for all other 
parts of the discharge depend 
upon it for their maintenance. 
The discharge as a whole is 
self-maintaining, with a volt¬ 
age greater than the minimum 
sparking potential. A single 
electron leaving the cathode 
makes enough ionizing colli¬ 
sions in passing through the 
dark space so that all the 
positive ions for which it is 
responsible, bo€h directly and 
indirectly, will, in falling into 
the cathode, produce another 
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Fio. 10-8.—Dependence of cathode 
fall on pressure (neon discharge—iron 
cathode). (Loc. cUJ) 


electron and thus keep the discharge going. The voltage 


necessary to maintain the process of electron generation by 

secondary emission from the cathode is approximately equal 
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to the minimum sparking potential and over a wide range is 
independent of electrode separation, current density, and pres¬ 
sure, depending only on electrode material and the nature of the 
gas. However, when the total current becomes so large that the 
cathode is completely covered with the negative glow, the voltage 
drop across the cathode dark space increases rapidly. Just as 
Vn is constant, so is dn, the thickness of the cathode dark space, 
until the cathode is completely covered with the negative glow, 
and then it decreases with a 
further increase of current. 

10-3. The Negative Glow and 
the Faraday Dark Space.-r-As 
shown in Fig. 10-2 the negative 
glow is that luminous portion of 
the glow discharge adjacent to 
the cathode dark space. It 
usually has a distinct boundary 
only on the side toward the 
cathode. On the anode side, it 
fades off gradually into the void 
of the Faraday dark space. Since 
there is no sharp line of demarca¬ 
tion and since the phenomena 
encountered in these two regions are so closely related, it is 
convenient to discuss them together. 

In the last section, it was shown that the conditions necessary 
for a self-maintaining discharge are satisfied in the cathode dark 
space. The electrons from the cathode, however, do not lose all 
their energy in ionizing collisions in the dark space. When they 
leave, they still possess sufficient energy for an appreciable 
amount of ionization and excitation. This, then, suggests an 
explanation for the dependence of the length of the negative glow 
on the gas pressure and the cathode fall of potential. Since the 
length of the negative glow increases as the pressure decreases 
and as the cathode fall increases in an abnormal discharge, it 
must be dependent upon the distance the high-speed electrons 
coming from the cathode can travel before losing so much energy 
that they have not enough left to produce either ionization 
or excitation. Beyond this point, in the Faraday dark 
space, they have very little energy; and the current must be 
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Fig. 10-9. —Dependence of cath¬ 
ode fall on current density and 
pressure (neon discharge—iron 
cathode). (Loc. cii.) 
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carried by the diffusion of electrons from regions nearer the 
cathode. 

In the region of the negative glow and the Faraday dark space, 
the space potential is practically constant and in many dis¬ 
charges actually decreases slightly. Since the electric intensity 
is given by the gradient of the space potential, this would imply 
that over a portion of the region in some discharges the electric 
intensity is actually in such a direction as to retard the flow of 
electrons toward the anode. This situation is illustrated in a 
somewhat exaggerated form in Fig. 10-10 where the abscissas 



Fig. 10-10. —Variation of ion density in the negative glow and Faraday dark 

space. 


represent distance as measured from the cathode. Under the 
circumstances illustrated in the figure a current is possible 
through the tub§ only if the electrons can diffuse against the 
electric field in the region MN. This in itself suggests that the 
density of electrons in the negative glow is very large. Measure¬ 
ments of the electron density in the negative glow by means of 
probes have verified this. Equation (6-30), however, tells us 
that in any space-charge region 


d^E 

dx^ 


P 

€ 


(6-30) 


or that, since F = —dEldx, 




(6-30a) 


Therefore, since p is the net space-charge density and dFjdx is 
small in the negative glow, the density of positive ions must be 
nearly the same as the density of electrons, as indicated in Fig. 
10-10. According to Eq. (6-30a) the density of positive ions 
should exceed the density of electrons throughout the cathode 
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dark space; but in the negative glow they should be approxi¬ 
mately equal, and in the Faraday dark space there should be* a 
net negative space charge. There is no abrupt change in the 
density of either positive ions, A^^_, or negative ions, on passing 
from the Faraday dark space into the positive column. The 
densities simply decrease and approach equality. 

A qualitative explanation of the high densities of positive 
and negative ions in this region is evident when we consider that 
the ionizing ability of electrons is relatively large even when 
they have energies of the order of 20 or 30 volts (see Fig. 8-4) 
and their maximum ionizing ability occurs in the range between 
50 and 150 volts. Thus, even though the energy of the electrons 
leaving the cathode dark space is only a fraction of the energy 
that an electron would have after traversing the whole cathode 
dark space without collisions, it is still large enough for the 
electrons to produce considerable ionization by collision in the 
negative glow. Furthermore, the field strength in the negative 
glow and the Faraday dark space is very low; consequently, there 
is no reason for the ionization to disappear except by diffusion 
or recombination. Since most of the negative ions present are 
free electrons, recombination is relatively unimportant as a 
deionizing agent (see Sec. 7-3). Thus, the ion density builds 
up until the loss in ionization by diffusion is essentially equal to 
the rate of production of ions. 

10-4. The Uniform Positive Column,—The positive column in 
any discharge is independent of the phenomena occurring at the 
cathode as long as it is continually supplied with electrons. It is 
the least important part of the discharge, and yet the most 
spectacular, occupying all the discharge space except a narrow 
region near the cathode and giving the discharge its characteristic 
display of color. Since the width of the cathode dark space, 
negative glow, and Faraday dark space is determined, in general, 
by the mean free path of the electrons (t.6., by the conditions 
necessary for a self-maintaining discharge and by the distance 
that the electrons from the cathode travel before losing all their 
energy), the positive column fills most of a long discharge tube; 
and if the anode-cathode spacing is lengthened or shortei^ed, it is 
the positive column that suffers the change. The positive 
column behaves more like a pure resistance, at least as far as 
variations in length are concerned, than any other part of the 
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discharge or than any other discharge, for that matter. As is 
e\adent from Figs. 10-2 and 10-10, the voltage gradient in the 
positive column is practically constant. Thus, since the space- 
charge density is given by 



we can see that the net space charge is essentially zero throughout 
the uniform positive column. This means that, although the 
density of electrons in the positive column usually exceeds 
10^^ per cu. m., there must be an approximately equal number of 
positive ions per unit volume. The characteristics of the posi¬ 
tive column of any discharge (glow or arc) are essentially the 
same. However, we shall divide the various discharges into two 
general classes, namely, low'-pressure small-current discharges 
and high-pressure high-current discharges. Only the former will 
be discussed at this time. A discussion of the latter class will be 
postponed until the next chapter. 

Most of the current in the positive column is carried by elec¬ 
trons, for their average velocity and mobility are much greater 
than those of the positive ions even when no electric field is 
present. A positive column, however, cannot exist without a 
slight potential gradient; for, in the positive column, there is a 
continual loss of ^Jectrons, and only a sufficient number are 
regenerated to supply the current necessary for the discharge. 
The loss of electrons occurs principally by diffusion from the 
center of the discharge, where the greatest density of electrons 
exists, to the cooler gas around the positive column or to the walls 
of the vessel. At low pressures the electron mean free path is 
long, and the discharge tends to fill the whole tube; but at high 
pressures the discharge may be confined to a small channel down 
the center of the tube. At the walls or in the cool gas, recom¬ 
bination occurs between the electrons and the positive ions. 
Diffusion is not the only mechanism, however, by which electrons 
are lost from the discharge path. The electrons may combine 
with neutral molecules to form negative ions which, in turn, can 
easily recombine with positive ions; or the electrons may com¬ 
bine directly with positive ions to form neutral atoms. Diffusion, 
however, is by far the most important process. Energy must be 
continually supplied to the gas not only to regenerate these lost 
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electrons, but also to accelerate those primary electrons which 
lose energy in ionizing, in exciting luminosity, or in any kind of 
inelastic collision. Thus, a certain potential gradient is always 
necessary in the positive column. 

Because of the high speed and the long mean free path of the 
electrons compared with the positive ions, the insulating walls of 
the confining vessel soon become charged negatively with respect 
to the gas in the tube. The potential of the wall, however, 
ultimately adjusts itself—attracting positive ions and repelling 
electrons—until equal numbers of the two kinds of ion come up 
to it. Under that condition, the resultant current to the wall is 
zero, as it must be bccause.thc wall is insulating. The gas space 


itself cannot acquire either a positive 
or a negative space charge, for if it 
did it would immediately attract 
ions of the other sign until the space 
charge was neutralized. Because of 
the fact that the walls of the tube 
beuome charged negatively, the 
equipotential surfaces are not planes 


Cofihode Anode —>■ 



Fig. 10-11. —Equipotential sur¬ 
faces in the uniform positive 
column. 


perpendicular to the axis of the tube but rather parabolalike sur¬ 


faces with their convex side toward the cathode, as indicated in 


Fig. 10-11. It is interesting to note that the end of the positive 
column next to the Faraday dark space in most glow discharges 
conforms to the shape of one of these equipotential surfaces. 


We are now in a position to determine the relationship between the 
ordinary coefficient of diffusion of electrons and positive ions and the 
so-called ambipolar coefficient of diffusion which must be applied to calcu¬ 
lations of the radial motion of ions when an electric field accelerates the 
positive ions toward the wall and retards the electrons. This is the coeffi¬ 
cient of diffusion that was used in the problem at the end of Sec. 7-2, and it 
is the coefficient of diffusion that must be used for computing the radial loss 
of ionization in the positive column of the glow.^ 

In the positive colunn there will be a general motion of ions in a radial 
durection due to two separate causes. In the first place, the concentration 
gradient itself will cause a diffusion of ions toward the walls; in the second 
place, since the potential distribution la as indicated in Fig. 10-11, there will 
be a motion of ions toward (or away from) the wall due to the radial com¬ 
ponent of the electric field. Combining these two effects and recalling 

iThis derivation follows that given in general reference 10-3, Vol. I, 

p. 199. 
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Eqs. (7-1) and (7-18), we see that the net number of positive ions per second 
moving across a given small (unit) area parallel to the walls is given by 

= -D+^ + N^K^r (10-6) 

where N+ is the density of positive ions, is the average drift velocity of 
the positive ions in a radial direction, D+ is the coefficient of diffusion for 
positive ions, K+ is the mobility of the positive ions, and Fr is the radial 
component of the electric intensity. An equation exactly like Eq. (10-5) 
can be written for the electrons, as follows: 






But we know from experiment that the density of positive ions in the 
positive column is the same as the density of electrons and that in the 
steady-state condition the average velocity of the two kinds of ion in 
the radial direction is also the same. Therefore, we can write 

N+ ^ ^ N 

and 

F.^ = F- = F 

Now, by combining Eqs. (10-5) and (10-6) so as to eliminate Fr and making 
the substitutions- indicated above, we see that for either kind of ionization 

‘ ^ A+ -f dr 

Thus, we can say by analogy with Eq. (7-18) that the ambipolar coefficient 
of diffusion is given by 

D. = ( 10 - 8 ) 

For most problems, this can be put in a somewhat simpler form^ for, 
approximately, 

K _ g.X/r»C _ 39. 


This follows from Eqs. (7-13) and (7-23) when we consider that the radial 
field strength is very low and when we neglect the small correction factors. 
But since iwC* == (l)/cT, we see that 


K 

D kT 


(10-10) 


Thus, we can rewrite Eq. (10-8) as follows; 


Z>+Z)_ 


• \kT^ ^ kTj 


(10-8a) 
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When we are considering the motions of electrons and positive ions, how¬ 
ever, we always find that T^ '> '> T^ and iC- > > K^, Therefore, Eq. 
(10-8a) can be simplified to 



or, in view of Eq. (10-10), 

D. = (10-11) 

Thus, the ambipolar coefficient of diffusion is essentially equal to the 
coefficient of diffusion of the electrons multiplied by the ratio of the mobility 
of the positive ions to that of the electrons. 

The size of the discharge tube will naturally affect the potential 
gradient in the positive column greatly, 
end of Sec. 7-2 indicated, the number 
of ions produced per unit volume must 
be increased as the walls are brought 
closer together if the total ionization in 
the . positive column is to remain con¬ 
stant and if the current through the 
tube is to remain constant. This means 
that since ionization by collision is the 
only source of ions the potential gradient 
in the positive column must be increased 
as the tube radius is decreased. Figure 
10-12 shows the experimental results 
obtained in helium with a tube current 
density of 140 amp./sq. m. The strong 
dependence of the positive-column 
gradient on tube radius is evident from the figure. 

Figures 10-13 and 10-14 show the variation in the positive- 
column gradient with the current through the tube and the pres¬ 
sure in the tube, respectively. The falling voltage-current 
characteristic illustrated in Fig. 10-13 for an argon discharge is 
typical of all positive columns. It is this property of having a 
negative dynamic resistance that makes the glow discharge useful 
in many circuit applications, particularly those involving the 
production of sustained oscillations (see Sec. 10-9). It also 
makes it possible to devise tubes, such as voltage-regulator tubes, 
that have practically a constant voltage drop as long as the 
current stays within certain limits; for by proper design the 


As the problem at the 

1800 
1600 
.1400 

E 1200 

Q.I000 

I 800 
> 600 
^ 400 
200 
0 

0 0.02 0.04 0.06 

r, meters 

Fig. 10-12.—Variation of 
positive-column gradient 
with tube diameter. (J.. 
Lompe and R. Seeliger, Ann. 
Physik, 15, 300, 1932.) 
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increase in voltage drop at the cathode, as the current increases in 
the range of an abnormal discharge, can be just compensated by 
the decrease in voltage drop in the positive column. Figure 
10-14 which was obtained from data for an argon discharge with 

several different tube currents shows 
that, except for small values of tube 
current, the voltage gradient in¬ 
creases only slightly as the pressure 
increases. 

Although enough is now known 
about the ionizing and deionizing 
processes active in the positive 
column to predict its characteristics 
almost exactly,^ it is beyond the 
scope of this volume to go into these 
calculations. We can, however, 
justify the curves in Figs. 10-13 and 
10-14 in a very approximate and 
qualitative manner. If the efficiency of ionization remained con¬ 
stant, we might expect the positive-column gradient to be sub¬ 
stantially constant with varying current; for the increase in ion 
density will be approximately proportional to the increase in 



50 100150 200 250300350400 
I, ma. 

Fiq. 10-13.—Dependence of 
positive-column gradient on cur¬ 
rent. (Loc. cit.) 



current; therefore, it is evident 

that the ion density does not hav6 to increase in proportion to the 
increase in current in order to maintain an equilibrium condition. 

The dependence of the voltage gradient on the pressure can be 
justified in a similar manner. Since the energy input to the 
positive column per unit volume per second is FJ and since 


^See general reference 10-3, pp. 82-92, or general reference 10-4, pp. 
588-696. 
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j = Nq? - NqKF 

we see that the energy input is directly proportional to the 
mobility of the ions. On the other hand, the energy lost from 
the positive column is directly proportional to the coefficient 
of diffusion of the ions, for most of the ions disappear by diffusing 
to the walls.^ In equilibrium the energy input must equal the 
energy loss. But both the coefficient of diffusion and the 
mobility (with low field strengths) are proportional to the mean 
free path of the electrons and hence inversely proportional to 
the pressure. Thus, both the energy input and the energy lost 
from the positive column are proportional to 1/p; and since J 
itself is proportional to 1/p, we should expect the voltage gradient 
F to be independent of the pressure as long as the efficiency of 
ionization remains constant. This is essentially true, as Fig. 
10-14 shows. Actually, however, as the pressure is decreased 
the electrons gain more energy over each free path, and their 
efficiency for ionization increases. Thus, we should expect a 
decrease in the voltage gradient with a decrease in pressure. 
This is also in agreement with Fig. 10-14. 

Experiments indicate that, except for its effect on the ion 
density and the consequent loss of ions by diffusion, the 
temperature of the positive column has little effect on its char¬ 
acteristics. Actually, it is very difficult to control the temperature 
of the gas in the positive column by external means. Refer¬ 
ence to Eq. (7-10) (Sec. 7-1) indicates that because of the small 
mass of the electrons their average energy will correspond to an 
enormously high temperature even when the field strength is 
only a few volts per meter. Since it is the electrons that carry 
most of the current in the positive column, even quite large 
changes in tube temperature will affect the electron energies only 
slightly. The temperature of the gas in a glow tube is deter¬ 
mined principally by the current density in the tube. Experi¬ 
ments indicate that with currents less than 100 ma. in tubes of 
1 or 2 cm. diameter the gas temperature probably does not exceed 
about 200°C.; but, with currents of 1 or 2 amp., the temperature 
may reach 1200°C. even when the tube diameter is as large as 
3 or 4 cm. 

* Each positive ion carries Ei e.v. of energy plus its kinetic energy to the 
walls, while the energy carried by each free electron is of the order of 
[see Eq. (7-8)]. 
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Most of the energy input to the positive column appears as 
heat at the walls. Angstrom estimated from measurements with 
a bolometer that in a nitrogen discharge less than 8 per cent of 
the energy input is radiated in the form of light. Even with 
eflSciencies of this order the glow discharge is several times as 
eflBcient a light source as a tungsten-filament lamp. Recently 
the efficiency of glow discharges as light sources has been increased 
by coating the inside of the discharge tube with materials that 
fluoresce and thus convert radiant energy of frequencies outside 
the visual range into visible light. 

Although there are many methods for deterihining the poten¬ 
tial gradient in the positive column, one of the simplest is by the 




iron 


Fia. 10-15.—Tube for determining the positive-column gradient. 


use of two probes projecting into the discharge. Figure 10-15 
shows a typical arrangement in which the two electrodes are 
rigidly joined by means of an insulator and can be moved relative 
to the two probes by a magnet acting on a piece of soft iron 
attached to the ensemble. Since it is the difference of potential 
between two probes close together that is measured, many of the 
errors that occur in the use of a single probe would cancel. How¬ 
ever, the use of a single probe has the advantage that by a suit¬ 
able interpretation of the results obtained not only the potential 
gradient but the potential of the space and the electron tempera¬ 
ture (i.e., r.m.s. velocity of the electrons) and the ion density can 
also be determined. 

10-6. The Striated Positive Column. —In not all cases are the 
positive column and its gradient uniform. Sometimes the 
column is broken up into regularly repeated bands or striations 
of alternate light and darkness. *In such a positive column, 
usually spoken of as striated, the distance between successive 
striations depends on the pressure of the gas, the current density, 
the diaimeter of the discharge tube, and the nature of the gas. 
Striations are to be seen only within somewhat narrow limits of 
pressure and current. They are always convex toward the 
cathode, the surface of the striation being a surface of equal 
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potential Electric charges on the walls will, of course, affect the 
shape of the striations. The striations may not always be 
steady but may wander about in the tube. When this wandering 
becomes very rapid, it may give an appearance of uniformity to 
the positive column that does not actually exist. Viewing the 
discharge in a rotating mirror or through a stroboscope reveals 
the rapidly moving striations. One remarkable feature about 
striations is that they do not seem to be produced readily in very 
pure gases. Thus, in pure nitrogen, they have never been 
observed; but, on the other hand, by way of exception, they have 
never been eliminated from even the purest hydrogen. 

Figure 10-16 shows the variation in electric intensity and 
potential throughout a striated discharge. The dotted curve 
represents the intensity of the light Cathode Anode 

along the discharge. It will be 
noticed that bright parts of stria- | 
tions are accompanied by maxi¬ 
mum electric intensity and dark |j( Positive column 
regions by minimum electric 
intensity. In many cases the 

variation of electric intensity is ^ ^ cathode 

. Fig. 10-16.—Variation of poten- 

much more marked than is shown tial and electric intensity in a 
in Fig. 10-16. Often the electric PositWe column, 

intensity approaches zero and in some cases, even, is slightly 
negative at the cathode side of the striation. Since the 
electric intensity is the gradient of the space potential. Fig. 10-16 
shows that the space potential need not fluctuate a great deal 
in ojder to produce large changes in the electric intensity. 

Because the voltage drop between striations is usually close 
to the ionization potential or first critical potential of the gas, 
attempts have been made to explain the striations as a resonance 
phenomenon caused by large numbers of electrons moving with 
approximately equal energies. The argument is essentially as 
follows: The various dark and light regions correspond to repeti¬ 
tions of the Faraday dark space and the head of the positive 
column. Since the voltage drop across a dark space is approxi¬ 
mately equal to the first critical potential of the gas, the electrons 
must all start with approximately zero energy a’t the cathode edge 
of the dark space and gain energy uniformly from the electric 
field. When they have an energy about equal to the first critical 
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potential, they can begin to produce excitation. This is where 
the glow starts. A little later, they have enough energy to 
produce ionization; but, in ionizing, they lose practically all their 
energy and cajinot then even produce excitation. They must 
then start over again and gain energy from the electric field. 
Thus the whole cycle is repeated. Support for this theory is 
found in the fact that throughout the gaps between striations 
there is a negative space charge, whereas in the glows the space 
charge is practically zero and may even be slightly positive on 
the anode side of the glows. 

The absence of striations from discharges in very pure gases 
has been ascribed to the presence of large numbers of metastable 
atoms which disperse the electrons and break up the uniformity 
of the discharge conditions. Slight amounts of an impurity in 
the gas will give the metastable atoms an opportunity to lose 
their energy in exciting or ionizing collisions with the molecules 
of the impurity without greatly disturbing the discharge. The 
absence of striations from some glows may also be due to the fact 
that the positive ions formed in the gas move toward the cathode 
and tend to wipe out the irregularities produced by the electrons. 
Actually, stationary striations are the exception rather than the 
rule in the positive column, and it is only under exceptional cir¬ 
cumstances that they can be maintained. 

Moving striatio/is cannot be explained so simply. It seems 
now that they are due to, or closely related to, so-called plasma”^ 
oscillations. Thomson^ has shown that potential waves can 
easily be propagated through a highly ionized region of low 
space charge, such as the positive column of the glow. We now 
know, principally through the works of Penning® and Tonks,^ 
that waves or oscillations of this sort can also originate in highly 
ionized (plasma) regions when energy is continuously supplied. 
Since the frequency of these oscillations may be as high as 10* 
cycles/sec., it is quite easy to understand why they escaped 
notice for so long. It is not beyond reason that even the sta- 

^ Any highly ionized region in which the electric intensity and net space 
charge are small has come to be called a plasma (see Sec. 10-6). 

* General reference 10-1, pp. 353-358. 

" Nature^ 118, 301, 1926; Physica, 6, 241, 1926. 

* Tonks, L., and I. Langmuir, Phya, Rev.j 83, 195, 980,1929. Tonks, L., 
Phys, Rev.f 87> 1459, 1931. Gutton, H., Ann, Phyaikj 18, 62, 1930. 
Gutton, C., Ann, Phyaiky 14, 5, 1930. 
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tionary striations may be due to plasma oscillations of such a 
character that standing waves arc set up in the positive column, 
the wave length corresponding to the distance between striations. 

10-6. Determination of Positive-column Characteristics.—The 
development of a method for the determination of the character¬ 
istics of the electrons and positive ions in the positive column is 
due primarily to the work of Langmuir and Mott-Smith. In 
1923, they developed methods by means of which it was possible 
to interpret the voltage-current curves of small probes placed in 
the discharge and to determine from them not only the space 
potential but also the average energy and average density of the 
electrons and positive ions. 

Probe methods have long been in use for determining the 
potential distribution in a conducting medium, and in the case of 
solid or liquid conductors the results obtained have been quite 
accurate. In those cases (see Sec. 2-6) the primary requisite of a 
probe measurement, namely, that the introduction of the probe 
into the conducting medium must not alter the potential dis¬ 
tribution, was attained when the prob(' current was zero. How¬ 
ever, attempts to determine the potential distribution throughout 
the space of a gaseous conductor by th(' same means failed. 
Until Langmuir and Mott-Smith in 1923^ developed the proper 
procedure, probe measurements could be interpreted as giving 
only a very approximate value to the potentials in an ionized gas 
space; Le., the actual space potential might differ from the 
potential of a probe cariying zero current by as much as 6 or 8 
volts. 

It is easy to see now why these measurements failed to give 
the space potential. When the probe current is zero, it is 
collecting equal numbers of positive ions and electrons. But 
because of their small mass, th(^ eh'ctrons have a much higher 
velocity than the positive ions even when their average energies 
are the same. Thus, they will diffuse much faster and soon 
charge the probe to such a negative potential that positive ions 
are drawn in as fast as the electrons. In this condition the probe 
acts the same as any of the insulating walls (see Sec. 10-4). 
Although it satisfies the conditions that it must not alter the 
potential distribution in the discharge, its potential is not the 

^Qen. Elec. Rev., 26, 731, 1923; 27, 449, 538, 616, 762, 810, 1924; /. 
Franklin Inal., 196, 751, 1923; Phys. Rev., 28, 727, 1928. 
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same as the space potential. The method of Langmuir and 
Mott-Smith makes it possible to use a probe to determine the 
space potential and in addition the average energy and density 
of the positive ions and electrons. However, the method can 
be applied only to highly ionized regions, such as the positive 
column of a glow or arc discharge, where the average density of 
electrons and positive ions is approximately equal and exceeds 
10'^ per cu. m. In these so-called plasma regions the velocity 

distribution of both the positive ions 
and the electrons is essentially 
Maxwelliail. 

Let us suppose that a small plane 
electrode is maintained in the positive 
column of a glow discharge at a 
potential of 20 or 30 volts negative 
with respect to the space about it. 
Because of its potential, electrons will 
be repelled by the probe, leaving a 
sheath of positive ions adjacent to 
the electrode. The sheath thickness 
will adjust itself so that the positive 
ions composing it will just balance 
the effect of the negative potential 
on the probe. In this condition the 
discharge will be uninfluenced by its 
presence, and the current collected 
by the probe will be just that due to positive ions coming up and 
being neutralized. The current then will not be greatly affected 
by the potential of the electrode, for changes in probe potential 
will result only in changes in sheath thickness, and the area of the 
sheath (which determines the current collected) will remain 
essentially constant. 

With the probe at a potential higher than the space potential 
only electrons will be attracted. In this case, there will thus 
be a negativj^ space-charge sheath, and the current collected will 
be quite large. At some intermediate potential the current 
collected will be zero, but this will not determine the space 
potential. As we saw before, the net current to the walls of the 
tube was zero; but in order for that to be true the walls assumed 
a negative potential. So it is with the probe; the current col- 
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lected may be zero, but the probe potential is negative with 
respect to the space. This so-called floating potential would be 
identical with the space potential only if the positive and negative 
carriers were of equal energy, concentration, and mass. 

Figure 10-17 represents a typical probe characteristic obtained 
with a plane electrode in a mercury discharge at a pressure of 
0.0252 mm. In the region AB the probe is sufficiently negative 
to repel all electrons; but as the potential is raised, a point B 
is reached where it begins to collect electrons. The floating 
potential Vf is reached at C, but still the probe is at a potential 
negative with respect to the space. As long as the probe is 
more negative than the value corresponding to point B on the 
durve, the current is essentially constant and limited by the space 
charge. Thus, we can use Eq. (6-35) to determine the thickness 
of the space-charge sheath if we know the current density J and 
the voltage drop across the space charge Ei. 



In this equation, M is now the mass of positive ions. The 
magnitude of d is easily verified from visual observations, for 
the space-charge sheath about an electrode in a plasma is very 
clearly defined as a dark space about the collector. The positive- 
ion current to a plane electrode in a positive column is also given 
by Eq. (4-69) because every positive ion that strikes the sheath 
boundary is drawn in and eventually strikes the probe. That is, 



(4-69) 


where t? is the number of ions striking unit area of the electrode 
per second, or 


J = 



(4-69a) 


Thus, combining Eqs. (4-69a) and (6-35), we can determine the 
average velocity or average energy of the positive ions if we 
know the ion density, the sheath thickness, and the voltage drop. 

The number of electrons reaching the probe, when it is main¬ 
tained at a potential negative with respect to the space, is limited 
by the fact that the electrons must move against a retarding 
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potential. Thus, only those electrons reach the probe which 
have sufficient energy to overcome this retarding potential. The 
Boltzmann equation [Eq. (6-38)] discussed in Sec. 6-7 can be 
used to determine the number of electrons reaching the probe; 
however, since it will yield additional information, we shall apply 
the relation developed in Sec. 4-15 for the current density of 
electrons that cross a potential barrier. Equation (4-72) tells 
us that when the electrons in any region have a Maxwellian 
distribution of velocities the number of electrons per second of 
mass m which can cross unit area of a surface against a retarding 
field, corresponding to an energy IF, is given by rj. 



when N is the volume density of electrons and T is the tempera¬ 
ture of the electron gas. Since the only assumptions made in 
deriving Eq. (4-72) were that the electrons obey the gas laws 
and have a Maxwellian distribution of velocities, this equation 
can be applied directly to the calculation of the current density 
of electrons collected by a negative probe in a plasma. Thus, 



or, since W = qeE\f 



w 

, kT. 

(4-73) 

q*Ex 

kT, 

(4-73a) 


In this equation Ei is the voltage drop across the space charge 
sheath, ^ m and Ne are, respectively, the mass and average density 
of the electrons in the plasma, and 1\ is the temperature corre¬ 
sponding to the average kinetic energy of the electrons in the 
plasma. This equation can be rewritten in the form 


log.J. = log,B - (10-12) 

where B is the coefficient of the exponential term in Eq. (4-73a). 
We can see from this that if log is plotted against the probe 
potential a straight line should result whose slope will determine 
the electron temperature 7\. For the case illustrated in Fig. 

^ E\ is the difference in potential between the plasma space outside the 
sheath and the probe. 
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10-17, ie (which is, of course, proportional to Je when a plane 
probe is used) can be obtained by extending the horizontal por¬ 
tion of the curve AB to D and taking the difference between the 
ordinates of the actual curve and this straight line. This follows 
since the total current flowing out of the probe is given by 

i ie “H ip 


and since ip —the current due to positive ions coming up to the 
electrode—constitutes a current in the opposite direction to ie. 
In Fig. 10-18, log ie has been plotted as a function of probe 


potential. It is interesting to 
note that in this case the points 
lie on a straight line as far as 
the point P. The electron tem¬ 
perature Te, determined by the 
slope of the curve, in this 
particular cavse turns out to be 
9200°K. This temperature 
must not be confused with the 
gas temperature; for, as we have 
seen several times before, the 
electrons can gain a considerable 
amount of energy in clastic colli¬ 
sions even when the field 



fJ“Pofential wilh respect to dhode 

Fig. 10 - 18 .—Electron current col¬ 
lected a.s a function of probe potential. 
{Loc. cit.) 


strength is (piitc low. In the plasma the electron temperature 
usually ranges between 10,000 and 50,000°K. 

As the probe potential is increased, a point is reached, in the 
neighborhood of S in Fig. 10-18, where the curve begins to flatten 
off«again. This marks the point where the probe potential is 
equal to the space potential. Here, the positive-ion space-charge 
sheath disappears, and there is no longer a retarding force acting 
on the electrons that are moving toward the electrode. Thus, 
the current is simply due to the normal motions of the electrons 
and positive ions. As the potential is raised still further, a 
negative space-charge sheath is formed at the probe and positive 
ions are repelled. The total current, however, approaches a 
practically constant value; for, with the removal of the retarding 
field, all electrons that enter the space-charge sheath reach the 
probe. The slight increase in current that occurs with further 
increase in voltage is due to the fact that the negative space- 
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charge-sheath thickness is many times that of a positive space- 
charge sheath owing to the longer mean free path and smaller 
mass of the electrons compared with the positive ions. Because 
of this, the area of the sheath exposed to the plasma will differ 
considerably from the area of the probe. Thus, the probe would 
have to be very large to prevent these edge effects from materially 
altering the total current collected by the electrode. In practice, 
the space potential is found quite closely by extending the two 
straight portions of the curve until they intersect. 

At the space potential, Ei in Eq. (4-73a) is zero and the current 
density is proportional to the concentration of electrons in the 
gas. That is, when Ei = 0, 

or, since where A is the area of the probe. 

This gives us a means of determining the density of electrons and 
positive ions, iNTp, in the plasma, for the two are assumed to be 
equal. For the case illustrated in Figs. 10-17 and 10-18, Ne or 
Np thus comes out to be about 5.83 X 10^® per cu. m., for the 
probe area is 3.61 sq. cm. 

Table 10-3 gives some typical data for the plasma of a low- 
pressure mercury arc in a 6.2-cm.-diameter tube as determined 
by probe measurements. 

Although the space potential in a plasma region is easily 
determined by a sharp break in the probe-characteristic curve, 
characteristics that exhibit the sharp break are the exception 
rather than the rule. The space potential, however, can usually 
be located within less than 1 volt, which is more accurate than is 
possible by any other previous metjiod. 

All the discussion in this section so far has been based on the 
assumption that the velocity distribution of the electrons and 
positive ions in the plasma is Maxwellian and that modifications 
would be necessary if the distribution were otherwise. Actually, 
deviations from the Maxwellian distribution law occur quite 
often, and probe characteristics do not always show a straight- 
line dependence of log u on probe potential such as is shown in 



Sec. 10-6] POSITIVE-COLUMN CHARACTERISTICS 


343 


Fig. 10-18. In the cases where the velocity distribution does 
not follow the Maxwellian law, detailed analysis^ has shown that 
it is possible, by means of the probe characteristic, to make at 
least a close guess as to the velocity distribution law that does hold. 
In these cases, however, an expression for the electron and 
positive-ion energy in terms of temperature has no meaning, and 


Table 10-3* 


Temperature of liquid Hg, deg. C. 

1.4 

18.6 

38.6 

Pressure of Hg vapor, mm. Hg... 

0.000214 

0.00106 

0.00545 

Axial field strength, volts/m. 

9.32 

19.6 

31.1 

Electron temperature, deg K. 

Electron density at axis of tube 

38,000 

27,500 

19,900 

(number/cu, m.). 

Number of free electrons in unit 
length of tube 

5.17 X 10i« 

9.13 X 10i« 

28.6 X 10i« 

(27r/iV’er dr) (number/m.). 

Positive-ion current density to 

11.1 X 1013 

21.8 X 1013 

45.7 X 1013 

walls of tube, amp./sq. m. 

Random electron current in the 
plasma over the area of the 
cross section of the tube, i.e.y 
total current borne by elec¬ 
trons either way across a cross 
section of the tube if the dis¬ 
tribution in velocity is iso¬ 

3.56 

4.5 

5.05 

tropic (27r/t> dr), amp. 

21.5 

35.8 

64.0 

Drift current in tube, amp. 

5 

5 

5 


♦Killian, T. J., Phys. Rev., 86, 1238, 1930. 


the energy must be expressed in terms of the actual distribution 
law. 

It is obvious that there are also other sources of error in probe 
measurements which can modify the interpretation of the results 
obtained. For example, the mere presence of the probe will 
alter the plasma conditions slightly, because it is drawing charges 
out of the plasma. In most cases the ion density is sufficiently 
high so that this effect can be neglected. There are other effects, 
however, the cumulative effect of which may produce considera¬ 
ble error. Some of these are due to inaccuracies in calculating 
the area of the space-charge sheath, and to the fact that secondary 

^ See general reference 10-2, pp. 337--386, and general reference 10-4, 
pp. 232-256. 
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emission may be occurring at the probe surface owing to positive 
ion and metastable-atom bombardment and the photoelectric 
effect. In addition, contact potentials kt the probe surface or 
the presence of groups of particles of very high energy will 
alter the results obtained. The method of analysis, however, is 
the most powerful that has so far been suggested. 

10-7. The Anode in the Glow. —It is well known that the 
potential drop at the anode of the glow discharge may be any¬ 
thing from a few volts negative to 20 or 30 volts positive or more, 
depending upon the relative size of the anode and the discharge 
tube, the kind of gas, and the magnitude of the current. Further¬ 
more the potential drop at the anode may or may not be accom¬ 
panied by a visible glow different from the glow in the positive 
column. But because of the difficulties encountered in deter¬ 
mining conditions close to the anode, there is still considerable 
doubt as to what constitutes the true conditions there. 

Conditions in the positive column have been fairly well estab¬ 
lished by means of probe measurements. It is known, for 
example, that the number of electrons crossing unit area in the 
positive column in any direction is much larger than is necessary 
to supply the drift current in the tube (sec Table 10-3). Further¬ 
more, although the current carried by the positive ions is small, 
it still constitutes a very essential part of the tube current. But, 
at the anode, all the current consists of electrons moving in one 
direction, namely, into the anode. Any satisfactory explanation 
of conditions at the anode must thus explain the transition from 
the positive column, where nearly equal numbers of electrons 
are moving in all directions, to the anode, where electrons are 
moving in only one direction. In addition, it must account for 
the production of enough positive ions near the anode to supply 
those necessary for the positive column as well as those lost to 
the walls. 

The general approach has been to assume that a space-charge 
sheath is established at the anode in which these functions are 
accomplished. Ordinarily, this is a negative space-charge 
sheath; but, under some conditions, it can be a positive sheath. 
The negative sheath arises owing to the fact that positive ions are 
repelled by the positive electrode. The electrons, on the other 
hand, are accelerated and must produce an appreciable amount of 
ionization by collision in the sheath in order that enough positive 
ions may be produced to supply the requirements of the positive 
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column. The voltage drop across this sheath is thus approxi¬ 
mately equal to the ionization potential of the gas. If the anode 
is very small, the space-charge sheath may have an area con¬ 
siderably larger than the* area of the anode. This is necessitated 
by the fact that in this condition the product of the random 
electron current density in the positive column and the anode 
area is less than the current flowing in the external circuit. 

When the anode is large and practically fills the discharge tube, 
it is possible for the anode fall to be actually negative. When 
this condition exists, the product of the random electron current 
density in the positive column and the area of the anode is larger 
than the current in the external circuit and some of the electrons 
approaching the anode must be turned away. Thus, a positive 
space charge develops near the anode. 

The bright balls of glow that often appear on the anode 
in a glow discharge are further evidence of the presence of a space- 
charge sheath. These balls of glow are usually due to local 
regions of high vapor density caused by the emission of gas from 
the anode. Gas is not necessarily emitted uniformly from the 
surface of any electrode; and when gas emission takes place, the 
current density increases in these regions and causes the glows 
to appear. 

An exceptionally high anode fall of potential has been observed 
in some cases when the gas contained compounds of the halogens. 
The explanation for this has been that, since the halogens have a 
very high affinity for electrons, there are very few free electrons 
in the gas. Then, in order to produce sufficient positive ions 
for the positive column the voltage drop across the negative 
space-charge sheath will have to be large enough so that there is 
sufficient ionization by collision. 

10-8. Stability of Discharges.—The voltage-current character¬ 
istic of any gaseous or vacuum discharge is determined by con¬ 
ditions in the discharge region for any given tube. This means 
that the characteristic is independent of the external circuit and 
depends only on the balance between the ionizing and deionizing 
agents active in the tube. This is evident from a consideration 
of any of the discharges discussed thus far. For example, the 
glow discharge has a voltage-current characteristic that is con¬ 
cave upward. The voltage drop across the discharge falls 
rapidly with an increase in current after a self-maintaining 
discharge has been formed and attains a value, in the normal 
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^ow in a short tube, slightly higher than the minimum sparking 
potential. Then, if the current is increased until an abnormal 
discharge is formed, the voltage drop again increases. In the 
case of the glow discharge, this entire characteristic can be 
explained on the basis of the ionizing and deionizing agents 
active in the tube under any given conditions. Similarly, in 
the cases of the thermionic diode or the phototube, the voltage- 




(c) rdJ 

Fio. 10-19.—Effect of circuit voltage and resistance on the stability of a discharge. 

current characteristic is dependent only on conditions in the tube 
itself. 

The current that flows in an actual test, however, is not inde¬ 
pendent of the external circuit. This was pointed out in Sec. 
6-11; but it is important to examine the situation in more detail 
at this time, for the external circuit plays such an important 
role in the operation of many gas discharge devices. In any 
circuit, we must have Kirchhoff's laws satisfied. Thus, for 
example, in the simple series circuit shown in Fig. 10-19a, we 
must have at all times 

Eb-- + IR (10-16) 

In other words, if a glow discharge is formed, the current in the 
external circuit (and in the tube) must adjust itself to such a 



Sbc* 10*8] 


STABILITY OF DISCHAROES 


347 


value that the sum of the voltage drops across the glow and the 
series resistance is just equal to the impressed voltage. If 
the external resistance is small, a very large current may be 
necessary to satisfy this condition. 

In a particular case, we might have the situation illustrated 
in Fig. 10-196. Suppose that the curve in this figure is the volt- 
ampere characteristic of the discharge tube under consideration. 
Suppose, also, that the external resistance in the circuit is such 
that the ordinates to the line EbA represent (Eb — IR). If 
the battery voltage Eb is higher than the sparking potential in 
the tube, then as soon as the switch is closed in the external 
circuit the current will increase to a value corresponding to the 
intersection of the two curves at point P, for at this point the 
sum of the voltage drops in the tube and in the external resistance 
is equal to the supply voltage. No other value of current is 
possible; for if the current tends to increase to a value higher 
than that given by the intersection of the two curves, (Ep + IR) 
will be larger than Eb and the current will immediately decrease 
again. Similarly, if the current tends to decrease from the point 
of equilibrium, (Eb + IR) will be less than the circuit voltage 
and the current will immediately start to increase. Thus, the 
point of intersection is the stable operating point, and it is 
impossible to have any other value of current when the circuit 
voltage and circuit resistance remain constant. 

The effect of changes in battery voltage are illustrated in 
Fig. 10-19c. As long as the circuit resistance is maintained 
constant, changes in circuit voltage simply have the effect of 
moving the resistance line up or down. For the case illustrated, 
successively lower values of current are obtained in the circuit 
as the supply voltage is reduced from Ebi to Eb^- The relation¬ 
ship between the circuit current and the supply voltage is not a 
linear one, however; for the glow characteristic is, of course, not a 
straight line. Furthermore, it is impossible to maintain a dis¬ 
charge with a current smaller than I^ if Eb is the only variable; 
for when is less than Ebaj we find that, for every value of 
current, (Ep -f IR) is larger than the supply voltage and that 
there thus is no stable value of current. 

The question quite logically arises as to why we can have only 
one stable value for the current when we have a battery voltage 
such as Ebi and the resistance line cuts the glow characteristic 
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in two points. There are certainly two points where Eq. (10-15) 
is satisfied, but the point D is the only stable operating point. 
It is easy to see that this is true by supposing that it is possible 
to have a glow corresponding to the intersection of the two curves 
at C. In this condition, if the current should decrease ever so 
slightly, we should find that (Ep + IR) would be greater than 
Eb and that the current would continue to decrease until the 
discharge went out. On the other hand, if the current should 
increase slightly, {Ep + IR) would be less than Eb and the 
current would continue to increase until Eq. (10-15) is satisfied 
at the stable point Z>. Further fluctuations in current would, as 
explained above, always bring the current back to h. 



The effect of variations in circuit resist¬ 
ance is shown in Fig. 10-19d. When the 
circuit voltage remains constant, an increase 
in the external resistance reduces the cur¬ 
rent flowing; but again the relation between 
* R and I is not linear, for the glow character¬ 
istic is not a straight line. As the resistance 
increases from R\ to R\^ the slope of the 


a rising volt-ampere 
characteristic. 


resistance line increases and the current 
flowing decreases from Ii to / 4 . There is a 


limit to the minimum value of current that can be obtained in this 


way, just as there is a limit to the current variation that can be 
obtained by changing the circuit voltage; for when the resistance 
line becomes tangent to the glow characteristic, the minimum value 
of current has been attained. Practically the entire glow 
characteristic can be traced out, however, if a high enough circuit 
voltage and resistance are used. 

If conditions in the discharge tube are such that the sparking 
condition corresponds to a point on the left of the minimum of 
the sparking-potential curve, the volt-ampere characteristic 
for the glow will be as indicated in Fig. 10-20. With any dis¬ 
charge having a rising volt-ampere-curve such as this, a stable 
operating point can be obtained with any circuit resistance and 
any circuit voltage as long as the resistance line intersects the 
tube characteristic. 

10-9. Applications of the Glow Discharge, a. Glow-tuhe 
Oscillator ^—The fact that the glow discharge has a falling volt- 


' For further discussion of the gaseous-discharge oscillator, see Sec. 11-6. 
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ampere characteristic suggests its possible use to maintain an 
oscillating circuit. In general, the types of oscillation produced 
by a glow discharge can be grouped into two classes. In 
one, the glow is more nearly described by saying that it is inter¬ 
mittent; in the other, there are definite pulsations in the glow 
current and voltage, although the glow never goes out. In 
neither case does the current through the tube oscillate, although 
the current in a parallel circuit may. 

Figure 10-21 represents one type of circuit. When the switch 
S is closed, the potential starts to rise at the terminals of the 
glow tube. The rate at which the potential rises is limited by 
the resistances R and r im series with the condenser C. When the 
condenser has been charged to a 
potential equal to the sparking poten¬ 
tial of the tube T, a breakdown occurs. 

The voltage across T immediately falls, 
and the condenser begins to discharge 
through the glow. If r is not large, the ^ ^ glow 

current flowing in T will be large and 

the voltage will be correspondingly low, on the assumption, 
of course, that the electrodes in T are sufficiently large so 
that the discharge never reaches the abnormal state. In 
a very short time, the condenser will discharge to a voltage 
equal to the glow voltage, and the current will decrease. The 
glow-tube voltage will then tend to increase; however, it cannot 
increase faster than the voltage rises on C, and that rate of rise is 
limited by the value of R, Thus, when the current through T 
decreases, the glow voltage will not be able to increase as it should 
along the volt-ampere characteristic. With an insufficient volt¬ 
age, the glow goes out, and the voltage across C again builds up 
to the sparking potential, when another glow is formed and the 
cycle is repeated. During the time that C is being charged, the 
potential across r is in one direction; while C is discharging, it is 
in the opposite direction. Thus an alternating potential is made 
available. If the resistance r is replaced by an inductance or the 
primary of a transformer, extinction of the glow is facilitated; 
for then the current in the condenser branch is made to persist, 
by the inductance, after the condenser voltage has fallen to the 
stable glow voltage. The condenser discharges then to a still 
lower voltage; and when the current through the inductance 
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reverses, all current may be diverted from the glow which then 
is immediately extinguished. The maintenance of an inter¬ 
mittent discharge of this type depends to a large extent on the 
choice of proper values for R and C. 

The other type of oscillation is obtained with a glow or arc 
that is never extinguished, although the current may pulsate 
rapidly or oscillate about an average value. The circuit for 
this is represented in Fig. 10-22. Oscillations in this circuit can 
be obtained only if the inductance of the supply circuit L' is large 
enough to prevent rapid fluctuations in current. Suppose that 
R has been adjusted so that the glow discharge corresponds to 
some point A on the falling portion of the volt-ampere curve (see 



Fig. 10-22.—Continuous glow Fio. 10-23.—Volt-ampere character- 
oscillator. istic of a glow oscillator. 

Fig. 10-23) and that L and C have been adjusted so that oscilla¬ 
tions, once started, will be maintained. Let us see how it is 
possible to have sustained oscillations in the circuit of L, C, and 
r. If the current ill T should suddenly decrease, owing initially, 
perhaps, to a sudden change in jK, the voltage of the glow will 
increase along the volt-ampere characteristic to B. At the 
same time the current in r, L, and C will increase by the amount of 
decrease in T, for the current through L' and R is constant. 
Diverting some of the current of T into C means that the voltage 
of C will increase. It will increase to Vb. But then, because 
there is inductance in series with C and the current cannot stop 
immediately, the voltage will rise still higher, and finally the 
current in C will come to zero, with the voltage of the condenser 
greater than The condenser will then start to discharge 
through T. But, in the meantime, the current that has been 
flowing into C has been turned back into T; and with the increase 
of glow current from Ib to I a the voltage falls to Fa, and C dis¬ 
charges rapidly. Again, when the voltage of C has fallen to Fa, 
the current cannot cease but continues, owing to L. C dis- 
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charges to a voltage below V a- Now, again, current is diverted 
from T to recharge C; and again the tube voltage rises, and the 
cycle is repeated. Because a definite time is required for equilib¬ 
rium to be established in the glow or arc, the tube voltage does 
not follow the static characteristic exactly, but changes as shown 
by the dotted curve. The finite hysteresis loop shows that there 
is a quadrature component in the voltage change, with the 
voltage leading the current. Thus, the glow or arc behaves as 
if it possessed inductance. For this reason the frequency of 
oscillations of this type is less than the natural frequency of the 
circuit containing L and C. If one attempts to attain too high 
frequencies with this circuit, a rising dynamic volt-ampere 
characteristic may be obtained and 
oscillations will not be maintained. 

In most cases, frequencies of only a 
few thousand cycles are possible. In 
hydrogen, however, an equilibrium of 
the ionization is attained much more 
rapidly, and it is possible to follow the 
static characteristic closely with fre¬ 
quencies much higher than is possible 
with other gases. 

6. Lightning Arresters ,—The volt-ampere characteristic of an 
ideal lightning arrester is a horizontal line, as shown in Fig. 10-24. 
An ideal lightning arrester should pass no current until a critical 
potential is reached, and then it should pass any amount of 
current with no change in voltage. With such an arrester on a 
piece of apparatus, only a slight rise in voltage would occur from 
a lightning disturbance. On a transmission line, for example, 
the peak circuit voltage might be represented by Ft in Fig. 10-24, 
and the voltage at which the insulators would flashover might 
be represented by F/. The lightning arrester then, if it is to 
function properly, must not allow the voltage to rise above F/; 
for then the insulators would flashover and produce a short 
circuit on the line. Furthermore, it must not allow the circuit 
voltage to drop below Ft, for this might produce instability in 
the line. But it must carry away to ground any charges that 
build up on the line owing to lightning disturbances in the 
neighborhood of the transmission line. The only way it can do 
this is to have a nearly horizontal volt-ampere characteristic. 


yf 


V 


_ 

o I 

Fig. 10-24.—Volt-ampere 
characteristic of ideal lightning 
arrester. 
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Our study of glow discharges has shown that it is possible to 
obtain this type of characteristic with a normal glow discharge 
when the electrode spacing and the pressure are such that the 
sparking potential has its minimum value. Under these con¬ 
ditions, there is no drop in voltage when the glow starts; and 
until the cathode is completely covered by the negative glow, 
the voltage drop across the discharge remains constant. All 
effects of a positive column in increasing the voltage drop can be 
eliminated by making the electrode spacing small enough to 
prevent the formation of a positive column. The fact that the 
normal cathode fall in a glow discharge is only *about 250 or 350 
volts and much lower than the operating voltage of most trans¬ 
mission-line equipment is not a disadvantage, for the operating 
voltage of the lightning arrester can be built up to any desired 
value simply by using enough discharges in series. Equation 
(10-2) tells us that the normal current density in a glow discharge 
is proportional to the square of th(^ pn^ssure. Thus, by using 
high pressure (atmospheric), large curnuits can be passed by the 
normal glow even with relatively small electrodes. The use of 
atmospheric pressure, however, means that the electrode spacing 
will have to be about 0.001 cm. if the minimum sparking poten¬ 
tial is to be obtained. Because it is practically impossible to 
have this electrode spacing without having bridging contacts 
somewhere that will short-circuit the electrodes, the problem has 
finally been solved by using electrodes of relatively high resistivity 
(graphite or carbon mixtures usually) in actual contact.^ With 
this arrangement, leakage currents are kept at a minimum 
because of the high resistance of the contact points. Further¬ 
more, somewhere in the neighborhood of the contact points the 
spacing corresponds to the minimum on the sparking-potential 
curve. After sparking occurs, the voltage between the electrodes 
corresponds to the normal glow voltage until the cathode is 
completely covered by the glow. The total voltage, however, as 
measured at the terminals of the arrester, should rise slightly 
with current, omng to the resistance drop in the electrode disks; 
and thus an exactly horizontal characteristic cannot be expected. 

Cathode-ray oscillograms of the volt-ampere characteristic 
of arresters built along these lines appeared as in Fig. 10-26 and 
showed that the predicted variation of voltage with current (the 

1 Slepian, J., Trans, A.I.E.E.y 46 , 169, 1926. 
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dotted curve) was approached only as the current decreased from 
its maximum value. The fact that on the application of a surge 
voltage the voltage between the electrodes of the arrester rose 
higher than the predicted curve could be explained as due to the 
definite time required for the normal glow to spread over the 
cathode surface, from the points at which the discharge started. 
Thus, actually, an abnormal glow discharge developed as the 
glow spread out over the surface of the electrodes. However, 
the voltage could not rise higher than the sparking potential for 
the greatest gap between the electrodes, for then breakdown 
would have occurred everywhere between the electrodes. When 
the current decreased, the predicted curve ^ 

was followed closely; for the contraction pr 
of the glow involves only deionization, 
and that can occur without a change in 
voltage. 

Actually, with the electrodes in contact, / 

it-was found that the glow voltage did not Fio. 10 - 25 —Volt-ampere 

. ,1 1 j. inn ij. curve of lightning arrester. 

nse more than about 100 volts per gap. 

This is not serious, for the range in voltage between the peak 
line voltage and the insulator flashover voltage is usually wide 
enough to accommodate this fluctuation in the arrester voltage. 
In practice, a spark gap is usually used in series with the arrester 
to interrupt the leakage current which would otherwise flow from 
the line through the electrode contacts. 

c. The Vacuum Switch ,—Since the sparking potential of any 
gap rises rapidly as the pressure is reduced below a critical value, 
very high voltages are necessary to cause sparking in high 
vacuum. Because of this fact, vacuum switches are very useful 
for high-speed a.c. switching. These switches can be made very 
compact, for with the contacts separated only a fraction of an 
inch the gap can withstand a very high voltage. In actual 
operation the circuit is not opened immediately on separating 
the contacts because an arc always forms which persists for the 
duration of the half cycle. As a matter of fact, the presence of 
an arc is very desirable; for if the circuit were opened immediately 
on the separation of the contacts, high voltages could be devel¬ 
oped in any inductances that happened to be in the circuit. 
By allowing the current to continue until the end of a half cycle, 
the inductances have a chance to dissipate their stored energy 
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and the circuit can then be opened without the development of 
surges. 

As the contacts separate, a cathode spot forms on the negative 
electrode and keeps the arc supplied with vapor by continually 
evaporating some of the negative electrode material. In other 
words, by the evaporation of the electrode material a pressure high 
enough for a low-voltage discharge is maintained. Now as the 
current passes through zero, the stream of vapor does not stop 
immediately owing to the thermal lag of the electrode material 
but continues to stream from the point on the electrode where 
the cathode spot has been. The potential has reversed, however; 
and if the voltage rises rapidly enough, a glow discharge will form 
between the two electrodes (see Fig. 10-26), for the vapor from 

the old cathode spreads out and raises 
the vapor density in the region between 
the two electrodes. Because of the 
relatively low pressure, the glow volt¬ 
age is high and the current density is 
small. Furthermore, as the old cath¬ 
ode cools off and* emits less and less vapor, the vapor density in 
the region between the electrodes becomes smaller and smaller and 
the voltage necessary to maintain a given current increases con¬ 
tinuously, as shown in Figs. 10-7 and 10-8. In other words, as the 
vapor density decreases, the voltage-current characteristic shifts 
rapidly toward lower currents and higher voltages. Thus, unless 
a new cathode spot is formed to furnish a new source of vapor, the 
discharge ceases before the next reversal in polarity occurs. 

This type of svitch is obviously not applicable to d.c. circuits, 
for in such a circuit there is no reason for the arc that forms on 
separating the electrodes ever to be extinguished, unless, of 
course, the contacts are separated a considerable distance, the 
current is less than about 0.1 amp. (1 or 2 amp. in low-voltage 
circuits), or special oscillating circuits are used to extinguish the 
arc. These limitations are not present when alternating current 
is used, for the circuit is opened as soon as the potential reverses 
and the current passes through zero. 

Problems 

1. In a certain hydrogen glow discharge between aluminum electrodes 
the normal cathode dark-space thickness is 1.45 mm. when the pressure is 
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6 mm. Hg, Estimate the average number of collisions made by a positive 
ion and an electron in crossing the dark space. Assume a gas temperature 
of 0°C. 

2. Using the data of Fig. 3-10 and Table 10-2, estimate the average 
number of ionizing collisions made by an electron in crossing the cathode 
dark space of the discharge described in Prob. 1. 

3. What would be the normal cathode dark-space thickness of the dis¬ 
charge described in Prob. 1, if the pressure were (o) 0.1 mm. Hg? (6) 
Atmospheric? 

4 . If the normal current density in the discharge described in Prob. 1 
is 1.88 ma./sq. cm., what would be the normal current density at (a) 0.1 
mm. Hg? (6) Atmospheric pressure? 

6. At a pressure of 2.5 mm. Hg, a certain abnormal glow discharge has 
the following characteristics: Fa =“ 232 volts when = 1 ma./sq. cm. and 
Va 244 volts when Ja = 100 ma./sq. cm. What pressure would be 
necessary in the tube to cause a voltage increase of 50 volts in the same 
current range? 

6. The total current collected by a plane probe, 1.9 cm. on a side, lying 
flush with the tube wall in the positive column of a mercury discharge, 
varied in the following manner with the applied potential, all potentials 
being measured with respect to the cathode: 


E, volts 

/, ma. 

E, volts 

/, ma. 

-100 

-0.965 

23 

5.75 

- 50 

-0.815 

24 

9.1 

- 30 


25 

14.27 

- 20 


26 

21.9 

- 10 

-0.695 

27 

33.8 

0 

-0.665 

28 

51.7 

10 

-0.609 

29 

79.2 

15 

-0,403 

30 

121.1 

17 

-0.108 

31 

185 

18 

4-0.160 

32 

265 

19 

4-0.567 

33 

286 

20 

4-1.187 

34 

288 

21 

4-2.13 

35 

290 

22 

4-3.57 

36 

292 


Determine: (a) the space potential in the plasma at the probe, (6) the 
average kinetic energy of the electrons in the plasma in degrees Kelvin and 
in equivalent electron volts, (c) the average concentration of the electrons, 
and (d) the average concentration of the positive ions. 

7. Using the data of the preceding problem, compute the voltage 
drop across a positive-ion space-charge sheath at the probe when the 
total positive-ion current collected is 1.1 ma. and the sheath thickness 
0.29 cm. 
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8 , Estimate the value of series resistance necessary to give a current of 
4 ma. in a glow tube having the voltage-current characteristic shown in 
Fig. 10-3, when the circuit voltage is 1,600 volts. 

9. Estimate the smallest value of current that could be obtained in the 
glow discharge whose characteristic is shown in Fig. 10-3, when it is con¬ 
nected through a resistance to a 1,200-volt circuit. What value of series 
resistance is necessary to give this current? 

10. Estimate the minimum value of circuit voltage that will give a stable 
discharge in the glow tube whose characteristic is given in Fig. 10-3, when 
the series resistance in the circuit is 300,000 ohms. What is the minimum 
glow current that can be obtained under these conditions? 
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CHAPTER XI 
THE ARC DISCHARGE^ 

11-1. Introduction.—Studies of the electric arc date back to 
1808-1810 when Davy discovered that an exceedingly bright 
discharge could be formed by bringing together and then sepa¬ 
rating two pieces of hard carbon which had been connected to 
the terminals of a battery of about 100 volts. From its shape 
when the carbons were placed horizontally end to end, he called 
it an ^^arc discharge.’^ Since that time, however, many dis¬ 
charges have been studied that have properties similar to the 
carbon arc, and the term is now applied to a wide variety of dis¬ 
charges. We speak of arcs at atmospheric pressure and low- 
pressure arcs, hot-cathode and cold-cathode arcs, self-maintaining 
and non-self-maintaining arcs. Yet in two respects these are 
all alike. A certain amount of gas or vapor is always necessary 
to maintain the discharge, and the potential fall at the cathode of 
the discharge is always less than the minimum sparking potential 
for the gas and is usually not more than 10 or 20 volts. This 
last characteristic furnishes the principal distinction between the 
glow discharge and the arc discharge. 

Our study of the glow discharge has shown us that, since a glow 
discharge is maintained entirely by ionization by collision and 
secondary-electron emission from the cathode, a voltage drop 
at the cathode approximately equal to the minimum sparking 
potential is necessary in order to have a self-maintaining dis¬ 
charge. This means that a voltage drop of between 200 and 
300 volts is usually necessary at the cathode. Since an arc can be 
maintained with only a fraction of this voltage drop, some new 
ionizing agent not active in the glow must be aiding the main¬ 
tenance of the arc discharge. One suggestion is that the cathode 
becomes hot enough to emit electrons thermionically and that 
most of the current is carried by these electrons. This condition 
is sufficient to explain the existence of low-voltage carbon arcs, 
for example; but it is not sufficient to explain the existence of 

^ General references for Chap. XI will be found oi^p. 469. 
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low-voltage arcs between metals such as mercury, aluminum, or 
copper which boil at temperatures too low to account for an 
appreciable amount of thermionic emission. In these cases, 
some other mechanism must be active, and it has been suggested 
that a dense sheath of positive ions forms so close to the cathode 
surface that the resultant electric field at the cathode is large 
enough to provide electrons for the arc by high-field emission. 
These theories will be discussed in detail in Sec. 11-4. In addi¬ 
tion to these two types of self-maintaining arc, there are, of 
course, the non-self-maintaining arcs such as in the phanotron, 
thyratron, and tungar rectifier tubes which depend upon an exter¬ 
nal source of energy to maintain a thermionic cathode for the dis¬ 
charge. In respects other than in the phenomena at the cathode, 
there is little to distinguish an arc from a glow discharge except 
that the current density in the positive column of the arc is 
usually, but not necessarily, greater than in the glow discharge. 

The usual method of igniting an arc is to bring the two elec¬ 
trodes together and then draw them apart. As they separate, 
an arc will form. Except in the case of an arc whose cathode is 
heated by external means, it is not possible, in general, to estab¬ 
lish an arc simply by raising the potential between two (electrodes 
in a gas unless the voltage is raised to the sparking potential.^ 
As we saw in Chap. IX, a voltage equal to the sparking potential 
is necessary for the^establishment of a self-maintaining discharge. 
However, when the sparking potential is reach(ed, the discharge 
can take the form of a corona, a glow, or an arc discharge. Both 
the corona and the glow discharges will change over to arc dis¬ 
charges if the current is increased to a large enough value. The 
transition from corona to arc occurs suddenly at a fairly definite 
value of electrode voltage which depends upon the electrode 
configuration (see Sec. 9-6). The transition, however, represents 
an unstable condition and ordinarily cannot be traced out com¬ 
pletely point by point. 

Usually, the transition from glow to arc discharge takes 
place suddenly and discontinuously at no definite value of 
voltage; but if the electrodes are tungsten or carbon and a 
circuit of very high resistance is used, it is possible to observe a 
continuous change. Figure 11-1 shows such a continuous 
transition from the glow type of discharge to the arc type. This 

^ Exceptions to this occur under special conditions (see Sec. 11-11). 
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iBgure refers to a discharge between small (3 mm. diameter) 
tungsten spheres in hydrogen at 40 cm. Hg pressure. Let us 
trace out the various stages of the transition. As the potential 
is raised between the two electrodes, the sparking potential is 
ultimately reached and a glow discharge forms. If the circuit 
resistance is high, a normal glow discharge is formed and the 
voltage between electrodes falls to a value at A approximately 
equal to the minimum sparking potential. After the cathode 
is completely covered by the glow discharge, any further attempt 
to increase the discharge cur¬ 
rent by increasing the supply 
voltage results in an increased 
voltage drop between the elec¬ 
trodes. That is, the condition 
of an abnormal glow is reached. 

When the discharge corresponds 
to a point to the left of A, an in¬ 
crease in current is accompanied 
by a decrease in voltage so that 
the net heat input to the cathode 
remains essentially constant or 
increases only slightly. In the 
region of the abnormal glow 
between A and J5, an increase in 
current is accompanied by an 
increase in the cathode fall of potential. Thus the heat input 
into the cathode is increased with the current, and the cathode 
temperature begins to increase (see curve marked T), Up to 
the point A the cathode temperature is not high enough to 
account for an appreciable amount of thermionic emission. But 
as the heat input increases and the cathode temperature rises 
owing to the abnormal glow, thermionic emission starts. At 
By the temperature of the cathode has become high enough 
to make thermionic emission an important, although still not 
the primary, source of ionization. Because of the exponential 
dependence of thermionic emission on electrode temperature, 
only a slight amount of additional heat is now required to 
increase the emission considerably. Thus, it is possible for the 
voltage between electrodes to decrease as the current is increased. 
Between B and C, we have a region that in low-resistance circuits 



Amperes 


Fio. 11-1.—Glow-to-arc transition 
with tungsten electrodes. (/2. Seeliger^ 
Wein-Harms, ** Handbuch der Expert'- 
mental Physik,'' Vol. 13, Part 3, p. 612.) 



360 


THE ARC DISCHARGE 


[Chap. XI 


would be unstable but in high-resistance circuits can be traced 
completely. Further increase in current means more heat 
input to the cathode, and consequently a higher cathode tempera¬ 
ture and more thermionic emission. Thus, the discharge can 
exist at lower and lower voltages. The minimum voltage that 
can be obtained in this way needs to be only large enough to 
allow for the production of some positive ions by ionization by 
collision. Since it is the bombardment of the cathode by positive 
ions that keeps it hot enough for thermionic emission, a certain 
number of positive ions must always be present; in addition, if 
the positive ions were absent, an electronic space charge would 
develop which would limit the current. In the region between 
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Fig. 11-2.—Glow-to-arc transition with tungsten electrodes. (Loc. cit., p. 613.) 

B and C an arc discharge is said to exist in which most of the 
current is carried by electrons generated thermionically. The 
carbon arc and the type S-1 sun lamp are examples of this type 
of arc. 

A continuous transition such as is indicated in Fig. 11-1 can 
be obtained only under special conditions. Usually, the transi¬ 
tion from glow to arc is discontinuous and erratic, occurring at 
one value of current in one test and another value of current in 
the next test. In many cases the glow and arc characteristics 
actually overlap^ so that for ^ome values of current either a glow 
or an arc is possible. Figure 11-2 illustrates this type of volt- 
ampere characteristic. It refers to a discharge between tungsten 
electrodes in nitrogen at a pressure of 65 mm. Hg, the electrode 
sepiaration being 14 mm. At low values of current, this charac¬ 
teristic is similar to that in Fig. 11-1. At A a normal glow dis¬ 
charge has been formed; and between A and B an abnormal gtow 




Sec. ll-lj 


INTRODUCTION 


361 


is present, and the glow voltage increases with the current. At 
the same time the cathode temperature starts to rise and may 
actually reach a high enough value so that with some thermionic 
emission the voltage between electrodes actually starts to 
decrease; but finally a point C is reached where the form of the 
discharge suddenly changes, and at the same time the voltage 
falls to a much lower value. This transition is indicated by 
the dotted line between C and D. The total current will increase 
in this process only enough to allow the difference between the 
arc voltage and the supply voltage to be taken up in the external 
resistance; but the cathode current density increases by a factor 
of 50 or more. The point at which this sudden change-over from 
glow to arc occurs is not always a constant. When the current 
is increased suddenly, it may be possible to remain on the glow 
characteristic even with a current much higher than indicated by 
point C. On the other hand, if the glow is maintained at a point 
between B and C a sufficiently long time, the transition is still 
apt to occur. Similarly, when the discharge is in the arc form 
and the current is reduced by decreasing the circuit voltage, the 
arc will change back to a glow (or go out if the supply voltage is 
too low) at some value of current corresponding to Z)', for 
example. The point D' is somewhat variable, just as the point 
C is, and depends on how rapidly the arc current is varied. 
It is always found, however, that the transition from C to £> 
corresponds to a larger current than the reverse transition from 
to C'; and, in high-resistance circuits, C may actually corre¬ 
spond to a larger current than D\ Thus, it is possible, in a 
limited range of current, to have either a glow discharge or an 
arc, depending upon the previous history of the discharge. 

The continuous transition such as is indicated in Fig. 11-1 is 
never obtained with electrodes such as mercury, copper, and gold 
which melt at temperatures low in comparison with the melting 
point of tungsten or carbon. Experiments have shown that when 
the peak of the abnormal-glow characteristic (point Figs. 
11-1 and 11-2) is reached the cathode temperature has reached a 
temperature of at least 2000°C. In the case of low-melting-point 
materials, cathode temperatures of this order are not possible; 
and in these cases the glow always changes suddenly to an arc, 
frequently even in the region of the normal glow discharge. 
Figure 11-3 illustrates a situation of this sort. The character- 
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istic was obtained by using gold electrodes in air at a spacing of 
3.5 mm. In this case, no abnormal discharge was obtained 
before the glow changed over to an arc. With electrodes of low 
melting point the sudden change in cathode current density at 
the transition is much more pronounced than with electrodes of 
carbon or tungsten. At the transition the current density 
changes from a fraction of an ampere per square centimeter to 
thousands of amperes per square centimeter. 

As was mentioned previously, 
it is possible to initiate an arc 
discharge without raising the 
electrode voltage to the sparking 
potential when an externally 
heated cathode is used. In a 
case of this sort, current starts to 
flow between the electrodes as 
soon as the electrode voltage 
exceeds zero. The current flow¬ 
ing, however, is at first purely 
electronic; but as soon as the 
electrode voltage rises a few 
volts, some of the higher speed 
electrons are able to acquire 
enough energy to produce ion¬ 
ization and the current increases at a much faster rate than is pos¬ 
sible in a high-vacuum tube. Furthermore, with the onset of 
ionization by collision, positive ions are produced which neutralize 
the negative space charge initially present and allow the current to 
increase still more rapidly. By the time the tube voltage reaches 
15 or 20 volts, the electrons are producing so much ionization by 
collision that a stable arc discharge is formed and the current 
is no longer limited by conditions in the tube. Further increases 
in circuit voltage cause an increase in current, but the potential 
drop in the tube remains practically constant. This type of arc 
is encountered* in the phanotron rectifier and in the thyratron. 

With a proper kind of filamentary cathode (a tungsten fila¬ 
ment, for example), it is sometimes possible to open the filament 
heating circuit and still maintain the arc discharge after it has 
once been initiated by means of the filament. In these cases the 
cathode is maintained hot enough by positive-ion bombardment 
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Fio. 11-3.—Glow-to-arc transition 
with gold electrodes. {H. E. Ives, 

J. Frank. Inst., 198, 456, 1924.) 

* 




Sec. 11 - 2 ] 


TOTAL ARC CHARACTERISTICS 


363 


so that the discharge can persist. This principle is used to main¬ 
tain the arc in some types of gaseous-discharge lamp. 

11-2. Total Arc Characteristics. —Figure 11-4 is a typical 
characteristic showing the distribution of potential in a 6-amp. 
copper arc in air. One is immediately struck by the fact that 
the curve seems to be made up of three distinct parts, a rather 
sharp fall in potential at the anode of 7 or 8 volts, a practically 
uniform decrease in potential in the positive column, and another 
sharp fall in potential at the cathode of about 20 volts. The 
anode fall can be explained as due to a space-charge sheath in 
exactly the same way as is the anode fall 60r 
in the glow discharge (see Sec. 10-7). ^ 50 1 


high-pressure discharges this space- 
charge sheath is usually negative. 
Experimental verification for this is 
found in the fact that when certain salts 
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tribution in a copper arc in 
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and oxides are sprinkled on the anode 
of a high-pressure arc the anode fall is 
reduced. Since it is known that these 
salts and oxides emit positive ions rather 
easily when heated, the decrease in anode 
fall is ea.sily explained as the reduction in 
the space charge near the anode by the 
emission of the positive ions. Conversely, it has been found that 
increasing the negative space charge at the anode has the effect of 
increasing the anode fall. This last effect is particularly notice¬ 
able in the case of a carbon arc where the temperature of the 
anode is about 4000°K. and is emitting a large number of elec¬ 
trons thermionically. 

The sharp anode fall of potential apparently has a much more 
important bearing on the characteristics of high-pressure arcs in 
air than one ordinarily associates with the positive electrode of a 
discharge. The falling volt-ampere curve so characteristic of 
arcs in air at atmospheric pressure can be explained as due in 
part, at least, to the temperature that the anode assumes. At 
pressures of 1 atm. or more the space-charge sheath at the anode 
is so thin that practically all the heat generated there owing to 
current flowing through the potential drop goes to heating the 
anode; and unless special provisions are made for cooling, its 
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temperature easily rises to the boiling point. The vapor intro¬ 
duced into the arc stream from the anode can then materially 
affect the characteristics of a short arc. 

The cathode fall of potential will be discussed in a later section; 
and so, for the present, nothing more need be said about it 
except to point out that it, too, arises because of the presence of a 
space-charge sheath. One other point should be emphasized, 
however. Although the anode fall may vary from a few volts 
to 50 or 100 volts in particular cases, the cathode fall is never 
more, or for that matter less, than 10 or 20 volts. ^ Furthermore, 
it is the vapor from the cathode rather than the anode that 
frequently determines the characteristics of low-pressure, or 
so-called vacuum, arcs. 

The only difference between the positive column of a high- 
pressure arc and the positive column of a glow is that usually the 
current density is higher in the arc than in the glow.^ In both 
the arc and the glow the positive column is a plasma region having 
approximately equal densities of electrons and positive ions and 
having a relatively small potential gradient. Although the 
average electric intensity in the positive column of an arc is 
greater than in a glow discharge (for the example illustrated in 
Fig. 11-4, it is 4,700 volts/m.) the ratio of the positive-column 
gradient to the pressure is considerably less in an arc than in a 
glow. In the arc'positive column the average energy of the 
electrons is from one-half to one-third the energy of electrons 
in the positive column of a glow and is in the range of 1 to 3 volts. 
This means that although many of the electrons have an energy 
sufficient to ionize directly such reaction products as NO, CO, and 
CN in a high-pressure carbon arc, for example, their energy is not 
sufficient to ionize molecular or atomic hydrogen, nitrogen, and 
oxygen except by successive impacts. Ionization by successive 
impacts was not an important source of ionization in the glow; 
but.since the ion densities encountered in the arc, approximately 
10^® per cu. m.^ are from 10^ to 10^ times as large as in the glow, 
ionization by successive impacts assumes considerable impor- 

^ Exceptions occur in the continuous transition from glow to arc and in the 
case of the cathode of a thermionic arc heated by external means. In the 
latter case the cathode fall may be considerably less than 10 volts. 

* There is little difference in the positive-column characteristics of low- 
pressure arc and glow discharges, (see Secs. 10-4 and 10-6). 
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tance. Because of the high density of electrons a considerable 
amount of energy is transferred to neutral atoms in elastic 
collisions. This has the effect of raising the gas temperature. 
At pressures of 1 atm. or more the gas temperature attains 
values of 6000° or more. This is sufficiently high for thermal 
ionization of the gas to occur. It must be borne in mind, how¬ 
ever, that this temperature is really attained because of the 
motions of a very high density of electrons. In both the glow 
and the arc, it is the motions of the electrons that ultimately 
produce the ionization in the positive column; but though in the 
glow discharge the electrons ionize by direct impact, in the arc 
they produce ionization indirectly by transferring energy to 
neutral molecules which in turn produce ionization by collision 
after acquiring sufficient energy from successive electron impacts. 
The positive-column gradient varies widely in various gases, but 
it always assumes a value just sufficient to provide for the regener¬ 
ation of those ions and electrons which are lost by diffusion into 
the cooler gases surrounding the arc and by recombination and to 
supply the heat losses from the positive column by radiation 
and conduction. In most cases the gradient is quite small, and 
the case of the copper arc cited above is typical. 

Whereas the anode and cathode falls are almost independent 
of the arc current, the drop in the positive column depends 
markedly on the magnitude of the arc current. This can be 
illustrated by means of the results obtained from studies of the 
carbon arc. 

The carbon arc in air has probably been studied more exten¬ 
sively than any other type of arc discharge, but it is hardly the 
simplest discharge to deal with in a quantitative manner. The 
pole pieces are constantly boiling or burning away, reacting 
with the gas to form complex oxides, and creating a great deal 
of turbulence in the arc region. In addition, convection currents 
of air are continually changing the arc length. However, since 
the carbon arc is so familiar to everyone, the results for that 
material will be quoted. As a rule, the drop increases uniformly 
with arc length according to the relation 

A+Bl (11-1) 

in which A and B depend on the current. It is natural to assume 
that the constant A in this equation corresponds to the sum of 
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the anode and cathode falls and that the product Bl represents 
the uniform drop in the positive column. This is essentially 
true. Apparently, all the increase in arc drop with arc length 
can be accounted for in the positive column. 



Fio. 11-6.—Volt-ampere characteristics of a carbon arc. (H. Ayrton, The 
Electrician, 35, 419, 1896.) 

As for the variation of voltage with current at constant arc 
length, typical curves are shown in Fig. 11-6. Here the charac¬ 
teristic corresponds to the equation 

E„^C->r^ ( 11 - 2 ) 

on the left of the break. At the break in the curves the type of 
arc changes from a normal arc to an abnormal, or hissing, arc. 
Multiplying both sides of Eq. (11-2) by /, we obtain 

EjJ ^CI + D (11-3) 

which tells us that the power input to the arc is a linear function 
of the arc current. Combining Eqs. (11-1) and (11-2), we can 
get a more general expression for the dependence of the arc drop 
in the carbonarc on both the current and the arc length, as 
follows: 

Ep = a-\-bl + (11-4) 

This relation is known as Ayrton’s formula, having been named 
for Mrs. H. Ayrton who made and published probably the first 
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extensive study of arc characteristics.^ Particular values for the 
constants a, 6, c, and d have no importance, for they vary con¬ 
siderably, depending on the experimental conditions of the test 
and the kind of carbons used for the electrodes. However, the 
order of magnitude of the constants is indicated by the values 
38.9, 2,000, 16.6, and 10,500 which apply to the constants a, 6, c, 
and d, respectively, under one set of conditions. Obviously, 
Eq. (11-4) holds only in the limited range of the stable arc 
indicated by Fig. 11-5; for at very small values of current the 
arc changes to a glow, and at very large values of current it 
changes into an abnormal state characterized usually by a dis¬ 
tinct hissing sound. This hissing sound seems to be due to 
fluctuations in gas emission from the anode at high current 
densities. Apparently, when the current density exceeds a 
certain value, the vapor emission from the anode becomes so 
large that the arc is cooled; a reduction is thus caused in the 
anode fall of potential and consequently in the voltage necessary 
to maintain the arc, but at the same time this induces an unstable 
condition which leads to fluctuations in current density and 
gas emission from the anode. 

Using electrodes of any material other than carbon, one might 
at first expect the same sort of volt-ampere characteristics. 
Actually, the characteristics are similar, but they do not agree 
completely with Eqs. (11-2) and (11-3). They do, however, 
follow the more general relation 

Ep = (11-5) 

where n has various values d^liiliing upon the electrodes used 
and the gas or vapor in whidiffie arc is drawn. In the case of 
short arcs in air, Nottin^^ll^^ has found that the exponent n 
is a linear function of ffie boiling point of the anode material. 
Apparently, for the case of a short arc in air at atmospheric 
pressure where the anode fall of potential is high, the temperature 
of the anode increases to the boiling point of the material of 
which it is composed and the vapor thus evolved is sufficient so 
that the arc actually exists in the vapor of the anode material. 
The arc characteristic would thus depend strongly on the type 

1 ^'The Electric Arc,^' The Electrician Publishing and Printing Co., 
London, 1902. See also earlier work by the same author. 

^Phya. Rev., 28, 764 , 1926 . 
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or kind of electrodes used. This has been verified by determining 
the volt-ampere characteristic of an arc with cooled electrodes 
(cooled below the melting point, at least). In those cases the 
characteristic was determined, even for very short arcs, by the 
kind of gas between the electrodes rather than the kind of elec¬ 
trodes used. It is strange that the one element, carbon, for 
which the earliest and most extensive determinations of arc 
characteristics were made, happened to have a boiling point at 
just such a value that the exponent of I in Eq. (11-5) turned out 
to be unity. 

From the similarity in the glow characteristic and the arc 
characteristic, it is obvious that all the discussion of stability in 
glow discharges in Sec. 10-8 will apply equally well to the arc. 
Just as in the cavse of a glow discharge, there are two points of 
equilibrium for the discharge. That is, it is possible to have the 
arc voltage plus the external-resistance drop equal to the 
impressed voltage at two values of current. However, at the 
lower of the two currents the arc is unstable. If at the lower 
current point of equilibrium the current should drop slightly the 
arc voltage would increase, the sum of arc drop and resistance 
drop would exceed the circuit voltage, and the current would 
decrease further, the process being repeated until finally the 
discharge changes to a glow or the current drops to zero and the 
arc goes out. On the other hand, if the current should increase 
slightly, the arc drop would decrease, the sum of arc drop and 
resistance drop would be less than the circuit voltage, and the cur¬ 
rent would continue to increase until a condition is again reached 
where arc voltage plus resistance voltage is equal to circuit volt¬ 
age. At the higher current point of equilibrium the arc is 
stable; for there, after small increases or decreases in current, the 
arc tends to return to its original condition. 

11-3. The Arc Positive Column. —The fact that an unconfined 
arc in air takes a definite cross section is familiar to everyone. 
Unlike a glow discharge which appears to fill the entire containing 
vessel, the arcy at high pressure appears to occupy only a very 
small volume. However, even a glow discharge does not always 
fill its confining tube. As the pressure is raised in the glow dis¬ 
charge, the glow gradually pulls away from the walls and con¬ 
tracts into a path more or less near the center of the discharge 
tube. The situation is very much the same in the case of arcs. 
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At pressures of 1 mm. or less the discharge fills the entire con¬ 
tainer; but as the pressure is raised, the discharge pulls away from 
the walls, and at pressures of the order of 1 atm. or more the arc 
occupies only a restricted path and has a very definite visible 
boundary. An example of this transition occurs in the high- 
intensity mercury-arc lamp. In this the discharge is started at 
reduced pressure; but as the tube heats up, the mercury vapor 



Fiq. 11-6.—Wet flashover on a six-unit string of suspension insulators. {Cour^ 
teey of Ohio Brass Co.) 


pressure increases, and at its eventual operating condition the 
arc only partly fills the tube, occupying a path of definite cross 
section near the center of the tube. In the breakdown of a 
spark gap or the flashover of an insulator string with alternating 
voltage (see Fig. 11-6), the arc often seems to occupy many 
distinct paths in parallel and photographs of such breakdowns 
exhibit a lacework of paths taken by the arc. In such cases, 
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however, the reason why we observe so many paths is that during 
the time that the voltage is reversing and the arc is out the hot 
gases composing the arc core move slightly. On the next half 
cycle, then, the arc appears to break down in a different path. 

In the low-pressure arc, the positive column differs very little 
from the positive column of a glow discharge, the only difference 
being that the current density is usually somewhat greater than 
in the glow. The ionizing and deionizing agents active in the 
positive column of a low-pressure arc and the methods used to 
determine its characteristics are all the' same^ as in the glow. 
Because of this similarity, we shall discuss here only the charac¬ 
teristics of the positive column of high-pressure arcs (i.e., pres¬ 
sures of the order of 1 to 10 atm.) and leave it to the reader to 
review the material in the preceding chapter on the positive column 
of the glow, bearing in mind that it applies to the arc as well. 

In the high-pressure arc, certain characteristics of the positive 
column stand out in all experiments. These must be accounted 
for by any adequate theory. In the first place the potential 
gradient in the positive column is always low although not 
necessarily so low as in the positive column of the glow discharge. 
Furthermore, the potential gradient decreases with an increase 
in arc current. The fact that the arc has a definite cross section 
was mentioned abqve, but the arc cross section is apparently 
independent of the length of the arc and depends only on the cur¬ 
rent flowing. The temperature or average energy of the electrons, 
positive ions, and neutral molecules of the gas is approximately 
the same in the arc and corresponds to a temperature of about 
6200®K. Actually, the gas temperature also seems to depend 
on the arc current to some extent varying from about 5950°K. 
at 1 amp. to 6400®K. at 10 amp. in a nitrogen arc at atmospheric 
pressure, and it may be even higher at larger arc currents. It is 
quite apparent from all the experiments on stable high-pressure 
arcs that there is really only one independent variable in the 
arc and that is ihe current. Whenever the current changes, the 
arc readjusts itself to new conditions and we observe that the arc 
cross section, potential gradient, and gas temperature acquire 
new values. This is the important distinction between the high- 
pressure-arc positive column and other kinds of conductors. 

Although the diameter of the positive column of a high-pressure 
arc can be determined easily from visual or photographic measure¬ 
ments, the voltage gradient, gas temperature, and ion density 
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cannot be obtained so easily. The problem is much more diffi¬ 
cult than the determination of positive-column characteristics 
in a glow discharge, for probe measurements are practically 
useless. The gas temperature is so high that, unless the probe 
is very large or is moved very rapidly through the arc, it is 
quickly destroyed. But even if the probe is large enough or 
moves quickly enough through the arc, results obtained with it 
cannot be relied upon because the very introduction of a cold 
probe into the arc region upsets the equilibrium and introduces 
errors into the measurements. Since the anode and cathode 
falls remain practically constant, the gradient in the positive 
column can be obtained fairly accurately, however, by measuring 
the change in the total arc drop with changes in arc length. 
The positive-column gradient can also be measured with a probe 
if care is taken in the interpretation of results. Spectroscopic 
means have been used to determine the gas temperature and the 
ion density, principally by Ornstein^ and his coAvorkers; but other 
estimates of the gas tempc'rature have been made by determining 
the gas density through measurements of the absorption coeffi¬ 
cient of the gas for alpha particles, beta particles, or soft X rays 
and through measurements of the velocity of sound in the hot gas.^ 

The problem of accounting for the positive-column character¬ 
istics is not an easy one if a rigorous solution is desired, although 
a qualitative check with experiment can be obtained relatively 
easily. Essentially the? solution depends upon an energy- 
balance computation; for all the energy input to the positive 
column goes to maintain a sufficient ion concentration for the 
arc curnmt, and every ion pair lost from the positive column 
represents the loss of a definite amount of energy. In other 
words, the number of ions produced in the arc must be just equal 
to the number of ions lost to the wall or to the surrounding cool 
gas. In the glow discharge, practically the only source of ioniza¬ 
tion in the positive column is ionization by collision of electrons 
and neutral gas atoms. Now, in the arc discharge, the current 
densities involved are much larger than in the glow, and hence 

^ Ornstein, L. S., and H. Brinkman, Physica, 1, 797, 1934. ter Horst, 
D. T. J., H. Brinkman, and L. S. Ornstein, Physica^ 2, 652, 1935. 

*v. Engel, A., and M. Steenbeck, Phys, Rev,, 87, 1554, 1931; TTiss. 
Veroff, Siemens K,, 12, 1, 74, 81, 1933. Ramsauer, C., Electrotech, u, 
Maachinenhau, 51 , 189, 1933. Suits, C. G., J, App, Phys., 6 , 190, 196, 315, 
1935; 10 , 728, 1939; Proc, Nat, Acad,, 21 , 48, (1935); Gen, Elec, Rev,, 89 , 194, 
1936. 
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the ion densities must be much larger. The increase in ion 
density with only a slight increase in positive-column gradient 
can be explained as due, in part, to thermal ionization occurring 
in the gas of the arc core because of the high energy input into 
the positive column. Of course, ionization by collision of elec¬ 
trons with neutral atoms still accounts for much of the ionization. 

Because of the strong dependence of thermal ionization on gas 
temperature (see Sec. 8-2), the ion density present at any time 
will depend greatly on the gas temperature. On the other hand, 
the energy input to the arc positive column per unit volume per 



section of the arc positive column. 

second is equal to the product of the current density and the 
voltage gradient. ,But since the current density is given approxi¬ 
mately by the electron current density 

J = N^qeKF 

it is reasonable to suppose that the greatest energy input will 
occur in those regions in which the electron concentration Ne is 
the greatest. Qualitatively, then, we can justify a distribution 
of ion density similar to that indicated in Fig. ll-7a. All this, 
of course, is based on the assumption that there is no recombina¬ 
tion in the arc core and that all the energy losses occur at the 
boundary of the arc. This is not an unreasonable assumption; 
we saw before, in Sec. 7-3, that there is very little recombination 
in a gas at high temperature. Actually, there is probably some 
recombination agoing on between electrons and positive ions in 
the arc core, but the loss in energy by this means is entirely 
negligible in comparison with the other losses. 

Energy is lost from the positive column in no less than six 
different ways. These are (1) recombination, (2) radiation, (3) 
radial drift, i,e., drift of ions in the radial electric field if one 
exists, (4) diffusion, (6) thermal conduction, and (6) convection. 
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Of these, only the first two can be neglected in most situations. 
Recombination, as mentioned above, depends very strongly on 
the gas temperature and begins to become important only in the 
region outside the arc core. Of course, recombination is eventu¬ 
ally responsible for the disappearance of ions in a free arc because 
diffusion only accounts for the motions of ions from one region 
of high density to another of low density and, after the ions 
disappear from the arc core by diffusion, recombination is still 
necessary to cause their complete annihilation. But as far as 
influencing arc characteristics is concerned, recombination can be 
neglected. Although the light emitted from an arc is very 
intense and although arcs constitute probably the most efficient 
means of producing light, the fraction of the total energy lost that 
is lost in radiation is not more than a few per cent. Ornstein 
and Brinkman^ give the fraction of the energy input to a carbon 
arc that is radiated from the positive column as 0.8 per cent 
at 5 amp., 1.4 per cent at 10 amp., and 3.0 per cent at 14 amp. 
8o, without much inaccuracy, this can be neglected, also. 

Of the remaining factors, we can group the loss by radial drift 
with the loss by diffusion and treat the combination as a single 
loss due to ambipolar diffusion. Although convection accounts 
for an appreciable share of the energy loss in the positive column, 
calculations involving it are difficult and for a first approximation 
it may be neglected. We are then left with essentially two ways 
in which energy is lost from the positive column, f.e., diffusion 
and thermal conduction. 

Although the processes involved in thermal conduction and in 
diffusion are essentially the same—both involving a motion of 
gas particles out of the region of the arc core—they cannot be 
treated together. Due to the difference in temperature of the 
arc core and the surrounding medium, there will be a net transfer 
of molecules from the arc core to the surrounding volume, each 
molecule taking with it an energy of about 1 volt. The mole¬ 
cules that move back into the arc core to replace the high- 
temperature molecules will carry with them only a fraction of a 
volt of energy, and so there will be a net flow of energy outward 
from the arc core due to this thermal conduction. In addition to 
this loss, there is a loss of ionized molecules due to the gradient in 
the ion concentration near the arc core. Each pair of these ions 

^Phynca, 1, 797 , 1934 . 
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will carry with them an energy of recombination equal to the 
ionization potential of the gas—approximately 15 volts in 
nitrogen. Thus, although the number of particles lost from the 
arc core by diffusion may be small in comparison v/ith the number 
lost through thermal conduction owing to the fact that only a 
fraction of the gas is ionized, the energy lost by diffusion can 
be almost the same as the energy lost by thermal conduction, for 
each ion carries ten or more times the energy of a neutral 
molecule. 

Lamar, Stone, and Compton^ following the original method of 
Compton^ have solved this problem in a rigorous manner, and 
Stone and Lamar^ have also extended the theory to include 
convection. The results of their calculation show that they are 
able to predict the falling volt-ampere charactei-istic of the arc 
positive column, as well as the observed temperature variation 
in the positive column with the arc current; but a discussion of 
their method is beyond the scope of this volume. All that we 
shall attempt to show in a qualitative way, following the method 
of Slcpian,"^ is that the volt-ampere characteristic is a falling 
one and that the arc cross section is determined by the current 
flowing in the positive column. 

If we let F be the potential gradient in the positive column, then 
the energy input W {)er unit length per second will be 

W = IF (11-6) 

where I is the total arc current. In order to estimate the losses 
from the arc, we can assume in this approximation that the ion 
density is constant over the arc cross section and decreases to 
zero uniformly in a distance 5 outside the arc, as shown in Fig. 
11-76. Similarly, we can assume that the arc temperature is also 
constant over the cross section of the arc core and decreases to 
zero uniformly in a distance 8 outside the arc core, as shown in 
Fig. 11-76. However, the radius of the arc r is not necessarily 
constant. We 'shall assume, though, that it always adjusts 
itself so that the energy input to the arc, and hence the energy 
loss, per unit time are a minimum. According to these assump- 

^Phys, Rev., 65 , 1235, 1939. 

^Phys. Rev., 21 , 266, 1923; J.A.I.E.E. 46 , 868, 1927. 

^Phye. Rev., 67, 212, 1940. 

* General reference 11-1, pp. 167-168. 
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tions, the arc positive column can be treated as a uniform, hot 
conductor whose diameter 2r depends upon the current in the 
conductor. This picture is naturally very approximate; but the 
conditions assumed here do not differ greatly from actual con¬ 
ditions, and we should be able to predict the trend of the arc 
characteristics, at least. 

Let us say, then, that Wc is the loss in energy from the positive 
column by thermal conduction per unit length per second and 
Wd is the loss in energy per unit length per second by diffusion 
of electrons and positive ions from the arc core to a region of low 
density outside the arc. Since the rn^t heat flow per second 
through unit area at any point is proportional to the temperature 
gradient at that point, the net energy lost from the arc positive 
column per second is proportional to the circumferential area of 
the arc and the temperature gradient at the arc boundary. 
Thus, Wc is given approximately by 

W, = A.2irr-^ ( 11 - 7 ) 

where Ac is the constant of proportionality. Similarly, since the 
net number of ions diffusing per second through unit area at any 
point is proportional to the gradient in the ion concentration at 
that point, we can write 

Wa = Ai2wr~ ( 11 - 8 ) 

0 

where Ad is the other constant of proportionality and N is the 
ion concentration in the arc core. Actually, Ac is proportional 
to the average velocity, mean free path, and specific heat of the 
gas molecules; and A a is proportional to the average velocity 
and mean free path of the ions. But if w(' assume for this cal¬ 
culation that the temperature of the gas is independent of the 
current flowing in the arc, we can treat Ac and Ad as essentially 
constant. Furthermore, under this condition, Wc will depend 
only on r. Equations (11-7) and (11-8) can then be simplified 
to give Eqs. (11-9) and (11-10) if we lump all the constants of 
each equation into a single new constant. Thus, ^ 

Wc = A'r (11-9) 

Wd = A'dvN ( 11 - 10 ) 

' In this, we have also assumed that 8 remains constant as the current is 
varied. 



376 


THE ARC DISCHARGE 


[Chap. XI 


In Eq. (11-10), the ion concentration N still appears. This 
cannot be measured directly; but we do know that, since the 
electrons always have a much higher mobility than the positive 
ions, the total drift current flowing in the arc is practically all 
electron current We can then say that, to a close approxima¬ 
tion, the arc current I is given by 

I = irr^NeQeKeF (11-11) 


where Ke is the mobility of the electrons, KeF is the average 
drift velocity of the electrons, and NeQeKeF is the average drift 
current density. Since the concentration of electrons is approxi¬ 
mately the same as the concentration of positive ions, Eq. (11-11) 
can be solved for Ne and the value substituted in Eq. (11-10) 
to give 


Wa 


A',rl 

wr^KeF 


or 



( 11 - 12 ) 


since Ke will be essentially constant at constant temperature and 
can be combined with the other constants to give a new pro¬ 
portionality constant Ad, We see now that, although the loss 
by thermal conduction is independent of the positive-column 
current and potential gradient and depends only on the radius 
of the positive-column cross section, the loss by diffusion is 
directly proportional to the arc current and inversely propor¬ 
tional to the positive-column gradient and the radius of the arc 
core. 

The energy-balance equation thus becomes 


W ^Wc A-Wa 

or 

IF = - 1 - ^ ( 11 - 13 ) 

In Fig. 11-8, Eq. (11-13) has been analyzed graphically for the 
condition when F and I are constant. Because the ion density 
decreases as the square of the arc radius when the total current 
is maintained constant, the total energy lost by diffusion actually 
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decreases as r increases. This is in agreement with the conclu¬ 
sions reached in Sec. 7-2. There we saw that, when the only- 
deionizing agent was diffusion and a uniform volume source of 
ionization was maintained, the relative loss in ionization for a 
given total ionization decreased as the radius of the discharge 
tube was increased. Here, the dependence on r is not quite the 
same as in that problem, but we reach the same conclusion. 
As shown by the graph, the loss by thermal conduction increases 
directly with the arc radius. The 
total loss, consequently, increases as 
r is decreased for small values of r 
owing to the increased loss by diffu¬ 
sion, and the total loss increases as 
r is increased for large values of r owing 
to the increased loss by thermal 
conduction. Thus, there is a certain 
value of r for which the loss in energy is a minimum. 


Tofa! loss 



.Loss by 
conduction 

fLoss by diffusion 


Radius of arc r 
Fio. 11-8.—Power loss in the arc. 


This 


determines the actual arc radius, for conditions will adjust them¬ 
selves so that the loss in energy from the arc is a minimum. 

If we solve Eq. (11-13) for we obtain 


#+v(ty 


+ 


A'l 


and if we multiply this equation by /, we get 


(11-14) 


FI = ^ + 


m 


+ 


A'JP 


(11-15) 


Equation (11-15) also shows that the power input, with a given 
current, will be a minimum for a particular value of r and the 
arc should have a definite cross section. Equation (11-14) shows 
that the gradient in the positive column, and consequently the 
arc voltage when the length of the arc is constant, will decrease 
with increasing current. In these two important respects, then, 
the approximate theory agrees with experiment. Actually, 
the arc does not have an absolutely sharp boundary, as this 
calculation might indicate, the ion density and the gas tempera¬ 
ture falling off gradually in the gas surrounding the arc core as 
shown in Fig. ll-7a. But since thermal ionization depends so 
strongly on the gas temperature, and most of the current is 
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carried within a limited volume, for all practical purposes, one 
can speak of the arc as having a definite boundary or cross- 
sectional area. 

If an arc is confined in a small tube of refractory material, 
it is evident from the fact that the arc assumes a definite size 
for every value of arc current that the size of the tube will make 
no difference in the voltage drop along the are until the current in 
the arc is increased to the point where the natural, or free, arc 
diameter tends to exceed the diameter of the tube. Since the 
arc diameter cannot exceed the diameter of the hole it must 
remain constant with any further increase in current. This 
means, then, that as the arc current increa.ses, the total loss in 
energy from the arc corresponds to points farther and farther 
to the left of the minimum of the total loss curve in Fig. 11-8, 
for the fn^e arc would have a larger and larger diameter. Con¬ 
sequently, the loss of ionization by diffusion increases rapidly with 
increases in current, and the voltage gradient necessary to main¬ 
tain the discharge must increase rapidly with current. This 
behavior has been verified by experiment. When an arc is 
drawn in a small hole in soapstone, for example, it is found that 
as the current is increased the voltage gradient at first decreases 
but after the arc completely fills the hole the voltage gradient 
increases rapidly, t 

One important application of this characteristic of high- 
pressure arcs is in the porous-block lightning arrester.^ As 
mentioned before in Sec. 10-9, an ideal lightning arrester is one 
which permits a large current to flow with no decrease in voltage, 
i.e.f one for which the volt-ampere curve is a horizontal line. 
If a refractory block containing many small pores is used as 
a lightning arrester, the breakdown voltage of the block is 
unaffected by the size of the holes; but once a discharge is started 
in one hole, the voltage decreases only until the arc fills the 
hole, and then the drop across the block increases with any 
further increase in current. With a proper porous material, 
this arc drop can very soon be made to exceed the breakdown 
voltage; then, as the current increases, all that happens is that 
more and more pores break down and carry current, but the arc 
voltage does not change. As the current falls to zero, the arc 

1 Slepian, J., R. Tanbbrg, and C. E. Krause, Tram. A.I.E.E., 49 , 257, 
1930. 
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is quickly extinguished; or if the voltage falls below the break¬ 
down voltage, the discharge is extinguished. 

It may be mentioned here that, although lightning arresters 
are quite generally used to protect equipment and transmission 
lines from the effects of surges due to lightning disturbances, 
they are not completely successful; i.e., commercial arresters are 
not built to protect equipment against the most severe surge 
conditions such as occur in direct lightning strokes. However, 
they can be built to protect against most of the surges appearing 
on a line. 

11-4. The Cathode of the Arc.—A study of the manner in 
which the transition from glow to arc occurs reveals that appar¬ 
ently we cannot lay down a single all-inclusive theory of the arc 
cathode. We shall have to define at least two kinds of self- 
maintaining arc that depend on the material of the cathode. 
In the case of high-melting-point materials, siuh as tungsten 
or carbon, the cathode in all probability attains a temperature 
high enough to emit electrons thermionically; if the whole 
cathode is not hot enough for thermionic emission, at least some 
part is. On the other hand, self-maintaining arcs are quite 
frequently observed when the cathode is a material such as 
mercury which boils at a temperature far b(‘lo\v that necessary 
for thermionic emission. For these arcs, another mechanism 
has to be devised. More will be said about this a little later. 
With either kind of arc the local spot from which the arc appears 
to spring is called the cathode spot. The size of this spot is 
difficult to ascertain because of its extreme brightness, but 
experiment seems to indicate that it varies with the arc current, 
the relationship being approximately linear. 

The temperature of the hottest part of the cathode of a tung¬ 
sten arc has been found to be approximately 3300®K. when the 
cathode current density was about 0.5 amp./sq. mm. Since in 
the neighborhood of 3300°K. a very sliglit change in temperature 
results in a large change in emission and since between 0.1 and 
0.2 of the cathode current is positive-ion current, the correspond¬ 
ence with thermionic-emission data as given in Table 11-1 is 
quite close. In the case of carbon arcs the cathode-spot current 
density varies from 2.0 to 5.0 amp./sq. mm.; but in these cases 
the cathode temperature is about 3600°K., and so this also 
agrees with thermionic-emission data. 
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Table 11-1.—Electron Emission prom Tungsten 
Temperature, Electron Emission, 

deg. K. amp./sq. mm. 

2000 . 0.00001 

2400. 0.00116 

2800 . 0.0354 

3200. 0.478 

3300. 0.844 

3400. 1.42 

3600. 3.73 

3655. 4.79 

That ordinary thermionic emission is sufficient to explain the 
maintainance of a low-voltage hot-cathode arc discharge is 

illustrated by the fact that it is 
possible to compute almost 
exactly the voltage-current 
characteristic of the transition 
from glow to arc when a tung¬ 
sten cathode is used. Figure 
11-9 shows the results of the 
calculation. The solid curve 
represents the experimental 
data^ and the dotted curve the 
theoretical computation.^ The 
method employed in the calcula¬ 
tion of the dotted curve is 
essentially the following: The 



i , amperes 

Fio. 11-9.—Glow-to-arc transition 
with tungsten electrodes in nitrogen. 
(General reference 11-5, p. 142.) 


total current i at the cathode is made up of electron current ie and 
positive-ion current Zp, thus: 

i = ie + iv (11-16) 


But the electron current also can be considered to be made up 
of two parts, namely, a part due to thermionic emission, z<a, 
and a part due to secondary-electron emission by the incoming 
positive ions, yipy 

ie = ith + yip (11-17) 

These two equations can now be solved to give the electron and 
positive-ion currents in terms of the total current and the therm- 
ionic-emission current, as follows: 

1 Bachtiobb, P., Helvetica Phye, Ada^ 8, 335, 1930. 

* General reference 11-5, p. 142/ 
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le = 


tv = 


yi + ith 
1 + 7 
i — ith 
1 + 7 


(11-18) 

(11-19) 


The number of positive ions per meter produced by each 
electron leaving the cathode is given by Eq. (8-4) of Sec. 8-3; 
hence, the total ionization produced in 1 sec. by all the electrons 
leaving the cathode is P(Fc — Ei)ie, where Vc is the cathode fall 
of potential, Ei is the ionization potential of the gas, and P is a 
new constant of proportionality. If we consider that a fraction 
k of the positive ions, so produced, reach the cathode, then ip is 
given by 

ip = kP{Vc - Ei)ie (11-20) 

or the ratio of ip to ie is 

^ = fcP(F. - Ei) (11-21) 

te 

Substituting the values above for ip and iej we obtain 

kP{Vc - Ei) = ( 11 - 22 ) 

yt + tth 


Now, at the cathode, energy is lost by radiation and by the con¬ 
duction of heat through the cathode support and through the gas. 
The loss of heat by radiation is proportional to the fourth power 
of the cathode temperature, and the loss by conduction is pro¬ 
portional to the first power of P; so we can write 

Energy loss = BT^ + CT (11-23) 

In equilibrium, this must be equal to the energy input to the 
cathode, which can be considered to have three principal com¬ 
ponents. (1) A heating component due to positive ions falling 
through the cathode-potential drop and giving up their energy 
to the cathode. If / represents the fraction of the positive ions 
giving up energy of this kind to the cathode,^ the total energy 
gained will be fipVe- (2) Another heating component due to 

— /) will represent the fraction of the positive ions that retain the 
energy gained in the cathode fall and after neutralization at the cathode 
pass away as molecules of high kinetic energy. / is called the accommodcUion 
ooeffiofent. 
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the neutralization of the positive ions at the cathode. This is 
equal to ipEi. (3) A cooling component due to the emission 
of electrons from the cathode, to supply both ie and the electrons 
for neutralizing the incoming positive ions. This is given by 
i<l> where <t> is the work function of the cathode surface. Thus 
the energy input to the cathode is equal to {fipVc + ipEi — 
Equating tliis to the energy loss, given by Eq. (11-23), we have 

ipifVc + Ei) - i<t> = BT^ + CT (11-24) 

or, substituting the value of ip from Eq. (11-19), 

(fVc + Ed - t<t> = BT^ + CT (11-26) 

1 *T 7 

It is possible now to combine Eqs. (11-25) and (11-22), and, 

remembering that ith = A T^e to eliminate both ith and T and 
obtain an equation relating Vc to the current i. This is the 
relationship that has been plotted in Fig. 11-9 as the dotted 
curve. 

As a comparison of Eqs. (11-18) and (11-19) shows, the 
positive-ion current at the cathode of a tungsten arc may be 
small in comparison with the electron current, especially when 
the cathode tempei^ature is high. Experimentally, ip is found 
to be about 0.1 of tlje total current; so in this respect, also, the 
theory seems to be cbrrect. 

When the cathode of an arc is heated by external means as 
it is in a phanotron, the phenomena taking place at the cathode 
are essentially the same as in the hot-cathode arcs described 
above. The only difference is that the cathode fall of potential 
is usually less in the non-self-maintaining arc than it is in the self- 
maintaining arc, for the cathode is maintained hot enough for 
thermionic emission by external means. The thermionic 
emission, however, is of the same order of magnitude relative to 
the total current as in the self-maintaining thermionic arc, 
and the cathode fall is approximately equal to the ionization 
potential of the gas. 

Thermionic emission does not explain all self-maintaining 
arcs by any means. It is quite evidently adequate to explain the 
existence of arcs between tungsten or carbon electrodes, for 
these can be easily heated to temperatures high enough for 
thermionic emission to supply practically all the current. But 
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consider the other metals in Table 11-2. Arcs with any of these 
metals are familiar. Yet most of them boil at temperatures 
considerably below that required for an appreciable amount of 
thermionic emission (about 3000^0.). There are other differ¬ 
ences, too, that distinguish an arc employing a tungsten or 
carbon cathode from one with a so-called ‘^cold cathodesuch 
as mercury, aluminum, or zinc. Whereas the cathode spot 


Table 11-2 


Metal 

Melting 
point, deg. C. 

Boiling 
point, deg. C. 

Hg 

- 38.9 

356 

Cd 

320.9 

766 

Na 

97.5 

880 

Zn 

419.5 

907 

Al* 

659.7 

1800 

Cu 

1083.0 

2300 

Fe 

1535.0 

3000 

W 

3370.0 

5900 

C 

3500.0 

4200 


always remains stationary on the surface of a carbon or tungsten 
cathode, with a cold-cathode arc it frequently races about over 
the surface of the cathode at speeds estimated at 0.5 to 1.5 m./sec. 
and even as high as 10 m./sec. With these surfaces, too, although 
the size of the cathode spot is roughly proportional to the cathode 
current, as with thermionic arcs, the current densities are very 
much larger than with a thermionic arc. Estimates of the cur¬ 
rent density vary from 17 to 180 amp./sq. mm., compared with 
0.5 to 5 amp./sq. mm. in the cathode spot of the thermionic arc. 
Furthermore, the potential drop at the cathode is much less, 
often just exceeding the first critical potential of the gas and 
much lower than with a thermionic arc. Finally, unlike ther¬ 
mionic arcs, which can be reignited easily after an interruption 
of almost 1 sec., the cold-cathode arc cannot be reignited in many 
cases when the interruption is as short as 10~® sec. Because of 
these differences, we are forced to assume that there are at least 
two distinct types of self-maintaining arc, those with high- 
melting-point cathodes, which we shall call thermionic or hot- 
cathode arcs, and those with cathodes that boil at temperatures 
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insufficient for thermionic emission, which we shall call cold- 
cathode arcs. The distinction between these two types will be 
further emphasized when we consider the characteristics of 
a.c. arcs in Sec. 11-7. 

The suggestion that these cold-cathode arcs are maintained 
by high-field emission is due to Langmuir.^ He postulated that 
a space-charge sheath of positive ions forms so close to the 
cathode surface that the electric intensity at the cathode surface, 
due simply to the electric field, is sufficient for large numbers 
of electrons to be emitted. If this is to 'be true, the electric 
intensity at the cathode surface would have to be of the order of 
10'® volts/m. Actually, with the enormously large current 
densities observed in the cathode spot of a cold-cathode arc, the 
positive-ion space-charge sheath at the cathode^ is so dense that 
electric intensities of 1.7 X 10® volts/m. have been calculated.^ 
This is a large enough value so that, allowing for irregularities on 
the cathode surface that can easily multiply the electric intensity 
by a factor of 10, electron current densities of the order of 
10 amp./sq. mm. can occur. 

Further evidence for a cold-cathode effect is found in the fact 
that the temperature of the surface under the cathode spot in a 
mercury arc has been estimated at between 250 and 350°C. from 
measurements of the evaporation taking place. Temperatures 
for the cathode-spot area of 2000°C. obtained from spectroscopic 
measurements have been shown to be in error, for in those 
measurements the radiation was actually coming from the gas 
and not the mercury surface. Elaborate explanations have been 
presented by many authors in an attempt to show that the 
mechanism at the cathode spot in a cold-cathode arc is the same 
as for a thermionic arc. These arguments have all broken down, 
however, when all the characteristics of cold-cathode arcs have 
been considered. J. J. Thomson,^ for example, shows that time 
lags of breakdown as short as 5 microsec. can be explained on the 
basis of thermionic emission in the' ordinary sense when the 
stream of incoming positive ions prevents the evaporation of 

^ Qen, Eke. Rev.j 28, 735, 1923. 

* A sheath similar in all respects to the sheath at the cathode of a glow 
discharge. 

* Genend reference 11-6, p. 162. 

* General reference 11-2, p. 595. . 
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the cathode material. However, experimentally, ‘ time lags of 
breakdown of 10“^ or 10“® sec. have often been obtained, and 
these are much too short to be explained on any thermionic 
theory. Furthermore, interruption of the arc for as little as 
10“® sec. is sufficient for the cathode spot to disappear and for 
reignition of the arc to be prevented. It is difficult to see, on the 
basis of a thermionic theory, how enough cooling could occur in 
10~® sec. to prevent the reignition of the arc. In addition to these 
experiments, tests with Deion circuit breakers have shown that it is 
possible to split a long arc into many short arcs between copper 
plates and by means of a magnetic field to move the arc rapidly 
across the metal plates. Examination of these plates after the 
cathode spot has traversed them has revealed no evidence of 
burning or even melting of the copper surface. Certainly, 
one or the other would have occurred if thermionic emission had 
been present. The truth probably lies in the fact that no single 
process can be taken for a complete explanation of the cold- 
cathode arc. Since the current densities and densities of 
ionization involved are so very much larger than are ordinarily 
encountered and since the volume of cathode associated with the 
emission process is so very much smaller than is usually studied, 
we cannot say definitely that the usual theories continue to 
apply. The actual mechanism of electron emission at the 
cathode spot may be a combination of several familiar mecha¬ 
nisms, or it may be an entirely new one; but until the situation 
is clarified by further experiment, we can only say that the cold- 
cathode arc is distinctly different from the thermionic arc and at 
present seems to be made possible by high-field emission. 

One other point mentioned above as characteristic of cold- 
cathode arcs is deserving of attention. In the case of thermionic 
arcs the cathode fall is always found to be at least equal to the 
ionization potential of the gas. With cold-cathode lares, cathode 
falls only slightly greater than the first critical potential have 
been observed. This is assumed to be made possible by the 
fact that with the large current density and large ion concentra¬ 
tion present, ionization by successive impacts is taking place 
and the electrons need have only sufficient energy to produce 
excitation. 

It often happens that the presence or absence of impurities in 
the cathode metal will determine whether the arc is to be classed 
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as a thermionic or a cold-cathode arc. It is easy to see that, if a 
metal such as copper contains alkali impurities, the low work 
function of the impurity may make a thermionic arc possible 
even though such an arc is not possible with pure copper. Experi¬ 
ments have shown that the presence of oxygen or an oxidized 
cathode also facilitates the formation of a thermionic arc, 
especially when the arc is not moved by external means. Here 
the effect of the oxide is probably to raise the boiling point to 
such a degree that thermionic emission can occur. On the other 
hand, it is possible to have a cold-cathode arc with both tungsten 
and carbon cathodes under the proper condition's. Evidence for 

a cathode of this form is found 
when breakdown occurs between 
carbon electrodes in high vacuum; 
but after the arc forms, it rapidly 
changes over to a thermionic arc. 

11-6. Dynamic Arc Character¬ 
istics.—From what has been said 
about the characteristics of the 
positive column of an arc, we 
realize that every change in cur¬ 
rent in the arc is accompanied 
by a complete change in the character of the arc. The gas 
temperature, ion density, ion and electron energy, cross-sectional 
area, and gradient in the positive column all depend upon the 
arc current; and the various points on an arc characteristic such 
as are shown in Fig. 11-5 actually correspond to different con¬ 
ditions of the arc. If conditions in the arc did not vary with the 
current, the arc would act like any other conductor and its volt- 
ampere characteristic would be a straight line through the origin. 
The changes that do occur, however, cannot occur instanta¬ 
neously; consequently, we cannot expect the dynamic character¬ 
istic, obtained when the current is varied rapidly, to agree with 
the static characteristics that we have been discussing thus far. 
As experiments show, the dynamic characteristics of an arc only 
approximate the static characteristics at any time. This seems 
entirely reasonable when we realize that a change in ion con¬ 
centration, gas temperature, or arc cross section takes time and 
involves the input or loss of a certain amount of energy from the 
positive column. 
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The dynamic volt-ampere characteristic of an arc can be 
investigated experimentally by impressing a small varying cur¬ 
rent on the steady direct current flowing in any test. Figure 
11-10 illustrates the results of such a test. When the current 
is changed very slowly, the static volt-ampere curve is followed 
exactly; but when the frequency of the pulsations in current are 
increased, deviations from the static characteristic begin to be 
observed. The voltage change appears to lag behind the change 
in current, and a point originally on the static characteristic 
moves on an ellipse. However, as long as the frequency of the 
pulsations is small, the ellipse con¬ 
forms closely to the shape of the static ^ 
characteristic in the neighborhood of 
the average value of current. As the 
frequency of the current pulsations is 
increased, both the size and the 
orientation of the ellipse change. The 
change in the dynamic characteristic 
is indicated in Fig. 11-11, where the 
curves aa', 55', and cc' correspond to 
the dynamic characteristic when 
successively higher frequencies of 
current pulsation are applied to the arc. It is quite evident that 
with the increase in frequency the ellipse rotates counterclockwise 
and at very high frequencies flattens down to a line of definitely 
positive slope. We see, then, that, if the arc current can be 
changed rapidly enough, conditions in the arc core will remain 
essentially constant and the arc will act like a metallic conductor. 
It is only because conditions in a static arc change with every change 
in current that we get the familiar falling volt-ampere characteristic. 
The hysteresis effect in the arc is always accompanied by a 
change in the energy balance in the arc; for during the time that 
the current is increasing, additional ionization is produced which 
is lost by radial diffusion when the current decreases. The cycle 
of processes is apparently somewhat as follows: When a sudden 
increase in current occurs, the voltage increases at first because 
there is insufficient ionization present to carry the current at the 
same voltage. Then, with the corresponding increase in energy 
input in the positive column, its temperature and ion density 
begin to rise and the cross-sectional area changes to produce 
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as low an energy input as possible. When these changes occur, 
the arc voltage drops. As the current is decreased, just the 
opposite occurs; a larger than necessary ion density, temperature, 
and cross-sectional area are available, and the arc voltage drops 
or stays below the static characteristic until the excess ionization 
is lost by diffusion and the arc temperature has been decreased 
by thermal conduction. In this way the ellipse is traced out. 
When the frequency of the current pulsations is raised, the 
inability of the arc to follow the fluctuations becomes more 
pronounced and eventually, when the frequency reaches about 

100,000 cycles/sec.,* the ellipse flat¬ 
tens down to a straight line and the 
arc acts like a pure resistance. 
There are differences, however, 
between the arc and a pure resist¬ 
ance. The slope of the straight-line 
arc characteristic changes as the 
average value of current is changed. 
If the current fluctuates about a 
large value of current, the slope of 
the line is less than if the fluctuations 
occur about a small value of current. 
Furthermore, the slope of the line 
multiplied by the current does not 
give the corresponding voltage as it would in the case of a metallic 
resistance. As the amplitude of current pulsations is increased, 
the deviations from the static characteristic become more pro¬ 
nounced even at relatively low frequencies. Figure 11-12 illus¬ 
trates this condition. In the figure the static volt-ampere curve is 
shown dotted and the dynamic characteristics with successively 
larger currents are shown in the solid lines. All these curves 
correspond to a frequency of current pulsations of about 450 
cycles/sec. 

11-6. The Arc Oscillator. —One of'the examples of the applica¬ 
tion of the falling volt-ampere characteristic of an arc is in 
the design of arc oscillators. Except for the fact that in an 
arc the currents involved are much larger and consequently the 
power available to an oscillating circuit is much larger, there is 
little difference between an arc oscillator and a glow-tube 
oscillator such as is discussed in Sec. 10-9. The fact that the 



Fio, 11-12.—Dynamic char¬ 
acteristic of a pulsating current 
arc. (H, T, Simon, Physik. 
Z„ 7 , 433 . 1906 .) 



Sac. 11-61 


THE ARC OSCILLATOR 


389 


dynamic volt-ampere curve of an arc as discussed in the pre¬ 
ceding section is not the same as the static characteristic limits 
the applicability of this type of oscillator, however, to relatively 
low frequencies where the characteristic still has a negative slope. 
This means that ordinarily an arc oscillator cannot be used for 
frequencies much greater than about 50,000 cycles/sec. 

As in the case of glow oscillators, there are two types of arc 
oscillator. Figure 11-13 shows the type of circuit that would be 
used with the intermittent-arc oscillator. A resistance R is 
connected in series with the spark gap G, and the resistance is 
made large enough so that a stable arc 
cannot be maintained with the voltage 
available. If E is larger than the 
sparking potential of the gap, the 
potential acrossG will rise slowly owing 
to the condenser in parallel until the 

voltage reaches the sparking potential. Then a breakdown to an 
arc occurs, and the condenser discharges through the gap. Because 
the current from E is limited to a value insufficient for a stable arc, 
the arc goes out after the condenser discharges, the voltage across 
G and C again starts to rise, and the cycle is repeated. By this 
means, then, an oscillating voltage can be obtained from the trans¬ 
former r, which is connected in series with the condenser. 
Because of the resistance in series with the power source, this 
circuit is, of course, limited to relatively low-power applications. 

That an arc cannot be maintained if R exceeds a certain value is evident 
from the analysis of the conditions for stability in Sec. 10-8. This can also 
be verified analytically if we assume that the arc voltage is given by a 
relation of the form of Eq. (11-5) 

Ep = C -f ^ (11-5) 

Here C and D are constants for a particular arc. Combining this with the 
equation for stability [Eq. (10-15)], we get 

E, = Ei - IR = C + (11-26) 



which can be solved for R to give 

Et--C D 

" “ / /n+l 


(11-27) 


Now, if there is a maximum value of R that will give a stable arc current, 
it can be determined from the condition that, at the maximum, dR/dl » 0. 
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Differentiating Eq. (11-27) with respect to I and setting the result equal to 
zero, we find that 

1 


, _ r(n + l)/>ln 
^ “ [ (£» -C) \ 


(11-28) 


This value of 7 can now be substituted in Eq. (11-27) to determine the 
maximum value for R. The result is 


7?max 


n-f-l 

n rEi - C] n 

lln+l] 

Dn 


(11-29) 


This tells us that as long as R does not exceed this value a stable arc can be 
maintained. In the case of the carbon arc where n = 1, it is impossible, 

then, to maintain the discharge when R is greater than ^-Equation 

(11-29) also tells us that when R is fixed a stable carbon arc cannot be main¬ 
tained if Eb is less than C + 2 \/DR. 


The other type of oscillating circuit offers more theoretical 
interest, for it makes use of the falling volt-ampere characteristic 

of the arc to produce sustained 
pulsations in the arc current. The 
circuit for this is represented in Fig, 
C 11-14, and the explanation of its 
Fig. 11-14.—Continuous arc Operation is similar to that for the 
oscillator. ' glow-tube oscillator described on 

page 350. It is eavsy to show mathematically that undamped 
oscillations can be obtained from this circuit under the proper 
conditions. Let us assume that the inductance in series 
with the supply generator is large enough to prevent any 
rapid fluctuations in to. Then applying Kirchhoff^s laws to the 
circuit involving J?, L, C, and the arc, we have 



and 


fo = ib + ic 




(11-30) 

(11-31) 


where q ie the instantaneous charge on the condenser. Differ¬ 
entiating Eq. (11-31) with respect to t, we get, since dq/dt — ic, 


dEp 

dt 


dHc 

■dt* 


+*!'+ 


(11-32) 
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Thus, 


II 

^ 1 

1 


(11-33) 

dEp 

dEJp dzf) 

dEp dzc 

(11-34) 

dt 

dih dt 

dih dt 


Substituting this value of dEp/dt into Eq. (11-32), we get 


dEjp ^ ^ T . j^dic ■ ic 

~du dt ~ ^ dt^ dt'^ C 


(11-35) 


Now here dEpjdih is the slope of the volt-ampere arc character¬ 
istic at the current and since the arc has a falling volt-ampere 
characteristic, dEp/dih is always negative. Thus, if we can 
adjust R so that 

/e = - (11-36) 

then h]q. (11-35) reduces to 


0 


T d^Zc I Zc 


(11-37) 


The general solution of this equation is 

ic == A sin (co^ + 0) (11-38) 


where A and d are integration constants that must be evaluated 
from the experimental conditions and w has the value (l/V'LC). 

From this we see that the effect of the negative dynamic 
resistance of the arc is effectively to cancel the damping resistance 
in the circuit of L and C and allow undamped oscillations to be 
set up in the arc and its parallel circuit. The frequency of these 

oscillations is approximately -• However, the frequency 

2ir \^LC 

cannot be obtained exactly from the circuit constants, for the 
discussion in the preceding section has shown that the arc does 
not follow the static volt-ampere characteristic exactly but 
instead traces out a loop whose orientation depends upon the 
frequency of the oscillations. Effectively, the arc behaves as if 
it possessed inductance, and the actual oscillation frequency is 
always less than that calculated from circuit elements. Further- 
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more, since the dynamic arc characteristic cnanges with the 
frequency of the pulsations in arc current, it is not possible to 
obtain a frequency with an arc in air of much over 5,000 or 
10,000 cycles/sec. in this way; for with high frequencies the slope 

of the dynamic characteristic 
changes from negative to posi¬ 
tive, and the circuit resistance 
cannot be neutralized. 

In the early days of radio 
transmission, modifications of 
this method were extensively 
used for the generation of radio 
frequencies. In the Poulsen 
arc generator, a hydrogen arc is 
used because thermodynamic 
equilibrium is attained quicker 
in hydrogen than in any other 
gas and consequently the static 
volt-ampere curve is followed 
more closely at high frequencies 
than with any other gas. In 
addition to this a strong trans¬ 
verse magnetic field was used to 
produce instability in the arc 
and to assist in deionization. 
Even though frequencies as 
high as 100,000 cycles/sec. 
have been obtained with the 
Poulsen arc, it requires such 
a large magnet and arc chamber 
for high-power work that it 
has been superseded by the more convenient and compact 
vacuum-tube oscillators. Many of. the Poulsen arc magnets, 
which were as large as 50 or 100 tons, have recently been 
converted into cyclotrons for the generation of high-energy 
ion beams necessary in the study of nuclear reactions. 
The Poulsen arc oscillator really operated as a combination 
of the intermittent- and continuous-arc oscillators, for the 
fluctuations in arc current were usually so large that the arc 
current went to zero and the arc was reignited every cycle. 





Fio. 11-15.—A.c. carbon-arc char¬ 
acteristics, low current. (H, T. 
Simon, Phyaik. Z., 6, 297, 1905.) 
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Because of the energy necessary to maintain the arc, the efficiency 
of the Poulsen arc was inherently low. But efficiencies of 40 to 
50 per cent have been obtained under special conditions. This 
can be compared with efficiencies of about 75 per cent that have 
been obtained with vacuum- 
tube oscillators. 

11-7. Alternating-current 
Arc Characteristics. —Devia¬ 
tions from the static volt- 
ampere characteristic of an arc 
are most pronounced when 
alternating current is used. In 
the case of a 3-mm. carbon arc 
the dynamic a.c. arc character¬ 
istic takes a shape similar to 
that shown in Fig. 11-15 when 
the peak current is small and 
one similar to that in Fig. 11-16 
when the peak current is some¬ 
what larger. In both cases the 
static characteristic is shown as 
a dotted curve. The dynamic 
volt-ampere curve follows the 
static characteristic quite 
closely when the current is large 
but deviates considerably when 
the current approaches zero. 

The explanation of the curves is 
quite similar to that applying 
to small pulsations in current. 

As the current is increased, there is a lag in the arc temperature and 
ionization behind the arc current and the arc voltage must be 
higher than that required for a constant-current arc in order that 
the increased ionization can be produced. As the current 
decreases, the excess ionization does not disappear as rapidly as the 
current changes and consequently the arc can exist at a lower volt¬ 
age than that given by the static characteristic. As the current 
decreases, the arc is not, in the strict sense of the word, self- 
maintaining, for it depends for its maintenance on the ionization 
generated at some previous time. As long as the dynamic 
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characteristic lies above the static characteristic, the rate of ion 
generation is greater than the rate of ion loss; but when the 
dynamic curve lies below the static characteristic, the rate of 
deionization is larger than the rate of ion production. Because 
of this lag in the change in ionization, the ion density between the 
electrodes still has an appreciable value when the current and 
voltage pass through zero. If this were not so, the static char¬ 
acteristic would be followed exactly and the arc voltage would 
rise to the sparking potential at zero currjent. In the neighbor¬ 
hood of zero current the arc behaves veiy much like an ordinary 
conductor whose resistance is increasing with time. It is only 
because of this fact that it is possible to reignite the arc on the 
next half cycle wdth only a moderate increase in voltage over that 
necessary to maintain the arc. Reignition occurs easily in a 
carbon arc anyway, because both electrodes are hot enough to 
emit large quantities of thermionic electrons and the conductivity 
of the arc space during the time that the current and voltage 
are reversing is partly due to these electrons and partly due to 
the high density of ionization that was necessary to pass the 
peak current and that has not had time to disappear completely. 

For reignition to occur in the carbon arc, the arc voltage must 
rise high enough so that with the available ionization the dynamic 
characteristic can tcross the static characteristic. Only then 
is it possible to produce enough ionization in the arc to maintain 
the discharge. It is easy to see, then, why any treatment that 
will reduce the arc temperature or ion density in the neighborhood 
of zero current will increase the voltage necessary for reignition. 
Thus reducing the a.c. frequency, increasing the external resist¬ 
ance, and increasing the arc length all have the effect of increasing 
the reignition voltage, i.e., the maximum voltage between elec¬ 
trodes necessary to reestablish the arc. 

In Figs. 11-15 and 11-16 are also shown curves for the depend¬ 
ence of current and voltage on time. The effect of a high 
reignition voltAge is quite evident. Until reignition occurs, the 
current remains small; but, because of thermionic emission from 
the electrodes and the high ion density, it is not zero. After 
reignition the arc voltage falls rapidly and the current jumps 
to a high value. As the current decreases, the sine wave is 
almost exactly followed when the current is large; but with small 
peak currents the current falls to a small value, and the arc 
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voltage rises slightly, a short time before reversal occurs. These 
curves correspond to operation in a 110-volt circuit. Of course, 
if the circuit voltage is higher, the voltage will rise more rapidly 
and the reignition voltage will be reached much earlier in the half 
cycle. Also, conduction will last for a longer portion of the half 
cycle, for the point at which the circuit voltage falls below the arc 
characteristic will occur later in the cycle. 

When nonthermionic electrodes such as copper are used for an 
a.c. arc, reignition does not occur so easily. The anode current 
density of these arcs is never so high as the current density in the 
cathode spot. Thus, when the potential reverses, the ion density 



in the neighborhood of the new cathode is never high enough to 
allow the arc to be maintained with the voltages that will main¬ 
tain a carbon arc. Ordinarily, the discharge must start as a glow 
and will change over to an arc only after the current has started 
to increase. However, with some vshort heavy-current arcs, 
especially those having iron or coatcd-ii on electrodes such as are 
used for a.c. welding, for example, the ion density may be high 
enough so that reignition occurs with only slightly higher voltages 
than are required for a carbon arc. Because of their special 
electrode coating, these arcs are probably partly maintained by 
thermionic emission. In the case of long heavy-current arcs and 
short low-current arcs, deionization occurs so rapidly during the 
period of reversal that the voltage must always rise to the glow 
voltage, at least, before reignition occurs. When the voltage 
exceeds the glow voltage, a stable discharge can be formed which 
can suddenly change to an arc when the current reaches a high 
enough valuej about 0.1 amp. Although with both long heavy- 
current arcs and short low-current arcs with nonthermionic 
electrodes the voltage always rises higher than the minimum glow 
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voltage before reignition occurs, it is only rarely that a definite 
glow discharge is visible. In most cases, breakdown occurs 
directly to an arc as it would in a spark gap. The breakdown 
voltage, however, is lower than it would be in a spark gap with 
the same spacing because of the presence of the ionization from 
the preceding conducting period. Figure 11-17 shows schemati¬ 
cally the type of volt-ampere curve that is obtained with these 
arcs. In both sketches the stable arc and glow characteristics 
are shown dotted. The glow characteristic differs very little 
from the arc characteristic except in being about 200 or 300 volts 
higher because of the large cathode fall. In Fig. ll-17a the 



Fig. 11-18. Fio. 11-19. Fio. 11-20. 

Fig. 11-18.—Cold-cathode arc characteristics. Breakdown to arc directly. 

Fig. 11-19.—Cold-cathode arc characteristics. Breakdown to glow followed 
by breakdown to arc. 

Fig. 11-20.—Cold-cathode arc characteristics. Breakdown to glow followed 
by breakdown to arc late in cycle. 

solid curve represents the type of volt-ampere curve that is 
obtained when a glow discharge forms, and in Fig. 11-176 the 
solid curve represents the type of curve obtained when a stable 
glow does not form. The mechanism of arc reignition is essen¬ 
tially the same in each case. On reversal of voltage, there is no 
cathode spot on the new cathode and the voltage rises above the 
glow curve. At first the whole cathode collects positive ions as 
in any glow discharge; very soon after the current exceeds 
about 0.1 amp., however, the discharge changes quite suddenly 
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to an arc. When this occurs, the cathode positive-ion current 
converges to a small spot having a high current density and at 
the same time the voltage necessary to maintain the discharge 
drops to a value corresponding to the arc voltage. As the 
current is decreasing the voltage may sometimes suddenly tend 
to rise toward the glow characteristic when the current becomes 
too small to maintain a cathode spot. This sudden increase in 
voltage with decreasing current is observed only rarely. Typical 
voltage-time, current-time, and volt-ampere curves of short a.c. 
arcs between copper electrodes are shown in Figs. 11-18, 11-19, 
and U-20. Figure 11-18 shows the characteristics obtained 
when no visible glow appears. The reignition voltage, however, 
is always greater than the normal glow voltage. Figure 11-19 
shows the characteristics when a glow appears for a short time, 
and Fig. 11-20 shows the characteristics when the glow lasts most 
of the half cycle. In the case of the volt-ampere curves, only 
the first quadrant is shown, for the characteristic in the third 
quadrant has exactly the same shape. The glow discharge is, 
of course, characteristic of cold electrodes only. With electrodes 
of tungsten or carbon, reignition depends simply on getting the 
electrodes hot enough to become good thermionic emitters; and 
whenever this condition is reached, the reignition voltage needs 
to be only slightly higher than the arc voltage. 

11-8. Extinction of Arcs.—The fact that there is a definite time 
lag between changes in current and ion density in an arc is very 
important as far as arc extinction is concerned. Although it 
might seem at first glance that this time lag could be an undesir¬ 
able characteristic of an arc in that it delays the instant of circuit 
interruption, actually quite the opposite is true; for during the 
time that deionization is occurring, the energy stored in the 
inductances of the circuit can be dissipated and large over¬ 
voltages can be prevented. In the case of a.c. circuits, of course, 
the energy stored in the magnetic field is zero when the current is 
zero; if the circuit could be interrupted at that instant, no over¬ 
voltages would occur, but it would take exceedingly close timing 
to open the circuit just when the current is passing through zero. 
In most practical a.c. and all d.c. circuits, there is no way of 
synchronizing the operation of a switch with the instant of zero 
current; and so we can almost state as a general rule that when 
a circuit is interrupted some provision must be made for the 
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dissipation of the energy stored in the inductances of the circuit. 
An arc, then, is far from being undesirable in a circuit-interrupting 
device and is, in fact, the means of making a successful circuit 
breaker or switch, for successful circuit interruption depends not 
on preventing arc formation but on extinguishing the arc at the 
earliest practical moment consistent with the allowable circuit 
voltages.^ 

The arc in itself could give rise to high overvoltages if the 
static characteristic were followed exactly as the current is 
reduced to zero. Our discussion of dynamic characteristics has 
shown, however, that wide departures from tht static character¬ 
istic occur in the neighborhood of zero current and that while the 
arc voltage and arc current pass through zero together the ion 
density and gas temperature remain high and the arc space 
retains a definite conductivity when the current passes through 
zero. Because of this, it is possible, as we have seen, to have 
reignition of the arc at potentials considerably below those 
necessary for sparking in an un-ionized gap of the same 
length. 

In a d.c. circuit the only way that an arc can be extinguished 
is by increasing the arc drop to a point where the arc is unstable. 
Practically, this is accomplished either by increasing the arc 
length or by increasing the rate of deionization along the length 
of the arc. Usualfy, both methods are used. In d.c. contactors 
and low-voltage circuit breakers, the arc is often drawn out by 
the separating contacts and at the same time the current to be 
interrupted is passed through a coil of a few turns to produce a 
transverse magnetic field which blows the arc up a chute and 
greatly increases its length while at the same time increasing the 
rate of deionization by the proximity of the chute walls. In high- 
voltage d.c. breakers the arc drop is further increased by immers¬ 
ing the arc in oil, projecting a blast of oil or compressed air 
against the arc, or by forcing the arc against a stack of fiber or 
metal plates. In all these methods, the principal object is to 
provide a large quantity of cool un-ionized vapor close to the arc 
core or to force the arc against cool deionizing surfaces so that 
the loss in ionization by diffusion and the loss in heat by thermal 

^ For a discussion of the relationship between circuit characteristics and 
arc extinction, the reader is referred to J. Slepian, J, Franklin InsL, 214,413, 
1932, and Trans. A.LE.E., 47, J398, 1928. 
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conduction will increase the voltage necessary to maintain the 
arc to a higher value than the circuit can supply. 

In some d.c. breakers,^ arc extinction is facilitated by breaking 
the arc up into many small arcs in series. In these breakers 
the arc is forced by its own or an auxiliary magnetic field into 
a V-shaped slot in a series of insulated iron and copper plates set 
perpendicular to the axis of the arc. As the arc is forced into 
the bottom of the V, not only do the energy losses by diffusion 
and thermal conduction increase greatly, but the current density 
in the arc core also increases greatly. The result of this is that 
the metal plates quickly charge up to a considerably negative 
potential with respect to the arc—because of the greater mobility 
of electrons—and, with the high 
current density already adjacent to 
the metal, a cathode spot forms. 

With many arcs in series, then, 
instability in any one will mean that 
all will be extinguished. 

Very often, trick circuits are used 
to extinguish d.c. arcs, especially in 
small breakers and switches. These 
usually depend upon the generation of 
oscillations or pulsations in the arc 
current large enough so that the arc current actually tends to 
reverse momentarily. Arc extinction in these cases is essentially 
the same as in any a.c. circuit. 

In a.c. circuits, because of the dynamic characteristics of an 
arc, the arc current and voltage' always pass through zero 
together and if extinction occurs, it is always following this 
transition. The type of voltage-current characteristic occurring 
when an a.c. arc is extinguished is shown by curve a. Fig. 11-21. 
As shown here, the current attains a quite definite negative value 
before extinction occurs. If the initial current is larger or if the 
voltage rises rapidly after current zero as in a highly inductive 
circuit, extinction may not occur (curve 6). To recapitulate 
the processes that are going on in the arc, we can say that while 
the current is increasing a high density of ionization is being built 
up in the arc positive column. Then, as the current decreases, 
this large density is no longer necessary and the ions start to 

^ Slepian, J., Trans. AJ.E.E.y 48, 523, 1929. 
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diffuse away. If the current decreases rapidly, not a great 
deal of ionization will be lost before the circuit voltage reverses. 
Then, as the circuit voltage increases, the arc voltage will 
increase and the direction of motion of the ions will change. If 
too many ions have not disappeared, the arc will be reestablished 
with the available voltage. However, if the current has decreased 
less rapidly or has not had so high a maximum value, then, when 
the voltage reverses, there will not be sufficient ionization present 
to reestablish the arc, even with the maximum available voltage 
Em- Essentially, arc extinction depends both on the rate of 
deionization during the reversal of current and the natural period 
of the circuit itself. If deionization occurs rapidly, if^the natural 
period of the circuit is long, or if the circuit is of nearly pure 
resistance, reignition will not occur and the arc will be extin¬ 
guished. On the other hand, if deionization is slow, if the natural 
period of the circuit is low, or if the circuit is highly inductive, 
reignition may occur cycle after cycle until some other effect, 
such as an increase in arc length, increases the loss by deionization 
during the transition and makes extinction possible. 

We saw above in Sec. 11-3, Fig. 11-8, that the total loss in 
energy from a free arc is a minimum for a particular arc radius. 
For smaller values of r, the loss by diffusion increased rapidly; for 
larger values of r, the loss by thermal conduction caused an 
increase in the total loss. Since with constant current the 
energy input to the arc must be equal to the energy lost, it 
follows that as the arc radius is restricted more and more the 
voltage necessary to maintain the arc increases rapidly. Simi¬ 
larly, the voltage necessary tcTmaintain the arc would be increased 
if the arc could be made to occupy larger and larger volumes. 
The change in arc voltage with arc radius is of importance in 
a.c. arc extinction, for when the arc is confined to a very small 
hole the high deionization rate raises the reignition voltage. 
Furthermore, the value of the maximum current is no longer 
important in determining the reignition voltage because the 
diameter of the arc is fixed by the diameter of the hole and con¬ 
sequently the rate of loss of ionization during current reversal is 
determined by the size of the hole rather than by the magnitude 
of the current. When the arc is drawn in a small fiber tube or 
slot, the vaporization of the tube walls contributes to raising the 
reignition voltage still further. In this case, the value of the 
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maximum current has a large effect, for it determines the amount 
of vapor that will be generated at the tube walls. Since the arc 
completely fills the tube, the rate of deionization by diffusion is 
already high; but the continual introduction of fresh gas creates 
a turbulent motion of the vapor in the arc and brings the ions to 
the walls even sooner. The reignition voltage and the arc voltage 
can thus be raised by a factor of about 5. 

If, however, the hole diameter is slightly larger than the 
natural diameter of the arc, a large gas evolution from the tube 
walls can have the effect of raising the arc drop to 10 or 20 times 
its normal value. The indications are that in this case the effect 
of the turbulence is to increase the arc cross section until it fills 
the hole. In a particular case^ a 2,500-amp. arc in a 1.58-cm. 
hole in soapstone required a rcignition voltage of 40 volts/cm. 
This is essentially the same as for a free arc in air. However, 
when the arc was drawn in the same diameter hole in horn fiber, 
the reignition voltage was raised to 400 volts/cm. Calculations 
show that the increased reignition voltage cannot be due simply 
to the heating of the gas that is evolved, for the maximum 
amount that this could increase the voltage is about 10 or 20 
volts/cm. of arc length. Neither can we say that the increased 
voltage is due to the fact that energy is necessary to produce 
decomposition of the fibei'. The increased voltage must be due 
to the turbulence in tli(^ arc produced by the introduction of a 
large quantity of un-ionized gas and the resultant increased rate 
of deionization. Still, the (jiiestion is not completely answered, 
for arc extinction occurs more rapidly than can be explained 
simply on the basis of turbulent gas flow moving ions to the walls 
as in the case cf an arc in a r.maU filK'r lube. In the time neces¬ 
sary for arc extinction, 10 to 100 microsec., the gas would have a 
chance to move only a fraction of a centimeter even with the 
high gas velociti^^s observed (about 10^ m./sec.). The only 
satisfactory explanation seems to be that the positive column of 
the arc actually changes its character. This is the explanation 
offered by Slepian.^ According to his thc'ory, the turbulence, 
besides causing the arc to assume a larg('r cross section than it 
normally would have, produces a nonuniform ion distribution 
which has the effect of breaking the arc up into many small fila- 

^Slepian, J., Trans. A.I.E.E.j 49, 426, 1930. 

* J, Franklin Inst., 214, 413, 1932; general reference 11-1, p. 178. 
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Cross section of 
homogeneous arc 
partially filling 
hole 


Cross section 
of turbulent 
filamentary arc 


Cross section of 
uniform arc 
completely 
filling hole 
Fig. 11-22. 


meiits of highly ionized gas surrounded by rapidly moving gas 
of much lower ionic density with cold gas constantly being 
stirred into the arc space. In Fig. 11-22 the situation is illus¬ 
trated schematically, the arrows indicating the direction of flow 

of gas. Because of the falling volt- 
ampere characteristic of the arc, two 
arcs in parallel will have a higher drop 
than a single arc of the same total 
current. Similarly, with many 
filamentaiy arcs in parallel, the drop 
will be much'higher than for a single 
homogeneous arc of the same total 
current. The filamentary character of 
the arcs, the enlarged cross section, 
and the increased rate of diffusion all 
contribute to raising the arc drop to 10 
or 20 times its normal value. As 
shown in Fig. 11-23, the volt-ampere 
curve for the filamentary type of arc will be above that for a 
uniform nonturbulent arc. Since all ion gen(U’ation occurs in the 
small filaments, when the current is near zero, ion generation will 
be a minimum and the effect of the turbulence will be to remove 

all traces of the filaments, a . • . . , , 

, . r Arc exhngufsheof 

more or less uniform state of 

low ionization "being thus 
produced. The r (»i g n i t i o n 
voltage for this type of ioniza¬ 
tion will be even higher than 
for the filamentaiy arcs, for 
there is no region in which a 
density of ionization occurs 
comparable with that in the 
core of an arc. We may 
represent the voltage necessary 
for reignitioB undcT these cir¬ 
cumstances by still a third volt-ampere curve lying above that for 
the filamentary arc.^ Thus, if reignition is to occur, the actual 
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arc reignition curve 

Fig. 11-23.—Dynamic characteristics of 
a turbulent arc. 


^ There is no question in this case of the dynamic curve rising above the 
glow characteristic before reignition occurs, for the filamentary-arc char¬ 
acteristic itself is usually above the glow characteristic. 
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volt-ampere characteristic of a turbulent arc must rise higher than 
the reignition voltage indicated by this curve. Reignition 
cannot occur unless this is tnie even though the actual arc 
characteristic crosses the characteristic for the filamentary type 
of arc. In this respect, turbulent arcs are quite different from 
nonturbulent arcs; and, because of this distinction, it is possible to 
have circuit breakers that will open circuits of thousands of 
amperes. Experiments show that it is actually the turbulence 
in the arc region which is effective in raising the reignition voltage, 
not the introduction of fresh gas. 

11-9. Circuit Interrupters. —The greatest application of the 
piinciples and characteristics of a.c. arcs is found in the design of 
high-power circuit breakers. Although the interruption of a 
d.c. arc is more difficult than the interruption of an a.c. arc, 
since it usually requires raising the arc drop to a higher value 
than can be maintained by tlui power sour(‘e, high-power d.c. 
arcs are at present encountc^n'd at only moderate voltages and 
a.c. breakers can be adapted for the purpose. Alternating cur¬ 
rent, on the other hand, is used for most present-day power 
transmission; and a.c. breakers must be able to interrupt currents 
of thousands of amperes at voltages as high as 287 kv. For¬ 
tunately, as the discussion in the previous sections has shown, 
interruption of an a.c. arc is not so much a problem of extin¬ 
guishing an arc as of preventing its reignition. In a d.c. circuit 
the arc current has to be reduced to zero by the action of the 
circuit breaker itself, but in an a.c. circuit the current auto¬ 
matically goes to zero 120 times a second. The problem then is 
simply to prevent the arc from restriking. However, this is not 
so easy as it seems, especially in high-voltage circuits. 

In the design of circuit breakers the primaiy objective is to 
produce a breaker that will open the circuit in the shortest 
possible time. Fast operation is necessary not only to prevent 
damage to the apparatus caused by excessive currents but also 
to prevent burning of the conductors at the point of short circuit, 
to reduce the magnitude and the duration of voltage dips on the 
system, and to prevent instability in the system as a whole. 
This means that ordinarily the breaker must open the circuit 
within less than 8 cycles after the fault occurs. The tendency 
in present-day design is to try to reduce this to even shorter 
times; actually, most breakers now operate within 5 cycles. 
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In the case of the Boulder Dam line, operation time has been 
reduced to less than 3 cycles. This is exceptionally short; 
although breakers have been made to clear a fault within 1 cycle, 
most operators are satisfied with 3- to 4-cycle operation. This 
is over-all time from the instant the fault occurs until it is 
cleared and is distributed approximately as follows: 1^ to 2 cycles 
to energize the tripping circuit of the breaker through the 
auxiliary relays, | to cycles to set the breaker contacts in 
motion, and ^ cycle or less to internipt the arc. In practically 
all high-voltage breakers, the d\iration of the arc has now been 
limited to ^ cycle so that the circuit can be opened at the first 
reversal of current after the contacts start to move. Shorter 
arcing times than this cannot, of course, be obtained. At 
present, circuit-breaker development is along the line of increasing 
the current and voltage capacity of the breaker. 

The operation of any breaker is very strongly dependent on the 
type of circuit in which it is used. For example, a certain 
conventional breaker was able to open a 10,000-volt (peak) 
circuit with a contact separation of 1 in. when it was used in a 
pure resistance circuit; but, in a highly inductive circuit, it 
opened less than 1,000 volts/in. of contact separation.^ The 
reason for this is evident when we remember that circuit interrup¬ 
tion or reignition really depends on the outcome of a race between 
deionizing agents end circuit voltage. If the circuit voltage 
rises rapidly enough after reversal, sufficient deionization cannot 
occur to prevent reignition of the arc. On the other hand, ample 
time for deionization occurs when the circuit voltage rises slowly, 
as in a resistance circuit, and the arc is extinguished. 

In a practical circuit the arc voltage never rises instanta¬ 
neously to a high value when the arc is extinguished at a current 
zero, as it would in the circuit of Fig. 11-24, for all circuits 
possess a certain amount of distributed capacitance. Condi¬ 
tions are more nearly like those indicated in Fig. 11-25 where C 
is the distributed capacitance between turns of the reactance 
coil L. Because of this distributed capacitance the counter¬ 
voltage of the inductance does not appear instantly across the 
breaker contacts when the current stops but builds up gradually 
in one-quarter of the period of natural oscillation of the LC 
circuit as shown on the arc-voltage curve. We also find in the 

^ Baker, B. P., and H. M. Wilcox, Trana. AJ,E,E.j 49, 431, 1930. 
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practical case that the maximum voltage across the breaker 
contacts is not just the maximum circuit volta^^c. Because of 
the oscillatory nature of the circuit the break('r voltage may reach 
a value of twice the peak circuit voltage on the first oscillation. 
In practice, it is found that the frccpiency of those oscillations 





Fig. 11-24.—Ideal iiidiietivo eireiiit. 

may vary from about 100,000 cyck's/soc. in a simple circuit 
with a current-limiting reactor to a f(‘W hundn'd c^T'les per second 
in a circuit containing a long transmission line. 

Experiments have shown that th(a*e are two ways in which 
a high reignition voltage can be obtained within I or 2 microsec. 



Fig. 11-25.—Actual iuductivc circuit. 

after current zero. One method is simply based on the fact 
that when n'ignition occurs b(‘tween cold (‘k'ctrodc's the discharge 
always starts as a glow althougli it may subsecpienily change to 
an arc. Because of this, the circuit voltag(‘ must nmeh a value 
at least equal to the normal cathode fall in tlu' glow before the 
discharge can restrike. In air Ix'twoen copper electrodes, tliis 
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is about 235 volts. By using many short arcs in series the 
reignition voltage can thus be raised to a high value. This is 
the principle employed in the Deion air circuit breaker.^ The 
other method depends on drawing the arc out to a length of 
several inches and then, by creating turbulence in the arc core, 



0 20 40 60 80 100 120 140 160 180 200 220 240 
t^micro* seconds 


Fig. 11-26.—Reignition characteristic for 1.6-mm arc between copper electrodes 
(short arc). (J. Slcpian^ Tram» A.LE.E., 49, 421, 1930.) 


preventing reignition in the manner described in the previous 
section. This is the most generally used method in oil circuit 
breakers. In either case the reignition voltage increases grad¬ 
ually with time after the current reaches zero because of the 
continual loss in ionization before reignition occurs. With 



0 200 400 600 80010001200 MOO 16001800 2000 
t, micro-seconds 

Fio. 11-27.—Reignition characteristics for turbulent arcs (long arcs), 
(r. E. Browne, Trans, A,I,E.E., 51, 185, 1932.) 


either of these methods, then, the arc space acquires an initial 
dielectric strength of several hundred volts; but this is soon 
increased by fhe deionizing agents acting, and unless the natural 
period of oscillation of the circuit is very high the arc space soon 
acquires the ability to withstand a very high voltage. These 
characteristics are indicated in Figs. 11-26 and 11-27 where the 
abscissas represent time after the first current zero and the 
' Slepian, J., Tran9. AJ,E.E,f 48, 623, 1929. 
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ordinate is the minimum voltage necessary for reignition. Two 
curves are shown for the turbulent arc. One of these was 
obtained by rotating a 3.8-cm.-long arc in an annular slot 1.9 cm. 
wide in soapstone. In this case a linear speed of 68 m./sec. was 
produced by a d.c. radial field of 0.034 weber/sq. m. and was 
sufficient to produce turbulence in the arc. In the other curve, 
turbulence was produced by a 400-amp. arc, 7.6 cm. long, in a 
1.6-cm.-diameter fiber tube. In this case the velocity of the 
gas through the tube was calculated to be approximately the 
same as in the soapstone slot. The curves do not coincide, 
however, because the arcs are of different lengths and the maxi¬ 
mum values of current are different. The curves indicate, 
however, that in a very short time following current zero the arc 
reignition voltage rises to a high value. 

The problem of arc extinction in a high-voltage fuse is essen¬ 
tially the same as that in any circuit breaker with the exception 
that very high speed is usually not necessary. Fuses are made, 
however, that interrupt arc currents up to 20,000 amp. ^vith 
circuit voltages of 13,800 volts r.m.s. within 1 or 2 half cycles 
after the fuse link melts. These fuses invariably make use of 
arc turbulence for interniption although the methods employed 
to produce the turbulence vary. In some cases a piston is 
arranged to increase the gas pressure and expel gas through a 
vent; in others the arc is drawn in a small fiber tube which partly 
decomposes in the heat of the arc and expels large quantities of 
gas, turbulence being created in the arc space as in the first case. 
In still other fuses, the arc is drawn in substances such as boric 
acid that decompose readily under the action of heat and liberate 
large quantities of water vapor to produce the turbulence. In 
all cases the reignition characteristics obtained are similar to 
those indicated in Fig. 11-27 and distinctly correspond to a 
turbulent-arc condition. 

Circuit breakers can be divided roughly into three general 
classes. (1) High-voltage breakers for 138-kv. voltages and 
higher. The currents that these breakers must interrupt are 
usually less than 7,000 amp. per phase, and the function of the 
breaker is principally to preserve system stability. Thus^ these 
breakers must be able to interrupt very high voltage arcs and 
restore voltage to the system as soon as possible. (2) Breakers 
in the 15-kv. class. These are essentially power-plant breakers. 
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Although this voltage is relatively easy to handle with an 
ordinary breaker and system disturbances constitute a relatively 
minor operating problem, the short-circuit current that the 
breaker must clear may be as high as 100,000 amp. Further¬ 
more, the breaker must operate time after time without main¬ 
tenance or inspection and without throwing oil or emitting 



Fig. 11-28.—287-kv. Boulder Dam circuit breaker, oil-blast type, {Courtesy of 
General Electric Co. and Bureau of Power and Light of the City of Los Angeles.) 

flames which could start fires. Thus, the principal problem is to 
design a breaker that will handle both a fairly high voltage and a 
high current. (3) Low-voltage breakers, breakers for 600 volts 
or less. Here the voltage problem is relatively simple, but the 
current that must be interrupted may be as high as 200,000 amp. 
These are essentially current interrupters. 

High-voltage breakers all make use of turbulence for arc 
extinction although the methods employed to produce the tur- 
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bulence differ in various designs. Since breakers for 138-kv. 
voltages and higher are all oil breakers, the turbulence arises 
from the introduction of oil vapor into the arc stream. In 
general, there are only two ways that this can be done. One is 
by moving oil into the arc, and the other is by moving the arc 



(a) (6) 

Fio. 11-29.—2S7-kv. Boulder Dam circuit breaker, Deion type, (a) complete 
breaker; (6) multibreak grid structure from one polo of the breaker. {Courtesy of 
Weatinghouse Electric and Manufacturing Co.) 

into the oil. Actually, the oil can be moved parallel or per¬ 
pendicular to the arc core, and combinations of the two methods 
can be used, several different designs being thus possible. 

In one type used on the 287-kv. Boulder Dam line^ (see Fig. 
11-28) a transverse blast of oil not only stretches the arc out to 
several times the electrode separation but by its high velocity 
' Prince, D. C., Trans, A.l,E,E,y 54, 366, 1035. 
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sets all the oil vapor, in which the arc actually exists, in very 
turbulent motion and by increasing the rate of ion diffusion 
greatly increases the reignition voltage after current zero. In 
another type of breaker used on the Boulder Dam line^ (see 
Fig. 11-29) the arc is drawn across a series of oil-saturated fiber 
plates; then by means of a magnetic field—the magnetic field due 
to the arc current itself assisted by iron plates imbedded in the 
fiber—the arc is forced into a narrow slot in the fiber plates. 
Here the turbulence is produced by oil vapor projected directly 
into the arc stream from the oil-saturated plates, or grids, 
by the heat of the arc itself. These breakers’are both rated at 
2.5 million kilovolt-amperes at 287 kv., and both operate in less 
than 3 cycles. Because there is a limit to the speed at which arc 
contacts can be moved, these breakers, as well as all other high- 
voltage breakers, gain operating speed by using a multibreak 
construction. That is, in the first breaker 8 arcs and in the 
second 10 arcs are drawm in series as soon as the breaker starts to 
open. A more recent design-^ for a 138-kv. breaker employs a 
blast of oil parallel to the arc at the same time that the arc is 
drawn in a narrow’ slot or w^ell between two oil-saturated corni- 
gated w’alls of insulating material (see Fig. 11-30). In this case 
the turbulence arises not only from a transverse blast of oil vapor 
driven out of the oil-saturated walls of the chamber by the heat 
of the arc but also'from a longitudinal blast of oil vapor due to 
the vaporization of the oil flowing parallel to the arc. In tests, 
this breaker interrupted 5,900 amp. at 124 kv., or 2.2 million 
kilovolt-amperes on a three-phase basis with a total short-circuit 
time of less than 4 cycles. 

At 15 kv., essentially the same principles of operation are 
employed in the design of oil circuit breakers of higher current- 
rupturing capacity;^ but perhaps the design of greatest theoretical 
interest is the 15-kv. Deion air breaker,^ for it is an outstanding 
example of the application of arc-reignition characteristics to 
the design of a practical breaker. Since the initial recovery 

^ Wilcox, H. M., and W. M. Leeds, Trans. A.I.E.E., 66, 626, 1936. 

‘Baker, B. P., Trans. A.I.E.E.y 60, 440, 1941. 

‘Prince, D. C., and W. F. Skeats, Trans. A.I.E.E.y 60 , 506, 1931. 
Spurck, R. M., Trans. A.I.E.E.y 61 , 171, 1932. 

‘ Slepian, J., Trans. A.I.E.E.y 48 , 523,1929. Dickinson, R. C., and B. P. 
Baker, Trans. A.I.E.E.y 48 , 528, 1929. Dickinson, R. C., Trans. A.I.E.E.y 
68, 421, 1939. 
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voltage of any arc between cold electrodes is about 235 volts 
(Fig. 11-26), this breaker utilizes this recovery voltage by splitting 
the arc up into nearly 100 short arcs in series. Practically, this 
is accomplished by using a transverse magnetic field to blow the 
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-138-kv oil-poor circuit breaker, (a) cross section of assembled 
breaker; (t>) sectional view of interrupters. 


(1) Upper terminal connects here; 

(2) Upper fixed contacts, 

(3) Upper movable contact (closed 

position). 

(4) Corrugated walls (insulation). 

(5) Corrugated plungers (insulation). 

(6) Upper movable contact (open posi¬ 

tion). 
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position). 

(9) Lower fixed contacts. 

(10) Point of contact with disconnect 
member. 


{Courtesy of Westinghouse Electric and Manufacturing Co.) 


arc up into a scries of V-shaped slots in insulated copper plates 
spaced A in. apart (see Fig. 11-31), Then, because of the high 
current density close to the insulated copper plate, a series of 
new cathode spots forms on the successive plates and the arc is 
split up into many arcs in series. To prevent the heat generated 
in the arc from melting the plates before the current goes to 
zero, another magnetic field is used to rotate the arc rapidly 
around a circular path on the copper. Then, when the current 



412 


THE ARC DISCHARGE 


[Chap. XI 


goes to zero, since all parts of the arc are close to relatively cool 
deionizing surfaces and at least 235 volts per gap is needed 
anyway to reignite the arc, the circuit is interrupted. These 
breakers have been used to interrupt currents up to 3,500 amp. 
in a 12-kv. circuit with operation times of less than 4.5 cycles. 
They have also been used for d.c. circuit interruption when the 
circuit voltage did not exceed 0.2 of the limiting a.c. voltage. 




(a) ^ ib) (c) 

Fio. 11-31.—Type U Deion air circuit breaker, (a) Typical arrangement of 
the component parts of a Deion breaker, showing the method of forcing the arc 
up into the deionizing chamber by means of a magnetic field; (6) typical deioniz¬ 
ing plate consisting of a copper insert in a steel plate (note the path of the arc 
«n the copper); (c) partially assembled deionizing chamber of a 2,500-volt 
breaker (Type 25-U-25), showing deionizing plates, insulating spacers, and con¬ 
ductor studs for the blow-in magnetic field. {Courtesy of Westinghouae Electric 
and Manufacturing Co.) 


The low-voltage high-current breakers are almost all air 
breakers. These usually depend upon convection and a trans¬ 
verse blowout magnetic field to force the arc up against surfaces 
on which recombination can easily occur during the time that 
the current is passing through zero-, in addition to lengthening 
the arc enough so that the available circuit voltage cannot 
maintain it. These breakers also depend on turbulence for arc 
extinction although to a lesser extent than the high-voltage 
breakers where very high voltage recovery rates are observed. 
One design of low-voltage breaker^ interrupted peak currents 
^Ludwig, L. R., and G. G. Gwe^iNGER, Trana. AJ.E.E.j 58 , 414,1939. 







Sbc. 11-9] 


CIRCUIT INTERRUPTERS 


413 


of 52,000 amp. at 575 volts or 204,000 amp. at 288 volts when 
the three contacts were connected in parallel on a single-phase 
circuit; it also interrupted r.m.s. currents per phase of 38,200 
amp. on a 600-volt three-phase circuit and d.c. currents of 
62,400 amp. at 750 volts. 

We cannot leave this subject without saying a word about the 
contradictory theories that have been offered to explain the suc¬ 
cessful operation of the various types of oil circuit breakers. 
Actually, of course, because of the enormously high temperature in 
the positive column of a high-pressure arc, the arc always plays in 
a bubble of gas or oil vapor; because of the definite viscosity of the 
oil and the vapor, this bubble cannot be completely dissipated 
or removed in the short time involved in voltage reversal, as has 
been proposed. Furthermore, forcing the arc against a wedge 
or splinter of insulating material (solid or liquid) cannot result in 
cutting the arc in two and thus interrupting it, for at the surface 
of the splinter the vapor velocity must be zero for hydrodynamic 
reasons. Thus, all that occurs is that the arc is bent around the 
splinter. The reason why extinction does occur so easily at 
current zero is not that the arc is ^^cut’^ but that a high-velocity 
vapor stream projected into the arc (uther by a gas blast or by 
forcing the arc against an oil-soaked splinter introduces so much 
turbulent motion into the arc stream that the loss in ionization 
by diffusion is increased by a factor of 100 or more and a very 
high reignition voltage is necessaiy to reestablish the arc. High¬ 
speed photographs of an arc during the period of current reversal 
indicate that, when a vapor stream is projected into the arc, 
it does not simply displace the ionized gas but actually mixes 
with it and breaks the uniform arc stream up into splotches of 
highly ionized and radiant gas by its turbulent motion. Slepian 
has recently reviewed the arguments against tliis so-called 

displacement^' theory of arc extinction by cutting the arc 
with an insulating medium and has shown by an analogy with a 
problem in aerodynamics that turbulent motion can increase the 
loss in ionization by diffusion by as much as 100 or 1,000 times 
and that this is the basic explanation for high-speed arc interrup¬ 
tion under oil. 

^Prince and Skeats, op. cit. Prince, D. C., Trans. A.I.E.E.^ 61 , 166, 
1932. 

* Slepian, J., Trans. A.I.E.E.^ 60, 162, 1941. 
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11-10. Mercury-arc Rectifiers. —The fact that a cathode spot 
is necessary for the maintenance of a low-voltage arc between 
cold electrodes makes it possible to utilize the arc for the purpose 
of converting alternating to direct current. If a cathode spot is 
maintained on the surface of one of a pair of electrodes in a low- 
pressure discharge tube and an alternating potential is applied 
between the electrodes, current will flow through the gas and the 
external circuit whenever the electrode with the cathode spot is 
negative with respect to the other by about 10 volts. When it is 
positive with respect to the other electrode, only a very small 
positive-ion current will flow until the tube voltage attains a 

value high enough for the establishment 
of a self-maintaining discharge. If this 
voltage is not reached, current will flow 
in only one direction and rectification 
will occur. 

The mercury arc rectifier is a device 
of this type. It usually consists of a 
chamber, either metal or glass, 
evacuated to as high a degree as possible 
and containing a mercury pool for one 
Fig. 11-32.—-Single-phase electrodc and one or more other 
mercury-arc rectifier circuit, electrodes of mctal or graphite. Figure 

11-32 represents di§Lgrammatically a two-anode rectifier and 
its auxiliary circuit. When the cathode spot is maintain(»d 
on the mercury surface, the arc forms betwetm it and either 
2 I 1 or A 2 j depending on w^hich is positive with respect to C. 
As we saw in Sec. 11-4, the temperature of the cathode spot is 
certainly not high enough in a mercury arc to cause thermionic 
emission, but a temperature of even 250 or 350°C. is sufficient 
to produce rapid vaporization of the mercury at the pressures 
that are used. Thus, although the foreign gas pressure in 
the tube may be only about 10“^ mm. Hg, the arc is actually 
existing in mercury vapor evaporated from the mercury cathode. 
There is so much vapor leaving the local area’ of the cathode 
spot that the reaction of this vaporization of the cathode, is to 
produce a depression in the mercury surface. Enough ioniza¬ 
tion by collision occurs, then, in the relatively high vapor pressure 
just over the cathode spot to maintain the discharge. 

The advantage of a mercury pool for a cathode over a therm¬ 
ionic cathode in a high-power rectifier is that with the cold 
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cathode the tube is able to stand very high overloads for short 
periods of time with no material damage. The current that can 
be obtained with a thermionic cathode is limited by the tempera¬ 
ture of the cathode, and any attempt to overload such a cathode 
would result in the destruction of the cathode surface. The 
mercury pool has one disadvantage, however, in that the 
cathode spot must be maintairu'd if n^ctification is to persist. 
This means that in any particular application the circuit must 



Tube temperoiture.deg.C. 


Fig. 11-'^3.— Deponclonoo of inorrury-vapor pressure? on temperature. (Data 
from “ Handbook of Chemistry and Physics,*' Chemical Rubber Publishing Company, 
2\8l ed., p. 1325.) 

])e so arrarig(*d that some (‘urnmt is always flowing into the 
cathode. 

The function of the dome /), indicated in Fig. 11-32, is to 
provide a cool surface on which the mercury vapor can condense 
and return to the cathodes jiool. Experiments have shown that 
if failures, or arc-backs” (see Sec. 11-11), are to be avoided, 
the vapor pressure in a r(*ctifier tube should have as low a value 
as possible. Since the vapor pressure of mercury in a tube 
depends very strongly on the temperature of the tube walls, 
as shown in Fig. 11-33, an attempt is made in all rectifiers to 
have some cool surface’s on which condensation can occur. In 
practice, it is found that the vapor pressure in any part of a tube 
does not differ by more than a factor of 2 or 3 from the vapor 
pressure corresponding to the coolest part. Thus, in large metal- 
tank rectifiers such as that shown in Fig. ll-35a the tank itself 
is water-cooled, and water-cooled surfaces are provided inside 
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the tank on which condensation can occur; in small glass rectifiers, 
a condensing dome such as is shown in Fig. 11-32 is used. 

In initiating the discharge, the cathode spot is formed by the 
separation of two electrodes between which there is a difference 
of potential. With the device indicated in Fig. 11-32, this would 

be accomplished by closing the 
switch S and tilting the tube 
slightly until the two mercury 
pools C and ^43 run together. 
Then, as the mercury bridge is 
broken, an ai;c forms. Now, 
whenever A 2 is positive with 
respect to C by more than a few 
volts, current will flow in the 
circuit A 2 , C, load, F, //, A 2 . 
And whenever Ai is positive 
with respect to C, current will 
flow in the circuit Ai, C, load, 
F, G, Ai. Thus, a pulsating 
dir(‘(A current will pass through 
the load as shown in Fig. 11- 
34a, and we have changed an 
alternating into a direct 
current. In that figure, ii 
represents the current flowing 
through Ai and 1*2 the current 
through A 2 . With this ar¬ 
rangement the current falls to 
zero at the end of each half 
cycle, and in order to have the 
rectification process continue the cathode spot must be maintained 
by an auxiliary d.c. arc between A 3 and C, It is possible to do 
away with this auxiliary circuit by introducing a reactance X in 
series with the load. The function of this is to cause the current 
to persist in A 2 ^ for example, until the potential of the trans¬ 
former has reversed and Ai has become positive with respect to 
C. Thus, for a short time in each cycle, both anodes Ai and A 2 
are carrying current (see Fig. 11-346). The transformer poten¬ 
tial varies sinusoidally, but because of X the current through 
Ai or A 2 lags behind the voltage and persists even after the 


i , 4 4 4 



Fio. 11-34.—Voltage and current rela¬ 
tions in a single-phase rectifier. 
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potential of G with respect to F has reversed and become negative. 
The resultant load current, then, has the form shown in Fig. 
ll-34c, and the cathode current never reaches zero. Thus the 
arc is maintained without the aid of the auxiliary circuit. The 
voltage between anode and cathode does not, of course, reverse 
when the transformer voltage reverses but depends on the arc 
current, as shown in Fig. ll-34d. In this figure, Ci is the voltage 
between Ai and C, and C 2 is the voltage between A 2 and C. 
Because of the characteristics of the arc, the voltage between 
anode and cathode cannot reverse until the current reverses or 
stops; thus, during the short interval between the reversal of the 
transformer voltage and the current zero, the potential for the 
arc must be supplied by the reactance coil X. 

When it is desired to have a rectifier that will deliver a very 
large current, it is customary to use a steel tank for the containing 
vessel. These high-powxu* rectifiers are operated from three- 
phase sources and in order to produce a smoother d.c. voltage 
are provided with 6 or 12 anodeswhich carry current alter¬ 
nately. Figure 11-356 shows a typical polyphase rectifier in 
cross section, and Fig. 11-36 shows one type of polyphase- 
rectifier connection.^ Here, the power transformer has six 
secondary windings (two for each phase) arranged so that at least 
two anodes ai-e always carrying current. That is, each anode 
carries current for ^ cycle; but every 60 electrical degrees one 
anode drops its load, and another picks it up. I is an interphase 
transformer that is conmxted between the neutrals of the two 
three-phase systems so that an anode on each system will always 
be carrying current and a keep-alive arc is not necessary to 
maintain the cathode spot. Without the interphase trans¬ 
former, the connections would form a simple six-phase circuit, 
and only one anode would carry current at a time. 

Aside from the fact that mercury-arc rectifiers can be used at 
much higher voltages than any ordinary rotating apparatus, 
are much quieter in operation, and have no moving parts, the 
principal advantage of the rectifier is the very high efficiency 
that can be attained at all loads. Since the power loss in the 
arc constitutes practically the only loss in the rectifier and since 

^ For other rectifier connections, see “Standard Handbook for Electrical 
Engineers,“ 6th ed., p. ^98, McGraw-Hill Book Company, Inc., New York, 
1933. 
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the arc drop is essentially independent of the arc current, the 
losses in a rectifier will vary as the first power of the load current. 
Thus, the efficiency is approximately constant at all loads, even 
at very light ones. This property makes a rectifier particularly 
desirable for applications in which it may mn under a light load 
for a considerable period of time. The efficiency characteristic 
of a 3,000-kw. 600-volt rectifier unit is contrasted with that of an 
equivalent rotaiy converter and motor-generator set in Fig. 



Fig. ll-35a.—Multianode mercury-arc rectifier, (o) 18-anode, grid-controlled 
mercury-arc rectifier, 3,000 kw,, 630 volts; (6) cross section of multianode, grid- 
controlled, mercury-arc rectifier. {Courtesy of Allis-Chalmers Manufacturing Co.) 


11-37. The high efficiency of the rectifier especially at light 
loads is quite evident from the figure. 

Because the arc drop in a rectifier depends only on the arc 
current and is independent of the circuit voltage, the rectifier 
has the additional advantage that its efficiency becomes higher 
as the d.c. output voltage is increased. Thus, if the arc drop in a 
particular rectifier were 20 volts, the highest efficiency that could 
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CROSS-SECTON OF MULTI-ANODE MERCURY-ARC-RECTIFIER 
Fia. 11-356.—For descriptive legend see opposite page. 
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be obtained in a 200-volt circuit would be 90 per cent. But in 
a 2,000-volt circuit its maximum efficiency would be 99 per cent. 
With a rotating machine, however, the efficiency would remain 
essentially the same, regardless of the operating voltage. 




Fio. 11-36.—Double thrce-pliaso rectifier connection. 


11-11. Arc-backs in Mercury-arc Rectifiers.—Normal opera¬ 
tion of a rectifier requires that a cathode spot he maintained on 
the mercury surface at all times so that whenever one of the other 
electrodes becomes positive with respect to the mercury pool 



Fio. 11-37.—Over-jiU efficiencies of 3,000-kw 630-volt mercury-arc rectifier, 
rotary converter, and motor generator set at 60 cycles/sec. {Courtesy of 
AIlU-Chalmer$ Manufacturing Co.) 


an arc will form to it and a unidirectional current will flow 
out through the load. Thus, with reference to Fig. ll-38a, 
current flows either through the transformer winding to A i to 
C through the load and back to the center tap of the transformer 
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or through C, load, and back to the center tap of the trans¬ 
former, depending on the polarity of the transformer at any 
instant. In the figure, we have assumed an instant when Ai is 
positive with respect to the cathode and current flows along the 
path of the arrows. Since the full transformer voltage always 
appears between A\ and A^^ the electrode A 2 will always be 
negative with respect to Ai while current is flowing through A\, 
A discharge does not ordinarily form between A\ and A 2 , how¬ 
ever; for the whole vessel is evacuated to a low pressure, and 
there is not a suffident amount of ionization in the neighborhood 
of A 2 to support a self-maintaining discharge. To put it another 



iQQQQQQQi 



Fia. 11-38.—Conditions in a rectifier, (a) during normal operations; (6) during an 

arc-back. 

way, the pressure is so low in the tube that the available circuit 
voltage between A\ and A 2 is well below the sparking potential 
for the gap. Without the cathode spot on A 1 or A 2 necessary 
for a low-voltage discharge, current can flow only to the mercury 
pool. If, now, for some reason a cathode spot should form on 
A 2 , we have the situation indicated in Fig. 11-386. Since the full 
transformer voltage appears between Ai and A 2 , the arc that 
forms will result in producing a short circuit on the‘transformer 
terminals. The only thing limiting the current in this condition 
is the impedance of the transformer itself, for the arc drop is small. 
Furthermore, if the rectifier is operating in parallel with other 
rectifying equipment or if it is supplying a d.c. motor, the counter 
e.m.f. of the load can cause a reversal of current through the 
cathode and further increase the short-circuit current flowing 
through A 2 . This catastrophe is termed an arc-back or backfire. 
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The damage that can be done by an event of this character both 
to the rectifier and other equipment if the short circuit is allowed 
to persist is quite evident. 

Although in present commercial-rectifier designs foi; 600-volt 
service, the occurrence of arc-backs has been reduced to two or 
three a year, certainly no more frequent than the failures of a 
rotating machine, are-backs still furnish a limitation on the use 
of mercury-arc rectifiers for high-voltage d.c. service. At 
present, polyphase mercury-arc rectifiers are not being made for 
voltages much above 3,000 volts direct current. 

The cause of these arc-backs has been 'the subject of much 
investigation; although many of the effects contributing to the 
formation of the cathode spot have bofui dc'termined, it has not 
been possible, as yet, to eliminate these failures completely. 
Arc-backs cannot be an ordinaiy type of sparking phenomcuia, 
for it is known that they occur at voltages much 1ow(m* than those 
necessary to support a stable glow dis(*harge. Because of the 
rising character of the sparking potential curve at small values 
of pd, the sparking potential for the electrode spaeings and 
pressures usually encountered in mereuiy-arc n^tifiers would bo 
of the order of 50 or 100 kv. It is found, though, that arc-backs 
occur at potentials as low as 5 or 10 kv. and increases in fr(‘(iuency 
as the potential is raisc'd. The cause of these failures seems to b(i 
associated with departures from homogeiKuty at the negative- 
electrode surface. For example, experiments have shown^ that a 
cathode spot can be produced by mercury drops hitting th(^ 
electrode or by particles breaking from the electrod(‘, as well as 
by small patches of insulating material on the eh'ctrode surface 
charging up in the ionized space and breaking down with the 
formation of a cathode spot. On the other hand, there is con¬ 
siderable evidence^ that in the absence of all these effects the 
cathode spot can still be formed by the emission of a very small 
amount of gas from the electrode surface. This is entirely 
possible, for it has bt^en shown that a considerable quantity of gas 
can be held on or in an electrode surface and released only under 
the action of positive-ion bombardment. Furthermore, the 

^Slepian, J., and L. R. Ludwig, Trans. A.I.E.E.^ 51, 92, 1932. 

* Maxpield, F. a., and G. L. Frbdendall, J. App. Phys.^ 9, 600, 1938. 
Maxfield, F. a., H. R, Heobar, and J. R. Eaton, Trans. A.I.E.E.f 69 , 
816, 1940. 
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amount of gas necessary in a burst to produce or sustain a 
cathode spot is only about 10“ molecules. 

Experimentally, it is found that arc-backs are random in 
their occurrence under any given set of conditions. That is, 
even though the average frequency of arc-backs may vary with 
the circumstances of the test, there is no condition under which 
an arc-back is sure to occur. There is a definite chance that an 
arc-back will occur in a given time interval, but we cannot say 
surely whether or not it definitely vdll occur. If the voltage is 
applied long enough, an arc-back can occur at practically any 
voltage. Under a given set of conditions, the time intervals 
between arc-backs will vaiy over wide limits. Some will be 
very short and'others long, just as the free path of a molecule is 
long at one timo and very short at another. In fact, the dis¬ 
tribution of time intervals between arc-backs is exactly the same 
as the distribution of free paths of a molecule. Slepian and 
Ludwig^ have pointed out that, as a consequence of this random¬ 
ness, care must be used in the interpretation of the results of any 
test. For example, if it were possible to make a large number of 
identical rectifi(‘rs each with an average arc-back frequency 
under operating conditions of 1 per month and if each rectifier 
were tested for 1 month, 37 per cent would not fail at all, and 
26 per cent would fail two times or more. It would be entirely 
erroneous, however, to conclude from this test that 26 per cent 
of the rectifiers were below standard and 37 per cent above the 
average; they are all identical, and this distribution is entirely 
within theoretical expectation, for if all the units were tested for a 
very long time they would give identical results for the average 
arc-back frequency. 

On(i of the factors that appears to increase the probability of 
an arc-back is the magnitude of the positive-ion current collected 
by the negative electrode. Thus, if the electrodes are close 
together and unshielded or if the load is highly inductive and 
a high negative voltage is applied suddenly to one electrode after 
a conduction period, as in the case illustrated in Fig. 11-34, the 
negative electrode will attract positive ions from the ionized 
space in its vicinity and the probability for cathode-spot forma¬ 
tion will be high. In general, a high probability for arc-back 
is related to a large positive-ion current, and anything done to 

' Loc. cit. 
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a rectifier to reduce this positive-ion current will make it operate 
more reliably. This explains why it is desirable to place deion¬ 
izing surfaces such as shields or grids around the electrodes of a 
high-power rectifier. With these shields or grids, deionization 
can occur rapidly after a conduction period and few ions can 
diffuse into the electrode region from the other arcs in the vessel. 
The fact that a definite time is necessary for the electrode region 
to become deionized after a conduction period also explains why 
it is impossible to use mercury-vapor rectifiers for rectification 
if the frequency is above about 1,000 cycles/sec. 

It is also found that the gas pressure has an effect on the arc- 
back probability, for at high pressures the rate of diffusion of 
ions out of the electrode region is retarded and the positive-ion 
current after the current zero persists for a longer time even 
though its maximum value may be no greater. In addition to 
this, a high gas pressure seems to aid the development of an arc- 
back by providing a greater gas density for the production of 
positive ions. That is, with a high gas density a single high- 
energy electron will be able to generate more positive ions per 
unit distance of travel. In order to avoid high vapor densities, 
some cool surfaces on which condensation can occur are always 
provided in a mercury-arc rectifier. In a high-power rectifier 
the whole vessel is water-cooled, and often water-cooled coils are 
introduced inside the Vacuum chamber to provide even more of a 
cool surface for condensation. 

Since arc-back causes are apparently of very short duration— 
less than 5 X 10“® sec.—one method of avoiding a rectifier 
failure would be to use a single-anode rectifier in series with each 
anode of a polyphase rectifier. Then before a short circuit could 
occur, an arc-back would have to occur in both rectifiers at the 
same instant or within the same period of about 5 microsec. 
The probability of this occurring is extremely small. In prac¬ 
tice, this method is seldom used, for actually the probability of 
arc-back can be reduced suflSciently by the use of shields, grids, 
and cooling coils to satisfy most power applications, especially 
in the 600-volt range. 

Thermionic Gas Diode: The Phanotron. —The hot- 
cathode gas-filled diode, or phanotron, usually has an oxide- 
coated cathode (heat-shielded^ in the larger tubes) with an anode 

* See Sec. 6-4. 
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at a distance of a few millimeters to several centimeters. The 
tube may be filled with one of the inert gases such as argon to a 
pressure of 0.1 to 0.5 mm. Hg, or it may contain a few drops of 
mercury so that the pressure corresponds to the vapor pressure 
of mercury at the condensation temperature in the tube, say 
0.001 mm. at 18°C. to 0.1 mm. at 82°C. The discharge through 
a tube such as this has been classified as an arc (Sec. 11-2) 
because it has the characteristic low cathode fall of an arc. The 
total voltage drop across the tube is also low, about 10 volts in 
mercury tubes, and remains nearly constant with current varia¬ 
tions within the operating range (Fig. 11-39). This feature 
contributes to the high efficiency and low tube heating of the 



Anode current amp. Anode current,amp. 

(a) (b) 

Fig. 11-39.—Tube drop across a mercury-vapor phanotron. (a) Low current 
range, (6) higher currents (FG-19A). 

phanotron compared with the high-vacuum diode in rectifier 
applications. 

A description of the operation of the tube can conveniently 
be divided into two parts. A brief account of the conditions 
in the tube as the current is increased from zero will be followed 
by a discussion of the conditions when the arc has been fully 
established. 

As the voltage across the tube is increased from zero up to the 
first critical potential of the gas (4.6 volts for mercury), the 
current consists entirely of electrons emitted by the hot cathode. 
If the gas pressure is below about 0.1 mm. Hg the electron flow 
is not appreciably impeded by collisions with gas atoms, and as 
a consequence the current is limited by the electron space charge. 
The current is small on account of the relatively .large cathode- 
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to-anode distance. When the tube voltage exceeds the first 
critical potential and approaches the ionization potential (10.4 
volts for mercury) and some of the atoms are receiving energy 
in exciting collisions, ionization can occur by successive impacts. 
In this way a few positive ions can appear. These will have a 
profound influence on the current, for they will neutralize a por¬ 
tion of the negative space charge during their slow journey to the 
cathode. When the voltage exceeds the ionization potential of 
the gas, the rate of positive-ion formation rises rapidly and the 
16 1 - spacc-chacge neutralization in¬ 

creases correspondingly. The 

12 - _ ^ current will thus tend to in- 

^ jl ; -“T crease without an increase in 

o 8 -// ; \ voltage; and, in general, the 

j ^ current must be stabilized by 

4 ~|i I ^ ; resistance in the anode circuit. 

I j ; i In this condition the glowing 

ol/—i-region of the discharge resem- 

I -^Distance | the positive column of a 

Cdihode Anode ftlow discharge; in fact, the in- 

Fig Ii-40.-Potontiai distriimtion terel(>ctrod(> spac(^ with the ex- 
in a phanotron. Solid curve at a low ^ ‘ ^ 

pressure; dotted curve at a higher ception of thin layers or shcaths 

pressure. near the (ilectrodos and walls, is 

filled with a plasma oftthe type discussed in Sec. 10-6. 

The potential distribution curvf^s betwcum the cathode and 
anode are of the type shown in Fig. 11-40. We observe that the 
greatest drop in voltage occurs near the cathode, w'hereas in the 
plasma, region DE, the changes in voltage is small. The condi¬ 
tions at the anode are usually such that the anode fall is nc^gativo. 
As a result, the cathode fall of potential Vc can be higher than 
the anode-to-cathode voltage V, At the higher pressures a 
nonuniformity along the plasma contributes to this effect. 

The conditions near the cathode are all-important in the 
determination of the tube voltage and in the maintenance of the 
discharge. The electrons from the hot cathode are being 
accelerated through the cathode fall Fc, so that they enter the 
pla.sma with high velocity. Here they lose energy by ionizing 
and exciting impacts, so that the necessary ionization is developed 
at the cathode end of the plasma. The positive ions arc acceler¬ 
ated toward the cathode; and although some of them lose energy 


I -^Disfcince | 

Coihode Anode 

Fig. 11-40.— Potential distribution 
in a phanotron. Solid curve at a low 
pressure; dotted curve at a higher 
pressure. 
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in collisions with neutral atoms, an appreciable proportion 
bombard the cathode with an energy of about Vc e.v. In a 
theoretical treatment, Langmuir^ finds that immediately adjacent 
to the hot cathode is a region where the net space charge is 
negative, similar to that in a high-vacuum tube, and that a 
region of net positive space charge separates this negative space- 
charge region from the plasma. This so-called ‘‘double^' sheath 
leads to a potential distribution such as is illustrated in Fig. 11-41 
for parallel-plane electrodes. The curve has a horizontal slope 
at th(^ cathode because of the 
assumption of a veiy large supply 
of electrons of zero initial velocity 
from the cathode. The slope is 
also zero at th(i plasma because ^ 
the positive-ion current is limited ^ 
by the positive space charge in g 
this region. There is an abun- ^ 
dant supply of positive ions in 
the plasma, and just enough 

move toward the cathode to keep ^ ^ 

the electric intensity practically Fio. 'n'-4i. -Potential distribu- 
zero at the plasma boundary. tlon in the double sheath at the 

Under the.se conditions and 

under th(' further assumption of a negligible effect of collisions, 
the electron current density is given by the expression 

(11-39) 

9 \ me a** ' 

and the positive-ion current den.sity is given by 

where Vc is the cathode drop and d is the sheath thickness. 
These expressions differ only slightly from Eq. (6-35) for space- 
charge-limited current du(* to charges of one sign. The electron 
current is greater by a factor of 1.86 over what it would be in a 
high vacuum with the voltage Vc and the distance d. This 
increase is the result of the partial neutralization of the space 

^Langmuir, I., Phya, Rev., 33, 954, 1929. 
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charge by the positive ions. The equations above make possible 
the calculation of the ratio of the electron current to the positive- 
ion current at the cathode, with the result that Je/Jp = \/mplrrie. 
For argon the ratio is 269; for mercury, it is 606. Thus, the 
current is carried almost entirely by electrons. 

To give the order of magnitude of the space-charge-sheath 
thickness, suppose that d be calculated by Eq. (11-39). Let the 
current density J* be 1,000 amp./sq. m., and let W be 10 volts, 
a reasonable value in mercury vapor. Then, d proves to be 0.37 
mm. If Vc remains constant, the value of d will decrease to 
0.12 mm. when the current density increases to 9,000amp./sq. m. 

It was not until experiments disclosed the conditions under 
which hot cathodes could be operated in a gas(‘oiis discharge 
without excessive cathode sputtering that the phanotron became 
a practical device. These experiments^ showed that there is a 
critical tube voltage drop, called the disintegration voltage^ above 
which cathode sputtering becomes serious. This voltage is 
rather definite for thoriated-tungsten cathodes, and its value 
depends upon the gas. For example, Hull gives the following 
values: 22 volts for mercury, 25 volts for argon, and 27 volts for 
neon. With oxide-coated cathodes the disintegration voltage is 
not so definite, but a value of 25 volts is representative. Ordi¬ 
narily, then, the tube drop must be kept small. 

The arc voltage dfop is extremely important not only as a 
measure of the disintegration of the cathode but as a factor in 
the efficiency of operation as well. Under normal operating 
conditions, when the available electron emission of the cathode 
exceeds the current through the tube, the tube drop is mainly 
due to a cathode fall approximately equal to the ionization poten¬ 
tial of the gas. Under abnormal conditions, as under short 
circuit or with a partly deactivated cathode, the zero-field elec¬ 
tron emission of the cathode may be less than the current through 
the tube. Then the cathode fall will rise until there is an 
accelerating field for electrons at the'cathode, and the current 
will increase by tlie Schottky effect to meet the demand. If the 
corresponding tube drop rises above the disintegration voltage, 
destructive positive-ion bombardment of the cathode will set 
in and the cathode coating will disappear. 

^ Hull, A. W., Tram. A.I.E.E., 47, 753, 1928. Koller, L. R., Phynca, 
7, 225, 1936. 
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Another factor affecting the arc drop is the pressure of the gas. 
In tubes filled with an inert gas the pressure changes only slightly 
with the temperature; furthermore, the mean free path of the 
ions remains constant, so tliat little change in arc drop is observed. 
However, the cleanup of tlic gas will lower the pressure gradually 
during the life of the tube, and as a consequence the arc drop will 
increase. With mercury-filled tubes the large change of vapor 
pressure with temperature causes correspondingly large changes 
in the arc drop. This variation is illustrated in Fig. 11-42. 
The abscissas represent the so-called '^condensed mercury 



Fia. 11-42.—(a) Arc drop and (b) arc-back characteristics for a mercury-vapor 
• phanotron. 


temperature^^ as observed on the outside of the tube at its coldest 
point. It is clear that the tube cannot be operated below a cer¬ 
tain limiting low temperature on account of the rise in the arc 
drop. 

When used in rectifier circuits the phanotron is subject to 
backfire, or arc-back, similar to that in mercury-arc rectifiers 
(Sec. 11-11). At the higher gas pressures the arc-back is essen¬ 
tially a sparking phenomenon similar to that discussed in Chap. 
IX, with conditions corresponding to points to the left of the 
minimum sparking potential (Fig. 9-4a). Consequently, an 
increase in the pressure reduces the voltage at which arc-backs 
* become numerous, as shown in Fig. 11-42. This leads to the 
limitation on the maximum temperature of operation of the 
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mercury tubes for a given voltage rating. At the lower gas 
pressures the random nature of the arc-back is more prominently 
displayed. The conditions in the gas tube are different from 
those in a tank rectifier in that there is no arc present during 
the nonconducting period, so that there is no ionization in the 
tube except immediately after the current drops to zero. About 
0.001 sec. after the current zero the deionization is complete. 
In circuits in which the inverse voltage builds up rapidly an arc- 
back may occur before deionization is complete under conditions 
similar to those in the tank rectifier, as disejussed in the preceding 
section. 

Since any change in the anode surface favorable to the forma¬ 
tion of a cathode spot is likely to lead to an arc-back, sputtering 
of the cathode with the accompanying deposition of barium and 
oxide particles on the anode will promote arc-back by providing 
places where thermionic emission can occur. Consequently, 
the temperature of the anode must be kept low. As in the 
mercury-arc rectifier an increase in the arc current causes an 
increase in the arc-back rate. Likewise, a low cathode tempera¬ 
ture is conducive to arc-back. 

To summarize, we may emphasize that the phanotron is 
characterized by a low and nearly constant tube drop during the 
conducting period in normal operation. Its filamentary or 
indirectly heated cathode can be made very efficient by the use 
of the heat-shielding principle, which entails, however, a cathode 
heating time of 30 sec. to several minutes or more. The cathode 
will operate satisfactorily as long as the arc drop does not rise 
above the disintegration voltage for the particular gas and 
cathode material. The arc drop will rise whenever the tube 
current exceeds the total electron emission of the cathode, so that 
the safe peak currents through the tube are limited accordingly. 
The factor that limits the operating voltage is the tendency to 
arc back when the anode is negative. In mercury tubes, both 
the arc drop and the probability for arc-back depend on the 
condensed merchry temperature, limits being thus set on the 
maximum and minimum operating temperatures. The heating 
of the anode and cathode must be limited to reasonable values, 
and consequently the average current through the tube is also 
limited to a definite rated value, depending on the design of the 
tube. 
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11-13. Thermionic Gas Triode: The Thyratron. —A gas-filled 
hot-cathode tube having one or two control electrodes is called 
a thyratron. The control electrodes are called grids, although 
it is only in the smallest thyratrons that the grid structure is 
similar to that in a high-vacuum triode. The electrode struc¬ 
tures of two typical thyratrons are shown in Fig. 1 l-43a and 11-435. 
The function of the grid in the control of the anode current is quite 
[different in the thyratron than in the high-vacuum tube. The 
grid function is solely to prevent the initiation of an arc from 
Ijcathode to anode until the grid and anode potentials have been 
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Fig. 11-43.—Electrode structurea of thyratrons. 

[ adjusted to cause breakdown. Once the arc is started, the grid 
i loses its control function, and the anode voltage must be removed 
or reversed to permit the tube to dtaonize before the grid regains 
control.^ In most thyratron applications, this occurs auto¬ 
matically; for the anode is fed from a source of alternating volt¬ 
age, and the anode periodically goes negative with respect to the 
cathode. 

The anode voltage required to cause breakdown depends 
on the grid voltage as shown in Fig. 11-44 for a small inert gas- 
filled thyratron. This curve is called the control characteristic 
or breakdown characteristic of the tube. Once the discharge 
starts, the tube behaves exactly like a phanotron as far as its 


^ Exceptions occur in small thyratrons where a large negative voltage 
on the grid may stop the discharge. 
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anode current is concerned. The arc drop is nearly independent 
of the current but is slightly higher than in an equivalent gas 
diode, because of deionization on the grid. 

To consider the breakdown process in somewhat more detail, 
let us suppose that a grid voltage of a few volts negative is 
applied and that the anode voltage is gradually increased. At 
first, the retarding field of the negative grid will prevent the 
electrons emitted from the cathode from passing through the 
holes in the grid baffle. As the anode potential is raised, how¬ 
ever, the field in the neighborhood of the holes in the grid changes, 

so that some of* the electrons in 
the cathode-grid space are ac¬ 
celerated through the holes 
toward the anode. Near the 
cathode the field still tends to 
retard the electrons, so that only 
the electrons emitted with a high 
velocity in the direction of the 
anode pass through the holes in 
the grid. These electrons are 
accelerated toward the anode and 
gain enough energy so that, when 
they collide with gas atoms, im- 

tic for an argon-filled tliyratron. lOnizatlon takes plaCC m the 

grid-anode space. The resulting 
positive ions in the grid-anode space act to increase the field 
strength near the grid holes and to draw more electrons toward 
the anode. These processes are cumulative, and after the cur¬ 
rent reaches a critical value an arc is quickly established. Had 
the grid been more negative, a higher anode voltage would have 
been needed to draw enough electrons past the grid to initiate 
breakdown. 

Once the arc is established, the negative grid behaves much 
like a probe in an ionized gas as discussed in Sec. 10-6. The 
grid is covered Ivith a sheath having a net positive space charge 
which effectively neutralizes the negative potential on the grid, 
and the influence of the grid surface charges does not extend 
beyond the sheath boundary. In the usual thyratron, this 
sheath is so thin that it does not impede the flow of current in the 
main discharge, so that changes in grid voltage have no effect 
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on the anode current. In small thyratrons, however, the grid 
sheaths may become thick enough with large negative grid 
voltages to tend to overlap and thus shut off the anode current. 
This tendency is opposed by the increasing current density in 
the plasma remaining between the grid sheaths, for the accom¬ 
panying increase in positive-ion current density entering the 
sheath tends to decrease the sheath thickness at this point. On 
account of these counteracting effects, it is only in small thyra¬ 
trons carrying small anode currents chat a negative grid can 
cut off the arc current. In most thyratrons the grid acts solely 



Fiq. 11-45.—Control characteristics for a m6rcury-vapor thyratron at various 
condensed mercury temperatures (FG-17). 

to initiate the cathode-anode arc, and after the arc is established 
it cannot control the anode current. 

The foregoing discussion of thyratron breakdown indicates 
that the pressure of the gas will have an effect on the control 
characteristic, for the efficiency of the ionization processes 
depends on the gas pressure. The mean free path is about the 
same as the cathode-to-anode distance in the usual tube; thus, 
even though an electron has the requisite energy, its chance of 
producing ionization depends mainly on its chance of having an 
impact. Therefore an increase in pressure will increase the 
probability of collisions, and the ionization rate; consequently, 
the critical current will be reached at a lower anode voltage. 
Thus, the breakdown voltage will depend on the vapor pressure 
as shown in Fig. 11-45 for a mercury-vapor thyratron. 
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The so-called positive-grid thyrairon has been designed so that 
positive voltages are needed on the grid to start conduction. In 
these tubes the grid is made more effective as a shield, for 
example, by arranging two or three baffles, of the type shown in 
Fig. 11-436, one above the other. Then the anode voltage 
produces little or no accelerating field between the cathode and 
the first grid baffle. As a result, the grid potential must be a 
few volts positive to accelerate enough electrons through the 
grid baflSes to start the ionization leading to breakdown. Fur¬ 
thermore, the grid voltage required fOr breakdown is nearly 
independent of the anode voltage, so that the control character¬ 
istic approximates a vertical line. 



Fia. 11-46.—Grid currents preceding breakdown in an argon-filled thyratron. 

Va indicates anode voltage. Breakdown occurs at x. 

A knowledge of the grid-current characteristics of thyratrons 
is of importance, ^\specially when the grid is controlled by high- 
resistance circuits as, for example, circuits involving phototubes. 
The grid currents can be discussed under two heads, (1) those 
preceding the tube breakdown and (2) those flowing after an arc 
is established. In negative grid thyratrons the first class of 
grid current arises from (a) leakage over grid insulation, (6) 
thermionic emission of electrons from the grid, and (c) positive 
ions drawn from the pre-breakdown discharge in the tube. 
Thermionic emission is small if the grid does not heat excessively 
and if it is kept free of the oxide from the cathode. The grid 
current caused by positive ions, is similar to that in a gassy 
vacuum triode (Sec. 6-9). The grid currents up to breakdown 
for an argon-filled thyratron are shown in Fig. 11-46. The grid 
current following breakdown is essentially the same as the current 
to a probe in an ionized gas (Sec. 10-6). The grid-current curves 
for a mercury-vapor thyratron with the arc present are shown in 
Fig. 11-47. It should be noted that the grid current becomes 
very large when the grid is positive, for the grid can collect 
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electrons from the arc. It is usually necessary to provide a 
resistance in series with the grid to limit this current in circuits 
where the grid potential may become positive. 

In the so-called double-grid, or shield-grid^ thyratron the pre¬ 
breakdown grid current has been materially reduced by the 



Grid voltage,volts 


Fig. 11-47.—Grid currents after breakdown in a rnercury-vapor thyratron 
(FG-57). la indicates direct current in the anode circuit. {Reprinted by permis¬ 
sion from E. D. McArthur, “ Electronics and Electron Tubes,** p. 129, John Wiley & 
Sons, Inc., New York, 1936.) 


addition of a second grid. One form of its construction is 
shown in Fig. 11-48. When the shield grid is connected to the 
cathode, the control characteristic is very similar to that in 
Fig. 11-45 for the negative-grid th^^ratron. However, the grid 
currents preceding breakdown are reduced 
about a hundredfold compared with a simi¬ 
lar single-grid thyratron; thus, the grid can - /inode 

readily be controlled through a high- 
impedance circuit. An additional advan¬ 
tage of the shield-grid thyratron is that the 
control grid has low values of anode-to-grid 
and grid-to-cathodc capacitance. 

Although the time required to establish 
conduction, called the ionization time^ is 
only a few microseconds, the deionization 
time may be 10 to 1,000 microsec. The Fig. ii- 48.—Stme- 

deionization time is defined as the time ^ double-grid 

thyratron. 

required for the grid to regain control after 

removal of the anode voltage. This time is important in applications 
where the tube must operate at a high frequency or where the 
anode voltage goes positive soon after a conduction period, as in 
inverter circuits. For obvious reasons, the deionization time is 
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smaller in small tubes having short interelectrode spacings. 
Other factors that decrease the deionization time are the follow¬ 
ing: smaller load current, reduced gas pressure, and a more 
negative grid potential. 

The thyratron tube has ratings similar to those of the phano- 
tron for maximum anode currents, maximum inverse anode 
voltage, etc. In addition, it has a rated limitation on grid 
current, on grid voltages, and on the maximum positive voltage 
on the anode, called the maximum forward voltage. The value 
of the latter is the maximum value consistent with reliable con¬ 
trol of the discharge by the grid. 

11-14. Thyratron Applications .—A highly diversified list of 
thyratron applications has been developed, and more are con¬ 
stantly appearing. A classification of the main applications as 
to function is given in Table 11-3. 

Table 11-3. —Thyratron Applications* 

Function Examples of Application 

Power amplification and relaying Operation of circuits from phototubes 

Timer circuits 
Remote control 

High-Speed circuit closure and Control of high-speed spot and seam 

interruption resistance welding 

Circuit impedance control. Theater stage and auditorium lighting 

^ Voltage control of a.c. and d.c. generators 

Current commutation. A.c. to d.c, rectification 

D.c. to a.c. inversion 
Frequency changing 

Thyratron commutator variable speed 
a.c. motors 

♦ Whitelet, a. L., 78, 516, 1936. 

In all these applications the thyratron functions as a tube 
that can pass a unidirectional current with a relatively low volt¬ 
age drop after the grid allows the discharge to start. It must 
suflBce to describe a few applications involving generally useful 
basic circuits. 

A description of the single-phase thyratron rectifier with 
control of the rectified current by means of the amplitude of the 
d.c. grid voltage will serve to illustrate a general method of 
analysis. The circuit diagram is shown in Fig. 11-49, and let us 
assume that the control characteristic of the thyratron is that 
shown in the left-hand portion of Fig. 11-60. For the moment 
let us assume that the voltage wave of the a.c. source, Em sin <at 
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in Fig. 11-50, is impressed directly on the anode of the tube. 
This will actually be the case as long as there is no current in the 
anode circuit, i.e., before the tube breaks down or ^^fires.^^ To 
analyze the action of the grid, it is convenient to construct a 
curve showing the instantaneous 



LdoicI 

resistance 


so urce 


voltage of the grid that would 
just allow breakdown at every 
instant of time during the posi¬ 
tive half cycle of anode voltage. 

This can be done by taking grid- 
voltage values for different 
anode voltages from the control 
characteristic and plotting them 
in the time diagram or by using 
the graphical construction indicated in Fig. 11-50. This con¬ 
struction consists in transferring the critical grid voltage for a 
particular anode voltage from the control characteristic to the 
time diagram at the instant at which the anode voltage has this 
particular value. 


Fia. 11-49.—Thyratron rectifier 
controlled by the magnitude of the 
grid bias voltage. 



Fig. 11-50.—Diagram showing a construction for the critical grid-voltage 
curve. For example, to locate the critical grid voltage at instant ti project 
upward to the anode voltage Ba- Then project horisontally to point Ba' on the 
control characteristic. This locates the critical grid voltage To transfer 
to the time diagram swing an arc of radius V.. indicated by Vg^ in the diagram, 
and project horisontally from G to point P, the required point. 


To analyze the actual operation of the rectifier, we make use 
of the critical-grid-voltage curve as shown in Fig. 11-51. We 
assume that the resistance Rg is small enough so that the pre¬ 
breakdown grid currents will not alter the grid potential. When 
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the constant negative grid potential Vg exceeds the critical grid 
voltage (at intersection a*, Fig. 11-51), the tube will fire. The 
anode voltage meanwhile rises along the sine curve of the source 
voltage until the instant of firing ti and then drops to the char¬ 
acteristic low arc drop. At the instant of firing the load current 
jumps suddenly to a value determined by the instantaneous 
source voltage, the load resistance, and the arc drop. Load 
current continues to flow for the rest of the half cycle to the 
instant h. During the ensuing half cycle the tube deionizes, 
and firing recurs at instant ^ 3 ^ 



Fio. 11-51.—Anode voltage and load-current wave forms in a thyratron rectifier 
controlled by negative grid bias. 

Upon increasing the grid bias Vgy the instant of firing shifts to 
later instants of time, until the tube ceases firing when the grid 
bias exceeds the negative maximum of the critical-grid-voltage 
curve. Thus, control of the instant of firing is had over the 
range of the first quarter period of the source voltage wave, with 
a corresponding range of control of approximately 2 to 1 over 
the average value of the anode current. With mercury thyra- 
trons the critical-grid-voltage cufve will change as the tube 
temperature ohanges, with corresponding changes in the instant 
of firing. For this reason the control of mercury thyratrons by 
the amplitude of the grid bias is most suitable for on-off'^ 
control, where the grid bias changes are made large enough to 
ensure stopping or starting the discharge. 

An alternative and more flexible method of controlling the 
output of the thyratron rectifier is that of feeding the grid with 
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an alternating voltage whose phase position relative to that of the 
anode voltage can be varied. Several methods of shifting the 
phase of the grid voltage are available.^ In the method shown 
in Fig. 11-52 a variation in the resistance R changes the phase 
of the voltage from K to but the magnitude of this voltage 
remains constant. To study the effect of this change in the 
phase of the alternating grid voltage, consider the waves of grid 
voltage in relation to the critical-grid-voltage curve for the three 
phase positions shown in Fig. ll-53a, 5, and c. At a the grid 
voltage is 180 deg. out of phase with the anode voltage {R very 
large), and the thyratron is prevented from firing. At b the 


Load 



Fig. 11-52,—Circuit diagram of a phase-controlled thyratron rectifier. 

grid-voltage wave has been advanced 60 deg., and firing occurs 
at instant t\ where the actual grid voltage exceeds the critical 
grid voltage. Thus the tube begins to conduct for a small part 
of the cycle, and the av('rage current is small. By advancing 
the phase of the grid voltage still more, as shown in Fig. 11-53c, 
firing takes place earlier in the cycle and the average current is 
increased. Thus a continuous control of the output is had by 
changing the resistance R from a large value down to zero. The 
function of Rg is to prevent excessive grid currents during the 
conducting period, but its value should be kept as small as possi¬ 
ble to avoid an excessive voltage drop over R,,, caused by pre- 
breakdown grid currents. 

The control of an alternating current by two thyratrons is 
exemplified by the welding control circuit shown in Fig. 11-54. 
The schematic diagram in Fig. 11-54a shows the general plan. 
The current to the primary of the welding transformer is con¬ 
trolled by a series transformer with the associated thyratrons. 
When these thyratrons are rendered nonconducting by a suitable 
grid voltage, the series transformer offers a high impedance to 

» General reference 11-9, pp. 445-452. 
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current flowing to the welding transformer. As a result, only a 
small current flows. However, when the tubes are both ren¬ 
dered conducting, the current through the series-transformer 
secondary is limited only by the low tube voltage drop. The 
series transformer acts as if its secondary were short-circuited, 





Fia. 11-63.—Anode voltage, grid voltage, and load-current waves in a phase- 
controlled thyratron rectifier circuit, (o) Vg lags Ka by 180® (6) lags V* 

by 120®. (c) Vg lags Fa by 60®. 


and consequently the welding-transformer primary receives 
nearly the full voltage of the line. The tubes handle currents 
much smaller than the line currents but must withstand voltages 
higher than line voltage. It is more economical to use the low- 
current high-voltage tubes in the circuit shown than to attempt 
to use high-current tubes directly in the power circuit. 
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The details of a grid control circuit employed for providing 
“on-off” control for seam welding by means of overlapping spot 
welds are shown in Fig. 11-546. In a typical welding cycle a 
current of the order of 1,000 amp. flows to the primary of the 
welding transformer for a period of 0.033 sec., and this is followed 
bv an “off” period of 0.033 sec. With the control switch in 




swiich 

Fiq. 11-64.—Thyratron welding control circuits, (a) Schematic diagram. 
(6) Details of grid control circuit. (Po/mer, H, L., Gen. Elec, Rev,t 40 , 230, 
1937.) 

Fig. 11-546 open, the bias voltages Vg prevent conduction through 
the thyratrons. When the control switch is closed, alternating 
voltages are impressed on the grids of both tubes, each in phase 
with the anode voltage of that tube. The magnitude of these 
voltages is adjusted so that conduction starts early in the cycle. 
Condensers C serve to prevent surges from firing the tubes. In 
practice the bias voltages Vg are supplied by small rectifiers. 
The Thyrite resistor Rt provides protection against surges that 
originate from switching transients or other causes. 
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The control switch in Fig. 11-546 is replaced by a thyratron 
timing circuit when accurately reproducible welds are desired. 
These timing circuits take various forms, but usually the timing 
is accomplished by feeding the grid of a thyratron from a circuit 
in which a condenser discharges through a resistance. The time 
to fire the thyratron can be adjusted to predetermined values by a 
suitable choice of the constants of the condenser discharge 
circuit. 

Another method of controlling an alternating current is by 
the use of a series saturable reactor and,a full-wave controllable 
thyratron rectifier. The elementary diagram of this circuit 



Fig. 11-55.—Circuit for controlling an alternating current by means of thyra- 
trons and a .saturable reactor. 

is shown in Fig. 11-55. The load is fed through the coils 1 and 3 
of the saturable reactor, and the thyratron tubes Ti and T 2 
provide a controllable direct current through the coil 2. The 
coils are arranged in such a way that no alternating flux traverses 
the central core. When the direct current through coil 2 is 
small, the reactance of coils 1 and 3 is high, and thus the current 
to the load is small. However, when the direct current is large, 
the core reaches magnetic saturation so that the reactance of 
coils 1 and 3 falls. Con.sequently, a large load current can be 
controlled with stepless variation by means of a few watts of 
power expended in the grid control circuit. The maximum 
a.c. power in the load can be 100 times the d.c. power fed to the 
saturable reactor, and the total power losses in the saturable 
reactor may be kept down to 2 to 3 per cent of the maximum 
power in the load. This method of control has been applied to 
theater-stage and auditorium lighting.^ 

^ **Electrical Engineers^ Handbook," 3d ed., Vol. V, Sec. 16, pp. 22-26, 
John Wiley & Sons, Inc., New York, 1986. Gulliksen, F. H. and E. H. 
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The function of current commutation, or the shifting of a 
current from one circuit to another, is performed by the two 
thyratrons in the full-wave rectifier in Fig. 11-55. Another 
example of current commutation by thyratrons will be discussed 
in Sec. 11-16 in connection with d.c. to a.c. inversion. 

11-16. The Ignitron.—The ignitron was developed in an effort 
to produce an improved pool type of mercury-arc rectifier. The 



Fig. ll-56a.—Diagram of a 
glass-bulb ignitron. 


Fig. 11-566.—Cutaway view of a 
water-cooled metal ignitron, Type FG- 
235A. {Courtesy of the General Electric 
Company.) 



basis for the development was the fact that the presence of the 
arc in a multianode tank rectifier promoted backfires and if each 
rectifying path could be isolated from the others'the backfire 
rate would decrease. However, a single tube containing a 
mercury-pool cathode and a conventional anode could rectify 
alternating current only if some means could be found to initiate 
a cathode spot on the mercury pool at the beginning of each 


Vedder, Industrial Electronics,” pp. 138-142, John Wiley & Sons, Inc., 
New York, 1936. 
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conducting period. In 1933, Slepian and Ludwig^ announced 
a new method for initiating a cathode spot. The method is to 
send a current into the mercury pool through a so-called ‘igniter” 
rod, which consists of a small conical rod of boron carbide or 
silicon carbide (carborundum) with its pointed end dipping into 
the mercury. The ignitron, as shown in Fig. 11-56, consists of a 
highly evacuated tube containing a mercury-pool cathode with 
an igniter rod dipping into it and having another insulated 
electrode which serves as the anode. In the small sizes the 
tubes are of the air-cooled glass type; larger tubes are sealed-off 
metal tubes having water cooling (Fig. 1*1-565);. the largest tubes 
are demountable and must be pumped continuously. 

Slepian and Ludwig^ have explained the action of the igniter 
in terms of the concentration of current at the point where the 
igniter rod makes contact with the mercury surface. As the 
current leaves the rod and enters the more highly conducting 
mercury, it tends to crowd toward the contact line at the mercury 
surface. This concentration of current produces a voltage drop 
across a small gap near the rod-mercury junction sufficient to 
lead to the formation of a cathode spot on the mercury surface. 
The conditions at the junction are similar to those present when 
an arc is formed at separating contacts. In practice, an igniter 
current of 10 to 20 amp. at a voltage of about 100 volts is suffi¬ 
cient to initiate a ^athode spot. With the initiation of the 
cathode spot an arc forms almost immediately between the 
anode and the cathode pool. 

The experiments of Dow and Powers* show that a finite, 
though variable, time elapses after the igniter current is estab¬ 
lished before the arc is complete from anode to cathode. For 
example, in one series of tests, 65 per cent of the starting times 
were less than 10 microsec., and 94 per cent were less than 
25 microsec. The median time was about 7 ffiicrosec. The 
starting time is reduced with higher igniter current. 

For the ignitron to function as a rectifier the arc must be 
ignited at the beginning of each conducting period by a pulse 6f 
current given to the igniter. At the end of the conducting 
period the arc goes out, and after a short deionization time the 

1 Trans, A.LE.E., 62, 693, 1933. 

* hoc, cii,; also, see J. M. Cage, Gen. Eke. Rev.j 88, 464, 1935. 

» Trans. A.I.E.E., 64 , 942, 1935. 
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tube acts as an insulator. One scheme for exciting the igniter 
consists in connecting the igniter through a small phanotron 
tube to the anode of the ignitron, as shown in Fig. 11-57. When 
the ignitron anode potential goes positive, current flows through 
the phanotron to the igniter until the arc is struck. The anode- 
to-cathode voltage drop then decreases to about 12 to 15 volts, 
so that conduction through the auxiliary tube stops. Thus, 
the auxiliary rectifier carries current only during a small per¬ 
centage of the positive half cycle until conduction is established 
in the ignitron. 

If the impulse of current to the igniter is withheld until a 
later part of the positive half cycle, the firing of the ignitron 



Fig. 11-57. —Full-wave iRtiitroii rectifier circuit. 


will be delayed correspondingly. Thus, the ignitron has all the 
possibilities of controlled rectification povssessed by the thyratron, 
and by controlling the instant of igniter excitation it is possible to 
control the output of the ignitron rectifier in much the same 
fashion as in the phase-controlled thyratron rectifier. For 
example, in the rectifier in Fig. 11-57 the auxiliary rectifier tubes 
can be replaced by thyratrons. If the grids of these thyratrons 
are supplied from a phase-shifting circuit, it is easy to control 
the instant of firing of the thyratrons and hence of the ignitrons. 
By this method, load voltage control is obtained on large six-tube 
ignitron rectifiers.^ 

The ignitron has the large momentary current capacity 
characteristic of the mercury-pool cathode, but its average 
current rating is limited by tube heating. Its high short-time 
current rating is an advantage when the tube is used in spot- 
and seam-welding control circuits,^ an application in which it is 
supplanting thyratron control. The control circuit employed 
(Fig. 11-58) is similar to that in Fig. ll-54a except that no series 

1 Cox, J. H., and G. F. Jones, Trans. AJ.E.E.y 68, 621, 1939. 

* Packard, D., and J. H. Hutchings, Elec . Eng .^ 66| 37, 1937, 
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transformer is used. The impulses of welding current can be 
very accurately controlled as to duration by a thyratron timer 
circuit, incorporated into the igniter control circuits, and as to 
magnitude, if desired, by phase control of the firing impulses. 

The ignitron combines the high instantaneous current capacity 
of the pool type of rectifier with a control feature similar to that 
of the thyratron. The backfire rate is smaller in the ignitron 
than in an equivalent pool type of rectifier because no arc plays 
in the tube while the anode is negative. The igniter control 
requires much higher instantaneous control power than for the 
grid control of a thyratron. Consequently^ the ignitron is 
applied where the controlled power (load) is large, so that the 
power loss in the igniter circuits is relatively small. The ignitron 
has the advantage over the thyratron in that no cathode heating 

/f-c " 
sourceo. 


Igniter''^ 
control circuif 

Fig. 11-58.—Schematic diagram of an ignitron welding control circuit. 
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power is needed aiid no delay for preliminary cathode heating is 
required. In the t^iyratron, the grid acts to 'prevent the discharge^ 
whereas in the ignftron the discharge cannot possibly start until 
the igniter carries current. Therefore, the mechanism of the 
control of the two tubes is quite different, though they are 
applied in similar circuits. 

11-16. Inverters.—A circuit for the production of alternating 
current from a source of direct current is called an inverter. The 
vacuum-tube oscillator accomplishes the same function, but at a 
relatively low efficiency. The use of thyratrons and ignitrons in 
inverter circuits opens possibilities of the conversion of large 
blocks of power at high efficiency. This possibility is attractive 
in view of the^ advantages of the d.c. system of power trans¬ 
mission in which inversion to alternating current is needed at 
the receiving end of the line to facilitate the distribution of the 
power over existing a.c. systems. Because of economic and 
technical limitations, inverters have as yet been commercially 
applied only in the small sizes. ^ 
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In all inverter circuits the period of conduction through the 
gas tube must be terminated by forcing the anode potential^ 
to zero or to negative values for a time long enough for the control 
device (grid or igniter) to regain control. To show how the 
anode current may be stopped in a thyratron supplied from a 
d.c. source, we shall describe the operation of the circuit in 
Fig. 11-59. The two-tube parallel type inverter will be treated 
as an extension of the principle involved in the operation of this 
circuit. 

Let us assume that the thyratron has been ignited, say by 
momentarily closing switch S to bring the grid to cathode 
potential. Further assume 
that the bias voltage Vg is 
adequate to prevent break¬ 
down when the anode voltage 
is raised to equal that of the 
d.c. source. With the tube 
conducting, the condenser C 
will charge up to the voltage 
across the load resistance with 
the polarity shown in the 
figure. If, now, switch Si is closed, the anode potential suddenly 
goes negative by an amount equal to the condenser voltage. 
However, the charge of the condenser decreases and eventually 
builds up with the opposite sign, so that the anode voltage rises, 
and becomes positive. If the tube deionizes sufficiently while its 
anode is negative, the grid will regain control, and the discharge 
vnW not reignite. 

In the two-tube parallel type inverter shown in Fig. 11-60 
the discharge in one thyratron is stopped by the starting of the 
other thyratron. The operation of the circuit is similar to that 
of Fig. 11-59, except that the second thyratron replaces the 
switch Si. The condenser C in Fig. 11-60 makes possible the 
commutation of the current from one tube to the other. For 
example, assume that tube A is conducting and tube B is insulat¬ 
ing. During this part of the cycle of operation, current flows 
from the d.c. source through the transformer winding from t to 
a, while a smaller current flows through the winding from ttoh 

^ In the discussion, it will be assumed that all potentials are referred to the 
cathode of the tube. 





Fig. 11-59.—a circuit for stopping the 
anode current of a thyratron fed from a 
d.c. source. 
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to charge the condenser C. The anode of tube B is positive, but 
it does not fire until its grid voltage is raised by the positive loop 
of the a.c. component of grid voltage supplied by the external 
control source. When tube B does fire, the potential of the 
anode of tube A suddenly goes negative, and thus A is allowed 
to deionize. As the condenser C charges in the opposite direction, 
the anode potential of A rises, and thus tube A is ready to repeat 
the sequence just completed by tube B. The current is com¬ 
mutated back and forth between the two parallel paths through 
the two tubes, and consequently an alternating current is pro¬ 
duced in the load. 


Loacf 



Fia. 11-60.—Externally controlled, parallel-type inverter circuit. 


The waves of current in the d.c. circuit, anode voltage, anode 
current of tube A, and of load current are shown in h'ig. 11-61 
for a medium load where the inductance in the d.c. circuit is 
large. With light loads the load current wave is more peaked, 
and with heavy loads the wave is flat-topped. The time t\ in 
the anode-voltage wave shows the time during which tube A must 
deionize. If tube A fails to deionize completely in this interval, 
it may begin to conduct again at the end of interval ^i. If this 
happens, condenser C loses its charge, and the opposing magnetic 
effects of the two anode currents drawn through the windings 
tra and t-b neutralize each other. As a result, the only opposing 
e.m.fs. in the series circuit of the d.c. source, the transformer, and 
one of the tubes are the small tube drop and the e.m.fs. of 
resistance of the transformer and the inductor L. The large 
current (essentially a short-circuit current) that would result 
would be destructive to the tubes, and so protection in the form 
of a quiok-acting circuit breaker should be provided. 


Sec. 11-16) 


INVERTERS 


449 


When the inductance L is made smaller, the current in the 
d.c. circuit may flow in pulses,^ with intervening periods of zero 
current. In this condition, each tube conducts for less than 
half the time, and the tube is extinguished by a negative voltage 
arising in the transformer rather than by the mechanism previ¬ 
ously discussed. 

Wagner^ has shown that with inductive loads the wave form 
of the load current is better than with resistance loads. He also 
discusses the time available for deionization in this case. 



Fig. 11-61.—Wave forms of currents and voltages in the inverter of Fig. 11-60. 

Part or all of the capacitance C (Fig. 11-60) can be placed 
across the secondary of the output transformer and still provide 
satisfactory commutation. Analysis of the circuit has shown 
that large values of commutating capacitance improve the 
output wave form and make the circuit more stable. However, 
a large capacitance makes the voltage regulation of the output 
poorer, so that in the choice of the condenser a compromise must 
be effected between the desired wave form and regulation 
characteristics. 

Inverters proposed for high-power outputs usually have 
multiphase output circuits. One particularly interesting inver¬ 
ter® converts constant-current d.c. power into constant-potential 

‘ Wacjner, C. F., Elec. Eng., 64, 1228, 1935. Tompkins, F. N., Trans. 
A.I.E.E., 61, 707, 1932. 

« Eke. Eng., 66, 970, 1936. 

’ Willis, C. IL, B. D. Bedford, and F. R. Elder, Elec. Eng., 64, 102, 
1935. 
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three-phase a.c. power. Another proposed use^ for an inverter 
is in connection with an output rectifier to take d.c. power at 
one voltage and deliver d.c. power at a different voltage, i.e,, to 
provide a d.c. transformer circuit. 

11-17. Gaseous-discharge Lamps.—The invention of the 
Geisler tube in 1850 marks the beginning of the scientific study 
of the light emitted from gaseous discharges. These studies 
have been concerned particularly with the spectral character of 
the light, i.c., with the spectral lines and frequency bands in the 
radiation, and with the correlation between the observed spectra 
and the quantum theory of the atom. The quantum theory 
successfully accounts for the frequencies of the spectral lines of 
any atom in terms of the changes in the energies of its internal 
electrons. 

In general, the radiation includes frequencies in the ultraviolet 
and infrared regions as well as in the visible range. For use as 
practical light sources, it is important to have as high a proportion 
of the energy as possible radiated in the visible range. Therefore, 
it is desirable to have the spectral lines and bands in the visible 
range as intense as possible and to adjust the discharge conditions 
to attain this end. Some knowledge of the way in which the 
strength of the spectral lines depends on the discharge conditions 
has been gained from a study of the atomic energy levels (internal 
electron energies) and of the energies of the electrons in the dis¬ 
charge for the simpler atoms,^ but for other discharges the com¬ 
plexity of the factors operating compels recourse to experimental 
methods. 

The conduction of the current and the generation of light are 
in a sense separate processes in the discharge; for the current is 
conducted as a result of the ionizing processes, whereas the light 
results from excitation of the atoms by electron impact. The 
conduction processes are, of course, necessary to provide the 
electrons in proper concentrations and with proper energies to 
produce the exciting impacts. Since both ionizing and exciting 
impacts abstract large amounts of energy from the discharge and 
only the excitation processes lead to useful light output, it can 

^ Hebskind, C. C., Elec, Eng,, 56 , 1372, 1937. 

* Dubhman, S., J, Dpi, Soc, Am.^ 27 , 1, 1937. Found, C. G., Trans, 
lUum, Eng, Soc. (N.Y,)y 88, 161, 1938. See general reference 11-11. 
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be seen that the ionization should not be more intense than 
necessary for the optimum rate of excitation of the atoms. 

As a preliminary to the discussion of typical modem gaseous 
lamps, we may classify them in several ways. (1) They may 
be classified as to the type of discharge as follows: (a) cold- 
cathode glow, (b) cold-cathode arc, and (c) hot-cathode (therm¬ 
ionic) arc. An example of the cold-cathode glow is the neon 
tube commonly used in advertising signs. An example under 
b is the Cooper-Hewitt mercury lamp with its mercury-pool 
cathode. Under c, we find most of the recently developed lamps, 
the sodium lamp, the high-pressure mercury lamp, and the 
fluorescent lamp. (2) A second classification is based on the 
source of the light, (a) positive column, (b) cathodic or negative 
glow, and (c) fluorescence excited by radiation from a positive 
column. Lamps of type a consist of long tubes of relatively small 
diameter; those of type b have a short spacing between the 
electrodes, compared with the bulb diameter. (3) Lamps may 
also be classified as to their operating pressure; thus we have 
low-pressure lamps (30 mm. Hg and below) and high-pressure 
lamps (say 300 mm. Hg and above). 

a. Low-pressure Cold-cathode Glow Tube {Positive Column 
Type ).—A description of the neon discharge tube used in adver¬ 
tising signs will serve to illustrate the principles involved in the 
use of cold-cathode glow tubes of the positive column type. 
These tubes are 1 to 20 m. in length and have diameters of 0.7 to 
1.5 cm. An enlarged tubulation at each end houses the elec¬ 
trodes, which are usually hollow cylinders. Since the tube is fed 
with alternating current, the discharge disappears at the current 
zero and must be reignited each half cycle. The reignition 
voltage, which depends on the pressure of the gas and the length 
of the tube, will be of the order of 1,000 to 10,000 volts, so that 
the transformer must supply a voltage high enough to ensure 
breakdown of the gap. On account of the falling volt-ampere 
curve of the glow (Fig. 10-3), it is necessary to limit the current to 
stabilize the discharge. In these tubes the current is held to a value 
of 20 to 50 ma. by means of a high-leakage-reactance transformer, 
with the core and windings disposed as shown in Fig. 1L62. 

The necessity of a relatively long tube in the interest of high 
luminous efficiency is clear when we consider the magnitude of 
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the cathode fall of potential in the glow. For example, if the 
cathode fall of potential is 200 volts, then the total tube voltage 
must be 1,000 volts if 80 per cent of the input power is to go to 
the positive column where the light is produced, and the tube 
must be long enough to provide about 800 volts drop along the 
positive column. The percentage of the power going to the posi¬ 
tive column that appears as visible radiation depends on the 
losses, particularly radiation outside the visible range and energy 
losses to the walls (see Sec. 10-4), but in any case is not over a 
few per cent. 

The optimum pressure from the viewpoint of light production 
is 1 or 2 mm. Hg, but tubers filled to this pressure have short 



Fio. 11-62.—Cold-cathode glow tube fed by a high-leakage-reactance 
transformer. 


lives on account of the cleanup^’ of the gas caused by cathode 
sputtering. Hence, the tubes are filled to a pressure of 5 to 10 
mm. to provide for adequate life. The breakdown voltage in 
these tubes is less than it would be for pure neon, because of the 
small percentage of'argon usually mixed with the neon (see 
Sec. 9-4). As the tube nears the end of its life, the decrease in 
gas pressure and accompanying increase in the reignition voltage 
cause intermittent operation. 

Some of the colors available in tubes of this type besides the 
red-orange color characteristic of neon are a pinkish white pro¬ 
duced in helium, and a blue in a mixture of mercury vapor with 
argon and neon gas. Other colors are obtained by enclosing the 
discharge in colored glass tubing.^ 

6 . Lov>-pre88ure Hot-cathode Arc Lamps ,—An example of this 
type of lamp is the sodium-vapor lahip, which is made in both 
the cathodic and the positive-column form. Figure 11-63 shows 
the positive-column lamp connected in a series circuit such as is 
used in highway lighting. 

^ For further information see *'Neon Signs,'' S. C. Miller and D. G. Fink, 
McGraw-Hill Book Company, Inc., New York, 1935. 
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The vapor pressure of the metallic sodium in the tube is so low 
at ordinary temperatures that no discharge would be possible 
except for the fact that neon gas at a pressure of 3 mm. Hg is 
present. After the oxide-coated cathodes C (Fig. 11-63) are sub¬ 
jected to a preliminary 40-sec. heating, the relay opens and a neon 
discharge ensues. The molybdenum anodes A collect the current 
on one half cycle while the cathodes carry the current on the 
other half cycle. During the following 15-min. warming-up 
period the discharge gradually changes from the orange-red of 
neon to the characteristic yellow of the D-lines of sodium. The 
bulb operating temperature of about 235®C. is attained by insu¬ 
lating the bulb with a double-walled vacuum jacket. 



Fio. 11-63.—Constant-current sodium lamp circuit. 


Under operating conditions the sodium vapor pressure is about 
0.001 mm.; the neon atoms thus outnumber the sodium atoms in 
the ratio of 3,000 to 1, and yet the light from the sodium is 
predominant. This paradoxical situation is partly explained by 
the low excitation energy required (2.09 e.v.) to produce the 
Z)-line radiation from the sodium atom. Thus, the fraction of 
the electrons in the plasma having the 2.09 e.v. required to excite 
sodium will be greater than the fraction of the electrons possessing 
sufficient energy to excite neon to the 18-volt levels^ needed 
for visible radiation. However, not only must the electrons 
have the requisite energy, but they must also make collisions 
with the sodium atoms. If the neon were absent, such encoun¬ 
ters would be rare on account of the long mean free path in the 
low-concentration sodium; but the collisions with the neon 
atoms actually present cause the electrons to remain in the field 
longer, and thus the frequency of collisions with sodium atoms 
becomes appreciable. The neon also provides the main supply 
of ions for the discharge,' although the number of sodium ions 
increases as the bulb temperature and sodium concentration 
^ Either directly or by cumulative action. 
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increase. Optimum conditions obtain when the electron energies 
and sodium concentration are such that copious excitation of 
sodium atoms results without excessive sodium-ion formation.^ 
The high specific luminous efficiency of about 55 lumens/watt, 
or about three times that of a gas-filled tungsten lamp, has made 
the use of the sodium lamp attractive in applications where the 
bright yellow color is not objectionable. 

c. High-pressure Hot-cathode Arc Lamps .—The development of 
mercury-arc lamps^ has been in the direction of increased pres¬ 
sures, and has involved the use of an admixed inert gas to facili¬ 
tate starting and of thermionic cathodes in place of the mercury 



Fig. 11-64.—400-watt high-intensity mercury-arc lamp. 


pool of the original Cooper-Hewitt lamps. The resulting 
improvements have .been an increased luminous efficiency, 
greater brilliancy and therefore a more concentrated light source, 
and a slight improvement in the color characteristics of the light. 

A 400-watt lamp of this type is shown in Fig. 11-64. The 
inner bulb contains argon gas at a pressure of a few millimeters 
mercury and a small measured quantity of mercury. When the 
lamp is switched on, a glow discharge strikes between the starting 
electrode *iS and the upper oxide-coated cathode jFC, but the dis¬ 
charge quickly changes to an arc between the two cathodes. 
The cathodes are heated by the discharge itself. At first, the 
low-pressure argon discharge fills the.tube, for the vapor pres¬ 
sure of the mercury is low. As the bulb temperature rises, the 
mercury vapor pressure increases and the typical blue-green 
mercury discharge sets in. The amount of mercury is such that 

‘ For additional details, see reference 2, cited on p. 450. 

* Marden, J. W., N. C. Beese, and G. Meisteb, Trans. A.I.E.E., 55) 
1186, 1936. Buttolph, L. J., Elec. Eng., 55 , 1174, 1936. 
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it is all vaporized when the pressure reaches approximately 1 atm. 
At this relatively high pressure the positive column is concen¬ 
trated down the center of the tube in a narrow pencil. Further¬ 
more, the arc gradient in the positive column rises to the point 
where the arc voltage is about 150 volts compared with the 
20 volts required to maintain the preliminary argon arc. The 
conditions in the positive column are similar to those discussed 
in Sec. 11-3. 

A high-reactance transformer is used to provide proper starting 
voltage and to stabilize the arc current. The low power factor 
of the transformer and lamp (about 0.7) can be increased to 
0.94 by the use of a suitable condenser (C, Fig. 11-64). Unity 
power factor cannot be obtained on account of the distortion of 
the waves. The waves of current and voltage of the arc are 
similar to those shown in Fig. 11-16. 

The specific luminous efficiency of the lamp described above 
is about 35 lumens per watt. This lamp is subject to a starting 
time of 5 to 8 min. and to a delay incident to restarting after a 
power interruption. This delay is necessary to allow the mercury 
to condense sufficiently so that breakdown can take place. 

A group of extra high pressure mercury-arc lamps has been 
devised in which the arc is confined in a fused quartz tube. In 
one of the smaller lamps the tube has a bore of 2 mm. and a 
length of 14 mm. between the oxide-coated^ electrodes. At the 
rated power input (85 watts for the small lamp) the mercury 
pressure builds up to 20 to 30 atm. and the arc concentrates 
down the center of the tube. Under these conditions the tube 
wall attains a temperature of 1100°K., and the arc spectrum 
consists of continuous bands superimposed on the mercury lines. 
The resulting light has an improved color value. The intrinsic 
brilliancy is very high, ranging from 18 to 300 cp./sq. mm., and 
the efficiency ranges from 40 to 50 lumens per watt. In sizes 
over 250 watts the lamp must be water-cooled. 

d. The Fluorescent Lamp ,—The fluorescent lamp^ is a hot- 
cathode positive-column type of mercury-arc lamp with the 

' Recently, improved electrodes comprising metallic thorium supported 
in a tungsten spiral have been developed. See G. A. Freeman, Elec, Eng,^ 
69, 445, 1940. 

• Inman, G. E., and R. N. Thayer, Trans, A,I,E,E,, 67, 723, 1938. 
Inman, G. E., Trans, Ilium. Eng. Soc.^ 84 , 65,'1939. 
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inside of the tube coated with a substance that fluoresces under 
the influence of radiation corresponding to one or more lines of 
the mercury spectrum. The light of wave length 2,537 A. in the 
ultraviolet is especially effective in exciting the fluorescent 
materials or phosphors. In this process a photon of wave length 
2,537 A. is absorbed, and a photon of longer wave length (lesser 
energy) is emitted. 

Phosphors have been found that emit a large share of these 
secondary photons in the visible range. The emitted light from 
any single phosphor covers a range of wave lengths with a peak 
emission that characterizes the color of the light, • but by using a 
mixture of phosphors a color resembling daylight can be obtained. 
The phosphors consist usually of the metallic silicates, tungstates, 



Fiq. 11-65.—Fluorescent lamp circuit. 


or sulphides, sometimes with a small percentage of added metal 

activator.’^ An example is zinc silicate with admixed manga¬ 
nese which fluoresce^ to give a green color. Some of the phos¬ 
phors also exhibit phosphorescence; t.c., they emit light for some 
time after the excitation stops. This property is useful, for it 
reduces the flicker of the lamps under a.c. operation. 

The ultraviolet line 2,537 A. is produced most abundantly in a 
low-pressure discharge with relatively low current densities. As 
a result the tubes are large for a given power consumption; for 
example, the 15-watt tube is 1 in. in diameter and 18 in. long. 
One of the circuits used with these lamps is shown in Fig. 11-65. 
The relay closes the circuit so that the oxide-coated cathodes 
will be heated, and after a few seconds the relay opens and the 
discharge starts. Argon gas is utilized in the tube to facilitate 
starting. The current is stabilized by the choke coil L at a 
value that results in a power factor of about 0.55. 

The luminous efficiency of these lamps is about 3 lumens per 
watt for red, 20 lumens per watt for blue, pink, and gold, 65 
lumens per watt for green, and 30 to 35 lumens per watt for 
''whiteand ‘‘daylight” lamps. The light output is, however, 
decreased seriously when the bulb temperature drops much below 
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30°C. The lamps have a decided advantage over tungsten 
lamps because of their high efficiency, long life, and lack of glare, 
but have the drawbacks of high first cost, some flicker and 
stroboscopic effect, and greater complexity of installation. 
Undoubtedly, these drawbacks will be minimized and further 
improvements in efficiency will be realized by continued research 
and development. 

Problems 

1. A certain 4-mm. carbon arc has a total voltage drop of 50 volts when 
the arc current is 16 amp. and a drop of 60 volts when the current is 4 amp. 
If the arc is operated in a 120-volt d.c. circuit, what load resistance is neces¬ 
sary to give a current of (a) 7 amp. (6) 12 amp.? 

2. The arc of Prob. 1 can be described by Eq. (11-4) when the constants 
have the following values: a = 38.64, h = 2,000, c = 10.67, and d =* 10,670. 
If this arc is used, what is the maximum arc length that can be obtained with 
a circuit voltage of 120 volts direct current and a circuit resistance of 10 
ohms? What current would be obtained under this condition? 

3. With reference to the arc of Prob. 2, what is the maximum arc length 
that can be obtained with a circuit voltage of 120 volts and a current of 4 
amp.? What value of circuit resistance is necessary for a stable arc under 
these conditions? 

4. What is the maximum resistance that can be used with the arc of 
Prob. 1, a stable arc still being maintained? 

6. When the arc of Prob. 1 is connected in series with a 5-volt-peak 
500-cycle alternator, a 120-volt d.c. source of voltage, and a resistance of 
16.1 ohms, it behaves as if it consisted of a negative resistance of 4 ohms in 
series with an inductance of 1.273 millihenrys. Sketch the stable volt- 
ampere characteristic and the dynamic volt-ampere characteristic. 

6 . The arc of Prob. 1 is connected in series with a 120-volt d.c. source of 
voltage and a resistance of 16.1 ohms and is to be used to produce sustained 
oscillations of 10,000 cycles/sec. Neglecting the inductance of the arc, 
compute the value of inductance necessary in a parallel circuit when the 
capacitance used is (a) 0.1 ^f* Q>) 0.01 yi. What limitation must be placed 
on the resistance of the parallel branch? 

7. A circuit breaker whose contacts separate 1.6 ram. is to be used to 
interrupt a 500-amp. circuit of nearly pure inductance and having a natural 
frequency of oscillation of 5,000 cycles/sec. On the assumption that the 
data of Fig. 11-26 can be applied to the arc, what is the maximum circuit 
voltage that could be interrupted? 

8. Referring to the preceding problem, how many 1.6-mm. arc gaps 
would be necessary to interrupt the 500 amp. when the circuit voltage is 
2,300 volts? Assume that the voltage divides uniformly among the gaps. 

9. A certain fiber-tube high-voltage fuse has the reignition characteristic 

shown in Fig. 11-27. (a) Will this fuse be satisfactory to interrupt a 400- 

amp. arc in a 2,300-volt circuit when the circuit consists of nearly pure 
resistance? (6) Will the fuse interrupt a 400-amp. arc in a 2,300-volt circuit 
when the circuit is highly inductive and has a natural period of 500 
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cycles/sec.? (c) Will the fuse interrupt a 400-amp. arc in a 1,100-volt cir¬ 
cuit when the circuit is highly inductive and has a natural period of 500 
cycles/sec.? (d) Explain the results of parts a, 6, and c. 

10. A two-anode full-wave mercury-arc rectifier is connected by means 
of an 8-to-l transformer to a 110-volt source of voltage. If the voltage drop 
in the rectifier is neglected and the load is assumed to be pure resistance, 
what is the average d.c. output voltage of the circuit? 

11. A certain 15-kw. 300-volt two-anode full-wave mercury-arc rectifier 
has a constant arc drop of 20 volts when the average load current (resistance 
load) is varied from 5 to 50 amp. What is the efficiency of the rectifier at 
(o) full load? (6) Half load? (c) One-quarter load? 

12. With reference to the rectifier described in'the preceding problem, 
what would be its efficiency when delivering 50 amp. at {a) 100 volts? (5) 
200 volts? (c) 300 volts? (d) 600 volts? 

13. A certain mercury-vapor phanotron has rating data as follows; 


Shielded filament-type cathode: 

Cathode voltage. 5 volts 

Cathode current. 6.75 amp. 

Heating time. 30 sec. 

Maximum peak inverse voltage for condensed 
mercury temperatures below 60°C. and fre¬ 
quencies less than 150 cycles/sec. 10,000 volts 

Maximum instantaneous anode current at fre¬ 
quencies above 25 cycles/sec. 5 amp. 

Maximum average anode current. 1.25 amp. 


Two of these tubes are used in a single-phase 60-cycle full-wave rectifier 
circuit supplied by a c^ter-tapped transformer. The rectifier delivers 
current to a resistance load. 

а. Draw the circuit diagram of the rectifier. 

б. What is the maximum permissible value of r.m.s. voltage from the 
center tap to each side of the transformer winding? 

c. If the voltage from center tap to each side of the transformer is 2,200 
volts r.m.s., what is the smallest permissible value of load resistance? 

d. Assume that the rectifier is supplied with 2,200 volts as in c and each 
tube is delivering full rated average current. IT the tube drop is constant 
during the conducting period and has the value 8 volts, what is the efficiency 
of the rectifier, including the filament loss but transformer losses being 
neglected? 

14. The data for the control characteristic of a gas-filled thyratron are as 
follows: ^ 


V ay volts 

Vgy volts 

Vay volts 

Vgy volts 

25 

0 

152 

-4 

26 

-1 

225 

-4.5 

40 

-2 

337 

-5 

77 

-3 

500 

-5.5 
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a. Plot the control characteristic. 

h. Construct the critical-grid-voltage curve as a function of the time for 
an anode-circuit alternating voltage of 350 peak volts. 

c. At what instant on the voltage wave will conduction begin if the battery- 
voltage applied in the grid circuit is —4.5 volt? 

15 . The anode circuit of a thyratron tube contains a resistance load of R 
ohms and an a.c. source of voltage which may be expressed a^ Em sin oit. 
The grid circuit contains a phase-shifting circuit to provide variation of the 
firing angle between the zero of the source voltage in the anode circuit and 
the instant of firing, (a) Show that the expression for the average load 
current as a function of the firing angle is {Em/2TrR){\ -f- cos <t>) when the 
tube drop is neglected, {b) Discuss the limitations of the formula derived 
in part a. 

16 . A mercury-vapor thyratron has rating data as follows: 


Indirectly heated cathode 

Heater voltage. 5 volts 

Heater current. 10 amp. 

Heating time. 300 sec. 

Maximum peak inverse anode voltage. 1,000 volts 

Maximum forward anode voltage. 1,000 volts 

Maximum instantaneous control-grid current.... 1.0 amp. 

Maximum average grid current. 0.25 amp. 

Maximum instantaneous anode current for fre¬ 
quencies over 25 cycles/sec. 40 amp. 

Maximum average anode current. 6.4 amp. 


This tube is to be used in the circuit shown in Fig. 11-52. The trans¬ 
former furnishes 220 volts r.m.s. at 60 cycles in the anode-to-cathode circuit. 
Assume that the tube drop may be neglected. 

a. Will the tube anode-current ratings be exceeded at any firing angle if 
the load resistance is 12 ohms? 

b. What is the maximum instantaneous anode current if the average 
anode current is 6.4 amp. and the firing angle takes on the values (1) 30 
deg., (2) 60 deg., and (3) 90 deg.? 

17 . Assume that in Fig. 11-52 the voltage from center tap to each end of 
the transformer winding is 110 volts and that the frequency is 60 cycles. 
The condenser C has the value 1.5 and H may be varied from 0 to 5,000 
ohms, (a) Over what range of angles can adjustment be made of the phase 
of the cathode-to-grid voltage relative to that of the anode circuit voltage? 
Neglect the effect of grid current, (b) Illustrate the voltage relations in this 
circuit by a vector diagram when R has the value 5,000 ohms. 
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APPENDIX I 

LIST OF SYMBOLS 

Page where 

Symbol Name of quantity and units first used 

a, a acceleration (meters per second per second) 46 

c velocity of light (meters per second) 16 

Co most probable speed (meters per second) 101 

c arithmetical average speed (meters per second) 107 

da dark-space thickness in the abnormal glow 323 

dn dark-space thickness in the normal glow 322 

e instantaneous electric potential (volts) 174 

€ base of Napierian (natural) logarithms 100 

eg variable component of the instantaneous grid potential 

(volts) 197 

Cp variable component of the instantaneous plate potential 

(volts) 197 

f, / force (newtons) 18 

/ frequency of voltage source (cycles per second) 309 

h Planck’s quantum constant (joule-seconds) 139 

i instantaneous electric current (amperes) 174 

ib instantaneous plate current (amperes) 195 

i„ electron current (amperes) 341 

ip positive-ion current (amperes) 341 

k Boltzmann constant (joules per degree) 90 

Ij 8 length (meters) 15 

m mass, mass of a particle (kilograms) 46 

mo rest mass of electron (kilograms) 63 

n number (of particles, collisions, etc.) 85 

p pressure (newtons per square meter, or millimeters 

mercury) 82 

qj Q quantity of charge (coulombs) 3 

r radius (meters) 18 

«, I length (meters) 15 

t time (seconds) 46 

t; volume (cubic meters) 82 

X, j/, z Cartesian coordinates 21 

A area (square meters) 15 

A 0 constant in Richardson’s equation (amperes per square 

meter per degree squared) 144 

B magnetic flux density (webers per square meter) 51 

C capacitance (farads) 15 
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Page where 

Symbol Name of quantity and units first used 

C root-mean-square (r.m.s.) speed (meters per second) 87 

D diffusion coefficient 236 

E static electric potential, potential difference (volts) 6 

Eb actual plate potential (volts) 179 

Eb direct-current (d.c.) circuit voltage, battery voltage 195 

Ec ‘ static cathode-to-grid potential (volts) 179 

Ee first critical potential (volts) 260 

Ei ionization potential (volts) 260 

Ep static tube drop (volts) 187 

Eg sparking p>otential (volts, kilovolts) 288 

E\ difference of potential between the plasma and the probe 

(volts) 339 

F, F electric intensity (volt per meter) 5 

Gp plate conductance (mhos) 201 

Gpg grid-plate transconductance(mhos) 201 

H magnetic intensity (ampere turns per meter) 62 

I electric current (amperes) 6 

Ib static plate current 182 

le static grid current 183 

J, J current density (amperes per square meter) 3 

Ja cathode current density in the abnormal glow 323 

Jn cathode current density in the normal glow 323 

J, temperature-limited thermionic current density 144 

K mobility (meters per second per volt per meter) 225 

L self-inductance (henrys) 204 

JV/o molecular weights (kilograms) 83 

N molecular concentration (number per cubic meter) 3 

No Avogadro's number (number of molecules per mole) 89 

P power (watts) 198 

Q, q quantity of charge (coulombs) 3 

R resistance (ohms) 6 

R molar gas constant (joules per degree) 83 

Rp plate resistance (ohms) 202 

T absolute temperature (degrees Kelvin) 82 

V, V velocity (meters per second) 46 

V mean drift velocity (meters per second) 3 

Va abnormal cathode fall (volts) 323 

Vc cathode fall of potential (volts) 380 

Vn normal cathode fall (volts) 319 

Vx avcomponent of velocity 50 

W energy, or work (joules) 23 

Wa outer work function 144 

Wi inner work function 139 

Z number of collisions per second 111 

a (alpha) ionizing coefficient for electrons 266 

Or coefficient of recombination 248 
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Page where 

Symbol 

Name of quantity and units 

first used 

/3 (beta) 

ionizing coefficient for positive ions 

277 

y (gamma) 

coefficient for electron emission due to positive-ion 



impact on cathode 

220 

e (epsilon) 

permittivity (rationalized m.k.s. system) 

15 

f (zeta) 

average number of collisions per meter 

230 

rj (eta) 

number of particles (molecules, electrons, etc.) 



crossing unit area per second 

120 

d (theta) 

angle (radians) 

21 

K (kappa) 

dielectric constant 

15 

X (lambda) 

mean free path (meters) 

111 

X 

wave length of light 

208 

x< 

mean free path of electrons 

114 

Xo 

long-wave-length limit for photoelectric emission 

211 

M (mu) 

permeability (rationalized m.k.s. system) 

16 


amplification factor of grid-controlled tube 

179 

N (nu) 

frequency of light 

209 

*^0 

threshold frequency for photoelectric emission 

210 

P (rho) 

volume density of charge (coulombs per cubic 



meter) 

33 

p 

resistivity (ohms, meters) 

5 

<r (sigma) 

surface density of charge (coulombs per square 



meter) 

35 

a 

molecular diameter 

111 

r (tau) 

period of rotation 

53 

<^0 (phi) 

net work function (electron volts) 

145 

w (omega) 

angular velocity (radians per second) 

53 

il (omega) 

solid angle (steradians) 

30 



APPENDIX II 

IMPORTANT CONSTANTS 


Electronic charge qe = (4.8025 ± 0.0004) X 10~'® e.s.u. 

Qe = 1.602 X 10~'® coulomb 


Electronic rest mass 
Velocity of light 
Planck’s constant 
Molar gas constant 

Avogadro’s number 
Boltzmann constant 
Permittivity of free space 
One standard atmosphere 
Ice point (absolute scale) 
Volume of perfect gas at 
0®C. and one standard 
atmosphere 
Napierian base 


mo = (9.1070 ± 0.0014) X IQ-^^ kg. 
c = (2.99776 ± 0.000157 X 10» m./sec. 
h = (6.6189 ± 0.0036) X lO'^^ joulc-sec. 

R = 8.3136 ± 0.0010 joule per degree Kelvin 
per mole 

Nq == 6.023 X 10*^ molecules per mole 
k * 1.380 X 10~^^ joule per degree 
« = 8.857 X 10-12 
= 1.01325 X 10* newtons/sq. m. 

= 273.18 ± 0.03°K. 


= (22.4141 ± 0.0008) X lO”® cu. m. per mole 
c = 2.71828 


Note: The values of qe, mo, h, and e are those given by F. Ci. Dunnington, Rev. Mod. 
Phyn., 11, 65, 1939. The* values of No, k, and « are calcMilated on the basis of Dunnington’s 
values. The remaining constants are taken from the table of R. T. Birgc, Rtv. Mod. Phyt.t 
1, 60, 1920. 
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MOLECULAR WEIGHTS, AND MOLECULAR SPEEDS AND 
MEAN FREE PATHS AT STANDARD CONDITIONS 


(0°C. and one standard atmosphere) 


Molecule 

Molecular weight 
A/o, kg. 

R.rn.s. speed 
C, m./sec. 

Mean free path 
X, m. 


Hydrogen 

2.016 X 10-3 

1838 

11.16 X* 10-8 

He 

Helium 

4.002 X 10-3 

1304 

17.65 X 10-8 

CH 4 

Methane 

16.03 X 10-3 

652 

4.89 X 10-8 

NHa 

Ammonia 

17.03 X 10-3 

632 

1 4.28 X 10-8 

H 2 O 

Water 

18.02 X 10-3 

615 

3.96 X 10-8 

Ne 

Neon 

20.18 X 10-3 

581 

12.53 X 10-8 

N 2 

Nitrogen 

28.02 X 10-3 

493 

5.96 X 10-8 

C 2 H 4 

Ethylene 

28.03 X 10-3 

493 

3.42 X 10-8 

C 2 H« 

Ethane 

30.05 X 10-3 

476 

2.99 X 10-8 

O 2 

Oxygen 

32.00 X 10-3 

461 

6.44 X 10-8 

HCl 

Hydrochloric acid 

36.46 X 10-3 

432 

4.21 X 10-8 

A 

Argon 

39.94 X 10-3 

413 

6.32 X 10-8 

CO 2 

Carbon dioxide 

44.00 X 10-3 

393.6 

3.97 X 10-8 

Kr 

Krypton 

82.9 X 10-3 

286.6 

4.85 X 10-8 

Xe 

Xenon 

130.2 X 10-3 

228.8 

3.58 X 10-8 

Hg 

Mercury 

200.6 X 10-3 

184.2 

8.32 X 10-8* 


Note: Values in this table are based on the values of E. H. Kennard, “ Kinetic Theory of 
Gases,” pp. 24, 148, McGraw-Hill Book Company, Inc., New York, 1938. 

♦ At 219.4°C. 
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Numbers in bold-face type indicate pages on which the subject is discussed 

in some detad. 


A 

Abnormal cathode fall, definition, 
322 

Abnormal glow discharge, character¬ 
istics of, 323 

Accelerating field, effect on work 
function, 163 
Acceleration of an ion, 46 
Accommodation coefficient, 381n 
Air, natural conductivity, 126 
Ambipolar diffusion, 329 
Ambipolar diffusion coefficient, 329 
Amplification factor, of multigrid 
tubes, 193 
of a triode, 179 

effect of structure, 181 
formulas for, 182 

Amplifier, load voltage wave form 
of, 197 

mathematical analysis of, 200 
operating point of, 196 
plate current wave form of, 196, 
200 

power consumed, 198 
power output, 198 • 

voltage amplification of, 197, 202 
Amplifier circuit, 194 
graphical analysis of, 195 
phototube, 218 

Amplitude control of thyratron 
rectifier, 436 

Amplitude modulator, 203 
Angular velocity of a charged par¬ 
ticle in a magnetic field, 53 
Anode boiling point, effect on arc, 

867 


Anode fall in arc, 363 
Anode fall of potential, 344 
Anode in glow, 344 
space-charge sheath at, 344 
Anode rays, 71 

Application, of the cathode-ray 
oscillograph, 65 
of glow discharge, 348 
of grid-controlled tubes, 191 
of a high-vacuum diode, 174 
■t)f phototubes, 213 
of thyratrons, 436 
Arc, in air, 7 

ionizing and deionizing agents 
in, 133 

a.c., reignition in, 394, 406 
anode fall in, 363 
carbon, 360, 365 
cathode fall in, 363 
cold cathode, 383 

a.c., characteristics, 396 
reignition in, 395 
copper, 361, 363 

effect of boiling point of anode 
material on, 367 

energy balance at cathode of, 381 
gas temperature in, 365 
gold, 361 
hissing, 367 
hot cathode, 383 
ignition of, 362 
ignition of, 358 
ion concentration in, 371 
ion density in, 364 
mercury, 361 

positive column of, convection 
loss from, 372 
diffusion in, 872 
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Arc, positive column of, energy 
losses from, 372 
recombination in, 372 
radiation from, 372 
short, reignition voltage for, 406 
temperature of gas in, 365, 370 
thermal conduction from, 372 
thermionic emission in, 380 
transition from glow, 358, 380 
discontinuous, 360 
for low-melting point elec¬ 
trodes, 361 
timgsten, 360 
cathode in, 359 

positive-ion current at cathode 
of, 382 

turbulent, 402 
vacuum, 364 

volt-ampere characteristics, 366 
Arc cathode, 379 

effect of impurities on, 385 
high-field emission theory of, 384 
Arc characteristics, a.c., 398 
carbon, 365 
dynamic, 386 
dynamic a.c., 393 
total, 363 . 

Arc cross section, 374' 

Arc discharge, definition of, 357 
formation of, 287 

Arc drop in mercury phanotron, 429 
Arc duration, in circuit interruption, 
404 

Arc extinction, 397 

theories of, in oil circuit breakers, 
413 

turbulent, theory of, 401 
Arc in fiber tube, 401 
Arc hysteresis, 387 
Arc ignition in a thyratron, 362 
Arc interruption, a.c., 397, 399 
d.c., 398 

Arc lamps, hot cathode, high pres¬ 
sure, 454 
low pressure, 452 
Arc oscillator, 888 
Poulsen, 392 

Arc positive column, 364, 868 


Arc radius, 374 
Arc in small tube, 378 
deionization in, 401 
extinction of, 400 
Arc stability, 368, 389 
Arc-back, in mercury-arc rectifiers, 
415, 420 

effect of pressure on, 424 
probability of occurrence, 423 
theory of, 422 
in phanotron, 429 

Arithmetical Average molecular 
speed, 107 

Arrester, lightning (see Lightning 
arrester) 

Atoms, gas, ionization by collision 
of electrons with, 266 
ionization by collision of posi¬ 
tive ions with, 268 
metastable (see Metastable 
atoms) 

Attachment constant, 247 
Attachment of electrons to mole¬ 
cules, 247 

Avogadro number, 89 
Avogadro’s hypothesis, 88 
Ayrton^8 formula, 366 

B 

Backfire in mercury-arc rectifier, 421 
Beam tube, 193 

Boiling point of anode material, 
effect on arc, 367 
Boltzmann equation, 172 
Boltzmann’s gas constant, 90 
Breakdown, 287 
Breakdown, time lag of, 296 
Breakdown characteristic of thyra¬ 
tron, 431 

Breakdown in a thyratron, 432 
Breakdown voltage, 290 
Brush discharge, 290 

C 

Carbon arc, 360, 365 
Cathode, indirectly heated, 168 
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Cathode, oxide coated, 155 
activation of, 156 
emission constants of, 157 
thermionic, cathode sputtering of, 
428 

heat shielded, 158 
positive-ion bombardment of, 
160 

thoriated tungsten, activation of, 
of, 151 

production of, 150 
unipotential, 158 
Cathode of arc, 379 
effect of impurities on, 385 
energy balance at, 381 
high-fieM emission theory of, 384 
Cathode dark space, 312, 316 
electric intensity in, 317 
measurement of thickness of, 316 
theory of, 318 
Cathode efficiency, 159 
Cathode fall, dependence on work 
function in glow discharge, 
319 

normal and abnormal, definitions 
of, 322 

normal, values of, 321 
Cathode fall in arc, 364 
Cathode fall in glow, effect of gas 
mixtures, 320 
Cathode glow, 313 
Cathode of phanotron, ratio of 
electron current to positive-ion 
current, 428 

space-charge sheath at, 427 
Cathode-ray oscillograph, 64 
applications of, 65 
for frequency determination, 66 
electrostatic deflection type, 64, 
57, 59 

high voltage, 56 
magnetic deflection type, 60 
sweep-voltage wave for, 67 
types of, 65 
Cathode spot, 379, 383 
Cathode sputtering of thermionic 
cathodes, 428 


Cathode in tungsten arc, 359 
positive-ion current at, 382 
Cesiated cathodes, thermionic emis¬ 
sion from, 154 

Characteristic curves for a triode, 
183 

Charge carriers, 125 
Charge of an ion, 3 
Child's law, 170 
Circuit breaker. Deion, 409 
Deion air, 406, 410 
oil blast, 408 
operating time, 403 
reignition voltage in, 406 
Circuit breaker arc extinction, dif¬ 
fusion theory of, 413 
displacement theory of, 413 
Circuit breaker classification, 407 
Circuit breakers, 403 
high voltage, 408 
low voltage, 412 
oil, 409 

theories of arc extinction in, 
413 > 

Circuit interrupters, 403 
Circuit interruption, arc duration 
in, 404 

effect of circuit on, 404 
problem of, 403 

Coefficient of diffusion, ambip>olar, 
329 

Cold-cathode a.c. arc, character¬ 
istics, 396 
reignition in, 395 
Cold-cathode arc, 383 
Cold-cathode electron emission, 165 
Collision, fraction of energy of an 
ion lost in, 229 
theory of ionization by, 271 
Collision frequency. 111 
Collisions, ionizing, number of, per 
meter, 266 

between molecules, 93, 109 
made by an ion while advancing 
unit distance, 230 
of positive ions with gas atoms, 
ionization by, 268 
Color temperature, 214 
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Column, positive (see Positive 
column) 

Composite surfaces, electron emis¬ 
sion from, 149 

Concentration, electron, in a metal, 
138 

ionic, 3 

of ions in arc, 371 
molecular, 89 

Concentric cylinders, field between, 
34 

Condensed mercury temperature, 
429 

Conductance, plate, 201 

of high-vacuum amplifier tube, 
201 

Conduction, electronic, definition 
of, 2 

gaseous, definition of, 2 
mechanism of, 2 
metallic and gaseous, 6 
Conductivity, natural, of air, 126 
of a gas, 125 
Constants, physical, 464 
Contact difference of potential, 160 
relation to work function, 161 
Continuous-arc oscillator, 390 
Control characteristic of thyratron, 
431, 433 

Convection loss from arc positive 
column, 372 
Copper arc, 361, 363 
Corona, between concentric cyl¬ 
inders, 806 

loss on transmission lines, 308 
in nonuniform fields, 801 
on parallel wires, 806 
Corona discharge, 288, 301, 305 
theory of, 307 
Corona voltage, 290 
for parallel wires, 306 
Cosmic rays, as an ionizing agent, 
126 

Coulomb, 18 
Coulomb’s law, 17 
Critical grid voltage for thyratron 
rectifier, 437 
Critical pd product, 294 


Critical potential, definition of, 262 
values of, 260 

Critical voltage, disruptive, 309 
Crookes dark space, 312, 316 
Cross section of arc, 374 
Current, effect on the positive- 
column gradient, 331 
space-charge-limited, 138 
Current density, of electrons crossing 
a potential barrier, 340 
in a gas, definition of, 2 
normal, in glow,,322 
in Townsend discharge, 273, 277 
Current in a phototube, dependence 
on pressure, 283 

Current-voltage characteristics, ef¬ 
fect on stability, 345 
Cyclotron, 73 

Cylinders, concentric, corona be¬ 
tween, 306 

sparking between, 806 
D 

Dalton’s law of partial pressures, 91 
Dark discharge, 287 
Dark space, cathode (see Cathode 
dark space) 

Dark space, Crookes, 312, 816 
Dark space, Faraday, 313, 826 
Dark space thickness, normal, 322 
Degenerate gas, 139 
Deion air circuit breaker, 406, 410 
Deion circuit breaker, 409 
Deionization in arc in small tube, 
401 

Deionization time in thyratron, 435 
Deionizing agents, definition of, 126 
diffusion, 130, 286 
electric field, 130, 226 
recombination in the gas, 130, 
244 

recombination at surfaces, 131, 

264 

Diameter, molecular. 111 
Dielectric (Constant, 15 
relative, 18 
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Diffusion, 130, 285 
ambipolar, 329 
in arc positive column, 372 
deionizing agent, 130 
importance in positive column 
of glow, 328 
ionizing agent, 128 
number of molecules diffusing 
across unit surface area, 236 
between parallel electrodes with 
uniform ionization, 241 
Diffusion coefficient, 236 
ambipolar, 320 

dependence on pressure and tem¬ 
perature, 241 
derivation of, 238 
experimental values of, 240 
Diffusion theory of circuit breaker 
arc extinction, 413 
Diode, cylindrical, spacc-charge- 
limited electron current in, 
173 

gas filled (see Phanotron) 
high vacuum, applications of, 174 
peak voltmeter, 176 
potential minimum in, 137, 171 
potentials and intensities in, 136 
rectifier, 174 
saturation in, 136 
space charge in, 136 
space-charge-limitcd electron cur¬ 
rent in a parallel plane, 167 
tube, 135 
voltmeter, 176 

Direct current power transmission, 
446 

Discharge, arc (see Arc discharge) 
brush, 290 

corona, 288, 301, 305 
theory of, 307 
dark, 287 

^low (see Glow discharge) 
initiation of, in phanotron, 426 
non-self-maintaining, 270, 278 
self-maintaining, 278 
conditions for, 270 
stability of, 846 


Discharge, Townsend, 270 

current density in, 273, 277 
secondary emission in, 275 
tube, neon, 451 
types of, 287 

Disintegration voltage, 428 
Displacement theory of circuit 
breaker arc extinction, 413 
Disruptive critical voltage, 309 
Distribution of free paths, 116 
Distribution functions, general forms 
of, 96 

Distribution law, Fermi-Dirac, for 
components of velocities, 141 
for total velocities, 139 
Maxwell-Boltzmann, for molecu¬ 
lar speeds, 103 

for components of velocities, 
104 

Maxwellian, compared with 
Fermi-Dirac, 141 

Distribution laws, velocity, Max¬ 
well's deduction of, 97 
Maxwell-Boltzmann, represen¬ 
tation of, 102 

Double-grid thyratron, 435 
Double sheath, 427 
Drift, velocity for an ion, 225 
Dynamic a.c. arc characteristics, 
393 

Dynamic arc characteristics, 386 
Dynamic resistance, 8, 331, 391 
Dynatron region of tetrode charac¬ 
teristic, 192 

E 

Electric field, as a deionizing agent, 
130, 226 

energy gained by an ion in, 47, 49 

forces in, 45 

fringing of, 57 

as an ionizing agent, 127 

mapping of, 37 

by the electrolytic method, 89 
motion of ions in, 46, 50 
nonuniform, sparking and corona 
in, 301 
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Electric field, strong, electron emis¬ 
sion in, 162, 165 
ion mobility in, 229, 232 
uniform, sparking intensity in. 

296 

sparking potential in, 290 
velocity of an ion in, 50 
weak, ion mobilitj^ in, 226, 232 
Electric intensity, 19 

in cathode dark space, 317 
between concentric cylinders, 34 
outside a conducting surface, 35 
in a glow discharge, 313 
line of, 19, 37 
between parallel plates, 36 
and potential, relation between, 27 
surface integral of, 29 
in a uniform space-charge region, 
33 

Electric potential, 23 
Electrodes and walls, recombination 
on, 254 
Electron, 1 
average life of, 247 
energy near a metal, 146 
longitudinal mass of^ 65 
mean free path of, 114 
rest mass of, 63 t 
transverse mass of, 65 
ultimate energy of, 280 
Electron attachment to form nega¬ 
tive ions, 246 
Electron avalanche, 307 
Electron beams, focusing of (see 
Focusing of electron beams) 
Electron concentration, determina¬ 
tion of, in a plasma, 342 
in a metal, 138 

Electron current, ratio to positive- 
ion current at cathode in 
phanotron, 428 
space-charge-limited, 138, 167 
Electron emission, calculation by 
Fermi theory, 144 
cold cathode, 129, 162, 165 
from composite surfaces, 149 
effect of temperature on, 137 
photoelectric, 129, 206 


Electron emission, in presence of 
accelerating held, 164 
saturation current density, 144 
secondary, caused by electron 
impact, 186 

in a strong electric held, 129, 162, 

165 

temperature limited, 138, 147 
thermionic, 135 

from cesiated cathodes, 154 
Electron emitter, oxide coated, 155 
thoriated tungsten, 149 
Electron impacts, number per sec¬ 
ond against gas molecules, 247 
Electron lens, 70 
Electron multiplier, 190 
Electron space current, grid control 
of, 177 

Electron temperature, 340 
Electron volt, 49 

Electron yields, secondary, for elec¬ 
tron impact, 188 

Electronic conduction, dehnition of, 
2 

Electronics, scope of, 1 
Electrons, crossing a potential bar¬ 
rier, 340 

Fermi-Dirac distribution law for 
components of velocities of, 
141 

free, 5 

ionization by collision of, with gas 
atoms, 265 

in metals, theory of, 138 
and positive ions, recombination 
of, in a gas, 246 

Electrostatic dehection type of 
cathode-ray oscillograph, 54, 57, 
*59 

Electrostatic held, dehnition of, 17 
EHectrostatic focusing of electron 
beams, 70 

Emission, high held, 129, 162, 165 
theory of arc cathode, 384 
photoelectric, 129, 206 
spectral distribution curve of, 
208, 214 
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Emission, secondary, 129 
thermionic, 129 

Emission constants, of oxide-coated 
cathodes, 157 

Emitters, practical electron, 149 
thoriated tungsten, 149 
thermionic constants for atomic 
film, 150 

Energy, of electron near a metal, 146 
gained by an ion in a field, 47, 49 
of ion, fraction lost in a collision, 
229 

of ion, terminal, 230 
for ionization, 269 
liberated by an ion coming up to a 
wall, 255 

losses from arc positive column, 
372 

molecular, and temperature, 90 
of secondary electrons, 188 
of a single molecule, 90 
ultimate, of an electron, 280 
Energy balance at cathode of arc, 
381 

Energy level diagram, mercury, 262 
Energy levels, 261 
Equipotential surface, 37 
Equipotential surfaces in positive 
column of glow, 329 
Excited states, 261 
Extinction, of arcs, 397 

arc, in oil circuit breakers, theories 
of, 413 

of arc in a small tube, 400 
theory of, for a turbulent arc, 401 

F 

Faraday dark space, 313, 326 
Fermi theory, calculation of electron 
emission by, 144 

Fermi-Dirac distribution law for 
components of velocities, 141 
Fermi-Dirac velocity distribution 
law, 139 

Fiber tube, arc in, 401 

Field emission of electrons, 129, 162, 

166 


Floating potential, 339 
Fluorescent lamp, 455 
Focusing of electron beams, electro¬ 
static, 70 
gas, 69 
magnetic, 69 

Force, in an electric field, 45 
on an ion, 17, 46 

in a magnetic field, 51 
Forvard voltage of thyratron, 436 
Fraction of energy of ion lost in a 
collision, 229 

Free path, mean {see Mean free 
path) 

Free paths, 109 
distribution of, 116 
Frequency, of arc oscillator, 391 
collision, 111 

determination by the cathode-ray 
oscillograph, 66 
threshold, 259 

Fringing of the electrostatic field, 57 
Fuse, high-voltage, 407 

G 

Gas, conductivity of, 126 
degenerate, 139 
kinetic picture of, 84 
temperature in arc, 365, 370 
Gas constant, Boltzmann’s, 90 
molar, 83 

Gas focusing of electron beams, 69 
Gas mixtures, effect on cathode fall 
of glow, 320 

Gaseous conduction, definition of, 2 
scope of, 1 

Gaseous discharge lamps, 460 
Gaseous and metallic conduction, 5 
Gases, general equation for, 82 
mixed, 91 

pressure in, 91 
Gauss’s theorem, 29, 32 
Glow, cathode, 313 
negative {see Negative glow) 

Glow discharge, abnormal, charac¬ 
teristics of, 323 
anode, 344 
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Glow discharge, appearance, 311, 
316 

applications, 348 
definition of, 311 

dependence of cathode fall on 
work function in, 319 
effect of gas mixtures on cathode 
fall in, 320 

electric, intensity distribution in, 
313 

equipotential surfaces in the posi¬ 
tive column of, 329 
first cathode layer in, 316* 
formation of, 288, 315 
importance of diffusion in positive 
column of, 328 

mechanism of maintenance, 318 
normal current density in, 322 
normal, use in lightning arresters, 
352 

potential distribution in, 313 
space-charge sheath at anode in, 
344 

volt-ampere characteristics of, 314 
Glow-to-arc transition, 358, 380 
discontinuous, 360 • 
for low-melting-point electrodes, 
361 

Glow-tube lamp, 451 
Glow-tube oscillator, 348 
continuous, 350 
intermittent, 349 
Gold arc, 361 

Gradient, i>ositive column {see Posi¬ 
tive column, gradient) 
Gravitational analogy, 48 
Grid, control of electron space 
current, 177 

in high-power rectifier, 424 
screen, 191 
suppressor, 193-^ 
of thyratron, function of, 431 
Grid-controlled tubes, applications 
of, 191 

Grid-current characteristic of a 
triode, 184 
of thyratron, 434 

Grid-plate transconductance, 201 ' 


H 

High-field emission, 129 
theory of arc cathode, 384 
High-voltage generator, cyclotron, 
73 

Van der Graaf type, 71 
Hissing arc, 367 

Hot-cathode arc iamps, high pres¬ 
sure, 454 
low pressure, 452 
Hysteresis in the arc, 387 

I 

Iconoscope, 76 
Igniter, 444 
Ignition, of arc, 358 
in a thyratron, 362 
in hot-cathode arc tube, 362 
Ignitron, 443 
rectifier, 445 
welding control, 445 
Image dissector, 74 
Image force and work function, 
146 

Image method, Kelvin’s, 40 
Impurities, effect on arc cathode, 
385 

in gas, effect on cathode fall 
of glow, 320 

Intermittent arc oscillator, 389 
Interphase transformer, 417 
Interrupters, circuit, 403 
Interruption, a.c. arc, 397, 399 
circuit, arc duration in, 404 
effect of circuit on, 404 
problem of, 403 
d.c. arc, 398 

Intensities and potentials in a diode, 
136 

Intensity, sparking, in a uniform 
field, 296 
Inverter, 446 
thyratron, 447 
Ion, acceleration of, 46 
angular velocity in a magnetic 
field, 53 



INDEX 


475 


Ion, charge of, 3 - 
collisions made while advancing 
unit distance, 230 
coming up to wall, energy liber¬ 
ated by, 255 

concentration in arc, 371 
definition of, 1 
density, in arc, 364 
in negative glow, 326 
in positive column, 328 
energy of, 47, 49 
force on, 17, 46 

in a magnetic field, 51 
fraction of energy lost in a colli¬ 
sion, 229 
mass of, 1 

mobility in a strong field, 229, 232 
in a weak field, 226, 232 
molecular, 1 

motion in electric field, 46, 50 
in magnetic field, 61 
negative, electron attachment to 
form, 246 

path in a magnetic field, 52 
terminal energy, 230 
velocity of drift of, 225 
velocity in an electrostatic field, 
50 

Ion paths, radius of curvature in a 
magnetic field, 52 
Ionic concentration, 3 
Ions, positive, ionization by colli¬ 
sions of, with gas atoms, 268 
radial drift of, 372 
Ionization, by collision, 127 

of electrons with gas atoms, 266 
of positive ions with gas atoms, 
268 

theory of, 271 

with a volume source of ion¬ 
ization, 274 

by flames, chemical effects, etc., 
128 

in gas, photoelectric, 269 
multiple, 268 

by successive impacts, 266, 364 
thermal, 128, 868 


Ionization energies, 269 
Ionization potential, definition of, 
259 

second, definition of, 261 
values of, 260 
values of, 260 

Ionization time, in thyratron, 435 
Ionizing agents, cosmic rays, 126 
definition of, 126 
diffusion, 128 
electric field, 127 
flames, chemical effects, etc., 128 
high-field emission, 129 
ionization by collision, 127 
photoelectric emission, 129 
radioactivity, 127 
secondary emission, 129 
thermal ionization, 128 
thermionic emission, 129 
X rays, 127 

Ionizing coefficient, a, 266, 279, 
280, 282, 283 
/5, 277 
7, 276, 284 

Ionizing collisions per meter, number 
of, 266 

Ionizing and deionizing agents, in an 
arc in air, 133 
examples of action of, 131 
in a gas-filled phototube, 131 
in a gas-filled rectifier tube, 131 
in a high-vacuum phototube, 132 
in a neon glow discharge, 133 
Ionizing efficiency, 267 
Ionizing process, 1 

J 

Joule, the, 14 

K 

Kelvin’s method of images, 40 
Kinetic picture of a gas, 84 
Konel alloy, 156 
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L 

Lamps, gaseous-discharge, 450 
Life, average, of electron in a gas, 
247 

Light, measurement and units of, 
216n 

Light intensity, effect on photo¬ 
electric emission, 212 
Lightning arrester, 351 
porous block, 378 
use of normal-glow discharge in, 
352 

Line of electric intensity, 19, 37 
Lissajous figures, 66 
Load line, 196 

Load voltage wave form of amplifier, 
197 

Longitudinal mass of an electron, 65 
M 

Magnetic-deflection type cathode- 
ray oscillograph, 60 
Magnetic field, angular velocity of a 
charged particle in, 53 
force on an ion in, 51 • 
motions of ions in, 51 
path of an ion in, 52 
radius of curvature of an ion 
path in, 52 

Magnetic focusing of electron beams, 
69 

Mapping of electric field by the 
electrolytic method, 39 
Mapping of electric fields, 37 
Mass, longitudinal, of an electron, 65 
of oxygen molecule, 93 
rest, of an electron, 63 
transverse, of an electron, 65 
Mass correction, relativity, 62 
Maxwell-Boltzmann velocity dis¬ 
tribution laws, representation 
of, 102 

Maxwellian distribution law com¬ 
pared with Fermi-Dirac law, 
141 


Maxweirs velocity distribution laws, 
deduction of, 97 
Mean free path, 110 
comparison with experiment, 117 
effect of temperature and pressure 
on, 112 
electronic, 114 
of various gases, 465 
Mercury, energy level diagram of, 
262 

Mercury arc, 361 
Mercury-arc lamp^ 369, 454 
Mercury-arc rectifier, 414 
arc-backs in, 415, 420 

probability of occurrence, 423 
backfire in, 421 
efficiency, 418 
high power, grids in, 424 
shields in, 424 
historical development, 10 
operation of, 416 
polyphase, 417 
pressure in, 415 
theory of arc-back in, 422 
two anode, 414 
wave forms in, 416 
Mercury temperature, condensed, 
429 

Mercury-vapor pressure data, 415 
Mercury-vapor rectifier, hot cath¬ 
ode, 7 

Metallic and gaseous conduction, 5 
Metastable atoms, 262 
effect on sparking potential, 299 
effect on striations, 336 
M.k.s. system of units, 14 
Mobility, 225 

calculation of, in a strong field, 229 
in a weak field, 226 
comparison with experiment, 233 
dependence on pressure, 233 
general expression for, 231 
ionic, in a strong field, 229, 232 
in a weak field, 226, 232 
methods for determining, 234 
Thomson formula, 229 
Modulator, amplitude, 203 
Molar gas constant, 83 
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Molecular collisions, 93, 109 
Molecular concentration, 89 
Molecular diameter. 111 
Molecular energy and temperature, 

90 

Molecular speed, 88 
and pressure, 86 

Molecular speeds, arithmetical aver¬ 
age, 107 
list of, 465 

Maxwell-Boltzmann, distribution 
law for, 103 
r.m.s. average, 106 
Molecular theory of gases, 81 
Molecular velocities, distribution of, 
08 

Molecular weight, 83 
list of, 465 

Molecule, energy of, 90 
oxygen, mass of, 93 
Molecules, crossing a surface, num¬ 
ber of, 118 

gas, number of electron impacts 
per second against, 247 
number of, diffusing across unit 
surface area, 236 

Motion of ions, in an electrostatic 
held, 46, 50 
in a magnetic held, 61 
Multigrid thermionic tubes, 191 
Multigrid tubes, amplification factor 
of, 193 

Multiple ionization, 268 
N 

Negative glow, 313, 826 
ion density in, 326 
Neon discharge tube, 451 

ionizing and deionizing agents in, 
133 

Newton, the, 14 

Non-self-maintaining discharge, 270, 
278 

Nonuniform fields, sparking and 
corona in, 801 

Normal cathode fall, definition of, 
322 


Normal cathode fall, values of, 321 
Normal current density in the glow, 
322 

Normal dark space thickness, 322 
Normal glow discharge, use in light¬ 
ning arresters, 352 

O 

Ohm^s law, 6 

Oil blast circuit breaker, 408 
Oil circuit breakers, 409 
Operating point, stable, 347 
of an amplifier, 196 
Operating time of circuit breaker, 
403 

Oscillations, plasma, 336 
Oscillator, arc, 888 
continuous, 390 
frequency of, 391 
intermittent, 389 
Poulsen, 392 
glow tube, 848 
continuous, 350 
intermittent, 349 
vacuum tube, 203 

Oscillator circuit, wave forms in, 205 
Oscillograph, cathode ray {see Cath¬ 
ode-ray oscillograph) 
Oscilloscope, 56 

Oxide-coated cathodes, preparation 
of, 155 

Oxygen molecule, mass of, 93 
P 

Parallel plates, field between, 36 
Partial pressures, Dalton^s law of, 91 
Paschen’s law, 290, 293 
Path of an ion in a magnetic field, 52 
Pentode tube, 192 
Perfect gas, 82 
Permeability, 14 
Permittivity, 15, 18 
relative, 18 
Phanotron, 424 
arc ignition in, 362 
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Phanotron, arc-back in, 429 
cathode of, ratio of electron cur¬ 
rent to positive-ion current, 
428 

initiation of discharge in, 426 
mercury, arc drop in, 429 
potential distribution in, 426 
space-charge sheath at cathode of, 
427 

tube drop in, 425, 428 
Phase-controlled thyratron recti her, 
439 

Phosphors, 456 

Photoelectric electron emission, 129, 

206 

effect of light intensity on, 212 
net work function, 210 
quantum yield in, 212 
spectral distribution curve of, 208, 
214 

temperature effect on, 211 
theory of, 209 

threshold frequency for, 210 
Photoelectric ionization in the gas, 

269 

Photoelectric tubes (see Phototube) 
Photon, 210 
Phototube, 213 « 

amplifier circuit for, 218 
application of, 213 
dependence of current on pres¬ 
sure, 283 

development of, 9 
gas filled, 7, 270 
high vacuum, 6 

ionizing and deionizing agents 
in, 132 

preparation of, 213 
sensitivity rating of, 216 
time lag in, 219 
vacuum and gaa filled, 215 
Physical constants, 464 
Plasma, 336, 338 

determination of electron concen¬ 
tration in, 342 
oscillations, 336 
probe measurements in, 887 
velocity distributions in, 342 


Plate characteristic, 183 
Plate conductance, 201 
Plate current of a triode, 182 
Plate current wave form of an 
amplifier, 196, 200 
Plate resistance, 203 
Poisson’s equation, one-dimensional, 
168 

Polyphase mercury-arc rectifier, 417 
Porous-block lightning arrester, 378 
Positive column, 313, 827 
of an arc, 364, 368 

convection loss from, 372 
diffusion in, 372 
energy losses from, 372 
recombination in, 372 
characteristics, determination of, 
337 

of a glow, equipotential surfaces 
in, 329 

importance of diffusion in, 328 
recombination in, 314 
gradient, effect of current on, 331 
of pressure on, 332 
of size of discharge tube on, 331 
ion density in, 328 
striated, 334 
temperature of, 333 
uniform, 827 

Positive ions, and electrons, recom¬ 
bination of, in a gas, 246 
ionization by collision of, with gas 
atoms, 268 

Positive-grid thyratron, 434 
Positive-ion bombardment, secon¬ 
dary electron yields for, 220 
of a thermionic cathode, 160 
Positive-ion current, at cathode of 
tungsten arc, 382 
ratio of, to electron current at 
cathode of phanotron, 428 
Positive-ion impact, secondary elec¬ 
tron emission due to, 220 
Positron, 1 

Potential, anode fall of, 344 
contact, 160 

critical, definition of, 262 
values of, 260 
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Potential) floating, 339 
ionization, definition of, 259 
values of, 260 

minimum, in a diode, 137, 171 
second ionization, values of, 260 
space, 341 

sparking {see Sparking potential) 
unit of, 24 

Potential barrier, current density of 
electrons crossing, 340 
Potential difference, 26 
Potential distribution, in a glow 
discharge, 313 
in a phanotron, 426 
Potential and electric intensity, 
relation between, 27 
Potential increase, 26 
Potential at a point, 23 
Potentials and intensities in a 
diode, 136 

Poulsen arc oscillator, 392 
Power transmission by d.c., 446 
Pressure, effect on arc-backs, 424 
effect on the current in a photo¬ 
tube, 283 

on diffusion coefficient, 241 
on the ionizing coefficient a, 
280, 283 
on mobility, 233 
on the positive column gradient 
332 

on sparking potential, 293 
in a mercury-arc rectifier, 415 
in mixed gases, 91 
and molecular speed, 85 
and temperature, effect on the 
mean free path, 112 
on recombination coefficient, 
254 

Pressure data for mercury vapor, 415 
Principle of superposition, 20, 25 
Probe measurements in a plasma, 

887 

Probes, sheaths on, 338 

Q 

Quantum yield in photoelectric 
effect, 212 


R 

Radial drift of ions, 372 
Radiation from arc, 372 
Radioactivity, as an ionizing agent, 
127 

Radius, of arc, 374 
of curvature of ion paths in a 
magnetic field, 52 

Recombination, in arc positive col¬ 
umn, 372 
coefficient, 248 
calculation of, 250 
effect of temperature and pres¬ 
sure on, 254 

method for measuring, 249 
values of, 250 

of electrons and positive ions in a 
gas, 246 

in the gas, 130, 244 
in the positive column of the 
glow, 314 

Langevin theory, 253 
at surfaces, 131, 254 
Thomson theory, 251 
on walls and electrodes, 254 
Rectifier, diode, high vacuum, 174 
half wave, wave form of current 
in, 175 

hot cathode, mercury vapor, 7 
ignitron, 445 

mercury arc {see Mercury-arc rec¬ 
tifier) 

thyratron (see Thyratron rectifier) 
Rectifier tube, gas filled, ionizing 
and deionizing agents in, 131 
Reignition, in an a.c. arc, 394, 406 
in cold-cathode a.c. arcs, 395 
in turbulent arcs, 406 
Reignition voltage, in circuit break¬ 
ers, 405 

definition of, 394 
for a short arc, 406 
Relativity mass correction, 62 
Resistance, 7 
dynamic, 8, 331, 391 
line, 347 
plate, 203 
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Resistivity, 5 

Rest mass of an electron, 63 
Richardson line, 147 
Richardson’s classical theory for 
thermionic emission, 120 
R.m.8. average molecular speed, 107 

S 

Saha equation, 264 
Saturable reactor, 442 
Saturation current density for elec¬ 
tron emission, 144 
Saturation in a diode, 136 
Schottky effect, 162 
Screen grid, 191 

Secondary electron emission, 129 
caused by electron impact, 186 
coefficient, 7, 276, 284 
due to positive-ion impact, 220 
in a Townsend discharge, 275 
Secondary electron yields, for elec¬ 
tron impact, 188- 
for positive-ion bombardment, 220 
Secondary electrons, energy of, 188 
from insulating surfaces, 191 
Secondary emission {see Secondary 
electron emission) 
Self-maintaining discharge, 278 
conditions for, 279 
Sheath, space charge, at phanotron 
cathode, 427 
Sheaths on probes, 338 
Shield-grid thyratron, 435 
Shields in high-power rectifier, 424 
Similitude, principle of, 304 
Sodium vapor lamp, 453 
Space charge, in a diode, 136 
electric intensity in a spherical 
region of, 33 
in a triode, 178 

Space-charge sheath, at anode in 
glow, 344 

at phanotron cathode, 427 
Space-charge-limited electron cur¬ 
rent, 138, 167 
in a cylindrical diode, 173 


Space-charge-limited electron cur¬ 
rent, effect of initial velocities 
of electrons on, 170 
in a parallel-plane diode, 167 
Space potential, 341 
Sparking, between concentric cyl¬ 
inders, 306 
criterion for, 292 
in nonuniform fields, 301 
theory of, 291 

Sparking intensity, in a uniform 
field, 296 

Sparking potential, 288 

dependence on temperature and 
pressure, 293 

effect of metastablc atoms on, 299 
in high-pressure gases, 298 
minimum, 294 
in mixed gases, 298 
in a uniform field, 290 
in vacuum, 298 
values of, 294 
Spark-over, 287 

Spectral distribution curve, of photo¬ 
electric emission, 208, 214 
for tungsten lamp, 214 
Speed, most probable, 102 
Sputtering at a thermionic cathode, 
428 

Stable operating p)oint, 347 
Stability, arc, 368, 389 
of discharges, 346 
effect of voltage-current charac¬ 
teristics on, 345 
Striated positive column, 334 
Striations, effect of metastable atoms 
on, 336 

Successive impacts, ionization by, 
266, 364 

Sun lamp, type S-1, 360 
Supercontrol tube, 194 
Superposition, principle of, 20, 25 
Suppressor grid, 193 
Surface integral of electric intensity, 
29 

Sweep voltage for the cathode-ray 
oscillograph, 67 
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Switch, vacuum, 863 
Symbols, list of, 461 

T 

Television, 74 
receiving tubes, 78 
Temperature, color, 214 
condensed mercury, 429 
effect on diffusion coefficient, 241 
on electron emission, 137 
on photoelectric emission, 211 
on sparking potential, 293 
electron, 340 
of gas in an arc, 365, 370 
and molecular energy, 90 
of positive column, 333 
and pressure, effect on mean free 
path, 112 

effect on recombination coeffi¬ 
cient, 254 

Temperature-limited electron emis¬ 
sion, 138, 147 

Terminal energy of an ion, 230 
Tetrode, 191 

characteristic, dynatron region of, 
192 

Theories of arc extinction in oil 
circuit breakers, 413 
Theory, of arc-back in mercury-arc 
rectifier, 422 

of cathode dark space, 318 
of corona discharge, 307 
high-field emission, of arc cathode, 
384 

of ionization by collision, 271 
molecular, of gases, 81 
for recombination, Langevin^s, 
253 

Thomson’s, 251 

Richardson’s classical, for thermi¬ 
onic emission, 120 
of sparking, 291 
of turbulent arc extinction, 401 
Thermal conduction from arc, 372 
Thermal ionization, 128, 268 
Thermionic arc, 383 


Thermionic cathode, heat shielded, 
158 

positive-ion bombardment of, 
160 

sputtering of, 428 

Thermionic constants, for atomic- 
film emitters, 150 
for clean metals, 148 
Thermionic emission, 129 
in arc, 380 

from cesiated cathodes, 154 
introduction, 186 
Richardson’s classical theory of, 

120 

theory of, 188 

Thermionic tubes, multigrid, 191 
Thermionic vacuum tube, develop¬ 
ment of, 9 

Thoriated tungsten cathode, activa¬ 
tion of, 151 
production of, 150 
Thoriated tungsten electron emitter, 
149 

Threshold frequency, 259 

for photoelectric emission, 210 
Thyratron, 481 
applications, 436 
arc ignition in, 362 
breakdown in, 432 
breakdown characteristic of, 431 
control characteristic of, 431, 433 
deionization time in, 435 
double-grid type, 435 
forward voltage rating of, 436 
function of grid of, 431 
grid-current characteristics of, 434 
ignition time in, 435 
positive-grid type, 434 
shield-grid type, 435 
Thyratron inverter, 447 
Thyratron rectifier, 436 
amplitude control of, 436 
critical grid voltage for, 437 
phase-controlled, 439 
wave forms in, 438 
Thyratron welding control, 439 
Time lag of breakdown, 296 
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Townsend discharge, 270 
current density in, 273, 277 
secondary emission in, 275 
Transconductance, grid plate, 201 
Transfer characteristic, 184 
Transformer, interphase, 417 
Transition from glow to arc, 358, 
380 

discontinuous, 360 
for low-melting-point electrodes, 
361 

Transmission lines, corona loss on, 

308 

Transmission of power by d.c., 446 
Transverse mass of an electron, 65 
Triode, amplification factor of, 179 
effect of structure on, 181 
formulas for, 182 
characteristic curves for, 183 
gas filled (see Thyratron) 
grid currents in, 184 
high vacuum, 177 
electron paths in, 181 
plate current of, 182 
space charge in, 178 
Triode voltmeter, 206 
Tube, amplifier, power consumed in, 
198 

beam, 193 
oscillator, 203 
pentode, 192 
photoelectric, 218 
development of, 9 
supercontrol, 194 
television receiving, 78 
tetrode, 191 

thermionic, development of, 9 
multigrid, 191 
type 8-1 sun lamp, 360 
variable mu, 194 
Tube conductance, 201 
Tube drop in phanotron, 425, 428 
Tungsten arc, 360 
cathode in^ 3OT ^ 
positive-ion i^rre^at oathckle of, 
382 ^ , 

Tungsten lamp, distribution " 

curve for, 214 


Turbulence theory of arc extinction, 
401 

Turbulent arc, 402 
reignition in, 406 

U 

Uniform positive column, 827 
Units, fundamental, 12 
fundamental derived, 13 
m.k.s. system of, 14 
rationalization of^ 15 
unified systems of, 13 

V 

Vacuum arc, 364 
Vacuum switch, 363 
Vacuum tube, thermionic, develop¬ 
ment of, 9 

Van der Graaf high-voltage gener¬ 
ator, 71 

Variable-mu tube, 194 
Velocities, molecular, distribution of, 
introduction, 93 

Velocity components, Maxwell- 
Boltzmann law for distribution 
of, 104 

Velocity distribution law, Fermi- 
Dirac, 139 

Maxwell’s deduction of, 97 
Maxwell-Boltzmann, for compo¬ 
nents of velocities, 104 
for molecular speeds, 103 
^representation of, 102 
Velocity distribution in a plasma, 
342 

Velocity of drift of an ion, 225 
Velocity of an ion in an electric field, 
5a 

Visual sensitivity curve, 214 
Volt, definition of, 24 
Volt-ampere characteristic, arc, 366 
of a glow discharge, 314 
Voltage, Bi^kdown, 290 
coroniP,290 
for i^^llel wires, 306 
disruptive oriticid^ 309 
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Voltage, peak inverse, 174 
Voltage amplification of an ampli¬ 
fier, 197, 202 

Voltage-current characteristics, 
effect on stability, 345 
Voltmeter, diode, 176 
slide-back, 177 
triode, 206 

W 

Wall, energy liberated by an ion 
coming up to, 255 
Walls and electrodes, recombination 

on, 254 

Wave form, of current in half-wave 
rectifier, 175 

load voltage, of an amplifier, 197 
in a mercury-arc rectifier, 416 
in an oscillator circuit, 205 
plate current, of an amplifier, 196, 
200 

of sweep voltage for the cathode- 
ray oscillograph, 67 


Wave form, in a thyratron rectifier, 
438 

Welding control, 439, 445 
ignitron, 445 

Wires, parallel, corona on, 305 
parallel, corona voltage for, 306 
Work function, classical, 121 
effect of accelerating field on. 163 
inner, 145 
net, 145 

for photoelectric emission, 210 
outer, 145 

reduction by an ion layer, 153 
relation to cathode fall in a glow 
discharge, 319 

relation to contact difference of 
potential, 161 
values of, 260 
by photoelectric tests, 211 
values for clean metals, 148 
Work function and image force, 146 

X 

X rays, as an ionizing agent, 127 





